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PREFACE 


The two purposes of this hook arc implied in its title and subtitle. 

Its first purpose (along with that of the first volume and a third, 
which is in preparation) is to present those aspects of mathematics 
which the experience of a large manufacturing organization, in dealing 
with electrical and mechanical investigations, has found to be of most 
value to engineers. The mathematical material treated is not the 
selection of one or two individuals of what they consider mathe- 
matically useful in the engineering work of a large engineering organi- 
zation, but the composite opinion based on extensive experience of 
engineers and physicists who apply themselves to the abstract prin- 
ciples of engineering in daily engineering research and practice. 

The second purpose, which is even more important, is to present 
an introduction to the methods of mathematical engineering by the 
analysis of discrete physical systems. There has developed during 
the last two decades a phase of engineering which may properly be 
called mathematical engineering. Its analogue in phxsics is mathe- 
matical physics. Many similarities exist in the two fields. The sub- 
ject materials of mathematical physics and mathematical engineering 
are respectively physics and physics and engineering; the tool of both 
fields is mathematics, regardless of how simple or advanced the mathe- 
matics may be. Mathematical physics is not restricted to one branch 
of physics. Neither is mat hemal ical engineering confined to one branch 
of engineering, because the fundamental method of analysis in mathe- 
matical engineering remains the same regardless of which branch of 
engineering is practiced. The similarities of the two subjects are 
pointed out in the introduction. 

The material and methods of this book have evolved during the 
last decade out of the research engineering work and the Advanced 
Course in Engineering * of the General Electric Company. Although 
prepart'd for that course, the book should be just as useful in graduate 
engineering work at universities since the material has been tempered 
by use in the instruction of students not only in the course of the 

* A. R. Stevenson, Jr., and Alan Howard, “An Advanced Course in Engineering,” 
Trans. A.I.E.K . , March, 1935. A. R. Stevenson, Jr., and Simon Ramo, “A New 
Postgraduate Course in Industry in High-Frequency Engineering,” Electrical Engi- 
neering, July, 1940. 
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General Electric C ompany but also in the courses for graduate students 
in more than one university. It is thus a joint product of the engi- 
neering office and the university classroom. 

I am indebted to all whose publications have* been used or cited, 
but, in particular, to nine friends it is a pleasure to express my 
gratitude. 

Without the encouragement of Dr. A. R. Stevenson, Jr., Staff 
Assistant to the Vice President of Engineering of the General Electric 
Company, Volumes II and III would not have been written. As one of 
the two originators of the Advanced Course he has continually guided, 
directly and indirectly, the preparation of the manuscript in order 
that it might be adapted to the needs and methods of the course. 

I am grateful to Dr. Stevenson, to Dr. Saul Dushman, Assistant 
Director of the Research Laboratory, and to Mr. P. L. Alger, Staff 
Assistant to the Vice President of Engineering, of the General Electric 
Company, for their generous aid in numerous projects of which this 
text is one. 

In Chapter II much use has been made of certain papers of Mr. 
Gabriel Kron, consulting engineer of the company. His generosity is 
deeply appreciated. 

Valuable suggestions regarding both form and content (for Vol- 
umes I. II, and III) have been made by Messrs. Alan Howard, B. R. 
Prentice, and T. C. Johnson, who, during the preparation of the manu- 
script, have been in succession in charge of the Advanced Course in 
Engineering of the General Electric Company. 

I thank Mr. A. B. Chafetz for his aid in checking numerical calcu- 
lations and drafting and Mr. Delbert Zilmer for his careful reading of 
the galley proofs. 

Ernest G. Keller 

Burbank, California 
April, 1942 



INTRODUCTION 


Mathematical engineering consists of those parts of all branches 
of engineering which can be formulated mathematically. 

The fundamental method of mathematical engineering consists of 
the two processes- (a) reduction of the physical phenomena involved 
to a mathematical system, ( b ) solution of the system. The two 
processes in this text are called, for brevity, set-up and solve . The first 
process requires, in addition to a knowledge of mathematical physics 
and engineering, originality and inventive ability in thought. The 
second process requires mathematical knowledge. In general, the 
first process is a difficult one. 

Mathematical engineering naturally resolves itself into two divi- 
sions. The first division may be called the analysis of discrete engi- 
neering systems. It consists of those problems which involve a finite 
number of variables or a finite number of degrees of freedom. Fre- 
quently, these problems reduce mathematically to systems of a finite 
number of ordinary linear or non-linear, differential or integral equa- 
tions. Examples of problems of the first division are the analyses of 
linear and non-linear networks, rotating electrical machines, airplane 
motions, locomotive oscillations, and vibrations of motors and 
machines. Problems in probability, statistics, and applications of 
number theory to machine windings also belong to this division. The 
second division may be entitled the analysis of continuous engineering 
systems. Field problems in aerodynamics, hydrodynamics, electro- 
dynamics, and elasticity belong to this division. Frequently, such 
problems reduce mathematically to systems of partial differential 
equations. 

This volume is concerned with the analyses of discrete engineering 
systems. An attempt has been made throughout to place equal 
emphasis on the two processes, set-up and solve. 
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MATHEMATICS OF MODERN ENGINEERING 


CHAPTER I 

ENGINEERING DYNAMICS AND MECHANICAL VIBRATIONS 

(1) Calculus of Variations, (2) Hamilton’s Principle, (3) La- 
grange’s Equations, (4) Lagrange’s Equations and the Theory 
of Vibrations, (5) Lagrange’s Equations and Holonomic Sys- 
tems, (6) Non-holonomic Systems, (7) Energy Method and 
Rayleigh’s Principle, (8) Additional Methods and References. 

All engineering problems in Volume I were reduced to mathematical 
systems by means of (a) Newton’s laws of motion, ( b ) Kirchhoff ’s laws of 
electric circuits, and ( c ) the laws of vector analysis. There exist more 
general principles which include the above principles as special cases. 

Mathematical physicists have long sought a single principle from 
which all other physical principles can be drawn. The most funda- 
mental single principle of mathematical physics is Hamilton’s principle. 
The fundamental equations of dynamics as well as the Maxwell field 
equations, equations of elasticity, and other basic systems are derivable 
from Hamilton’s principle. The fundamental equations of dynamics 
and Rayleigh’s principle yield, as a special field, the theory of vibrations. 

Hamilton’s principle is most easily understood and derived in the 
notation of the calculus of variations. The calculus of variations itself 
has many applications in engineering aside from its use in establishing 
Hamilton’s principle, but the proof of Hamilton’s principle for the field 
of dynamics is sufficient justification for the study of this branch of 
mathematics. 


( 1 ) 

Calculus of Variations 

The calculus of variations deals with problems in maxima and 
minima. It is recalled from the calculus that in the elementary theory 
of maxima and minima the problem is to determine those values of the 
independent variables (xi, x 2 , ■ ••,**) for which the function y = 

1 
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CALCULUS OF VARIATIONS 


f(x i, x 2 , • • • , x n ) takes on either maximum or minimum values. In the 
elementary calculus of variations a definite integral, whose integiand is 
a function of one or more unknown functions and their derivatives, is 
given. The problem then is to find the unknown function (or func- 
tions) which will render the definite integral a maximum or minimum. 
Because the easiest problems in the calculus of variations are con- 
cerned with geometrical properties this section begins with a simple 
geometrical problem. 

1*1. Introductory Problem. Let it be required to find, by the 
calculus of variations, the equation of the shortest curve joining two 
points P\ and P 2 • It is not necessary to consider a curve existing in 
three-space and joining P\ and P 2 , since the projection of such a curve 
onto a plane containing P\ and P 2 is shorter than the curve itself. 
Thus the shortest curve is sought only among curves which lie wholly 
in a plane containing P\ and P 2 . Moreover, as possible shortest curves, 
only single-valued curves (functions) and curves which are continuous 
and on which the tangent turns continuously need be considered. Such 
curves in the calculus of variations are said to be of class C prime. Any 
single- valued function which is continuous and possesses a continuous 
first derivative is defined to be of class C'. The curves, among which 
the curve is sought which minimizes the given integral, are called ad- 
missible arcs or curves. For engineering purposes the properties so far 
specified for the admissible arcs may be viewed as assumptions under 
which the solution is sought. The assumptions may be changed. In 
the calculus of variations this actually happens; the curves admissible 
for one problem may not be admissible for another. In general, more 
restrictions put on the admissible arcs render the analysis easier, but 
the results are accordingly restricted in value. 

When a function is said to lx* of class C ' it is understood to be of 
class C in the interval Xi ^ x g x 2 . To find an extremum (minimum or 
maximum) means in this chapter to find only Euler's necessary condi- 
tion. No sufficiency condition is implied. 

The analytical statement of the problem now is: Let it be required 
to find among the admissible arcs joining P i and P 2 that one, y = y(x ), 
which minimizes the integral 

1 = P\l + y' 2 )' A dx, 

Jxi 

where x\ and x 2 are the abscissas of P\ and P 2> respectively, and 
y f = dy/dx. The admissible curves joining Pi and P 2 (Fig. 1-1) may 
then be represented analytically by the equation 

y = y( x ) + 0L7i(x ), 


[ 1 ] 
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where a is a parameter independent of x and rj(x) is an arbitrary func- 
tion which vanishes at x\ and x 2 . If the value of y from Eq. (1) is 
substituted in the integral of the problem, there results 

1(a) = Al + [y'(x) + ar,'(x)?\*dx, 

Jx\ 

where the primes denote derivatives with respect to x. Since the limits 
of the integral are constants, 1(a) is a function of the single parameter 


y 



a. If 1(a) is to be a minimum for a = 0, it is necessary that dl(a)/da 1 
denoted by I' (a), vanish for a = 0. Since the limits X\ and x 2 are 
constants, it follows, by the rule for differentiation of an integral with 
respect to a parameter, that 


'(«) - 1 1 + fr'M + « ,’{xy?)*dx 

-/ 


y’(x) + av’(x) 

V W dx 


and 


Ai { 1 + [/(*) + arj'(x)] 2 \ 

m) - r yvw< ** 

r(o) J X1 a +/ 2 ) h 


Integration by parts and use of the fact that /'( 0) must vanish yield 


y’v(x ) - 

f*d ( y i 

[i ’+ (/)’]“ *, . 

J n dx\[l + (y') 2 n 
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By the definition of rj(x) it follows that vj(x 2 ) = v(x\) = 
quently 


/'( 0 ) 


= - r*j- \- 7 =jl=j { t ^dx = o. 

dxWl + (y') 2 \ 


0. 


Conse. 


[ 2 ] 


It can be shown without much difficulty (see Ex. 7) that, since rj(x) ia 
an arbitrary function, the last integral can vanish only if 


d[ y’ 

dx i vT+ (/) 


= 0. 


The first integral of this equation is 
gration gives 


y 

vT + y* 


y = 


Ci 

vT^cf 


x + C 2 . 


= Ci. 


A second inte- 


[3] 


When the arbitrary constants C\ and C 2 have been determined so 
that (3) passes through the points Pi and P 2 , the required minimizing 
curve has been found. 

1-2. Euler’s Equations: First Necessary Condition for Simplest 
General Case. The integral which was minimized in § 1 • 1 is a special 
form of the more general integral 

I = f F(x, y, y')dx. [4] 

•/*! 


Let it be required to find among the admissible arcs joining P\P 2 
(Fig. 1*1) that one, y — y(x), which minimizes /. An admissible arc, 
in this more complicated theory, has precisely the properties 1 pre- 
scribed in §1*1. If y = y(x) be the minimizing curve and Eq. (1) 
be substituted in (4), evidently 

I(oi) = f F[x, y + av(x), / + a V '(x)]dx. [5] 


In order that 1(a) take on a minimum (or maximum) value for a = 0 
it is necessary that 


AO) = f X \F y v(x) + F y , n '(x)]dx = 0, 


[ 6 ] 


1 Usually the admissible arcs are taken to be curves which are continuous and 
consist of a finite number of arcs on each of which the tangent turns continuously, 
i.e., the curve may have corners. The results, however, are sufficiently general for 
the present purpose. 
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where F y and F y > denote respectively the partial derivatives of 
F(x, y , y f ) with respect to y and y\ If the formula for integration by 

parts, J* u dv = uv — j* vdu f is applied to (6), where 

U = Fy' v = rj(x) 

dF * 

du = - - dv = rj'(x)dx 

dx 

there results 

/ ** U 2 r* 2 dF * 

FyTj(x)dx + F V '7i(x) I — / — * rj(x)dx = 0. 

I *1 «/*i 

v(x 2 ) = ri(Xi) = 0 , 

/,(0) = " £ ^ ]’<*>** = °* 


Since 

and 


the reasoning following Eq. (2), or Ex. 7, yields 




[7] 


Now Ej,# (x, y, y f ) is a function of the three variables x, y, y\ and y and 
y 9 are in turn functions of x. By the formula for total derivative 


dFjy __ dy 
dx - v ’ v ’ dx 


+ F ^fx + 


Fyf X » 


Thus Eq. (7) may be written 


where 


and 


Fy'y^y " + F v > v y f + F v > x — F v = 0, 

p 9 2 F 

F »'V' = ay'2 


[ 8 ] 


Fy'x 


d 2 F 

dy'dx 


Equation (7), or (8), is known in the calculus of variations as Euler’s 
equation. This equation is the first necessary condition which y — 
y(x) must satisfy in order that this function may render I a minimum. 
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There is the theorem: Every function y = y(x) which minimizes or 
maximizes the integral 


I - f /*'(*> y, y')<ix 


must satisfy Eq. (7). It is recalled from the calculus that /'(a) = 0 is 
not sufficient to insure the existence of a minimum of f(x) at x = a. It 
is necessary also that f"(a) > 0 . The two conditions are both neces- 
sary and sufficient to insure a minimum. Hence in the calculus of 
variations, it is natural to expect that y — y(x) must satisfy further 
conditions in order that it maximize or minimize (4). These conditions 
are more complicated than Euler’s equation and are not essential for 
our purpose. In many practical problems these additional conditions 
may be waived, at least in a first treatment. Equation (8) is a differ- 
ential equation of the second order. Its general solution contains two 
arbitrary constants and hence represents a two parameter family of 
curves. These solutions arc called extremals and the curves of the 
family extremal arcs. 

Example. Plane curves of constant density join the points P i 
and P 2 which subtend an angle of less than 60° at the origin. Find 
the equation of the curve of class C which has the least moment of 
inertia with respect to the origin. 

Let the two points be P\(r\ , 0{) and P 2 (r 2j 0- 2 ) and the polar equa- 
tions of the curves joining these points be r = r(6). The integral to 
be minimized evidently is 


/ = J* r 2 ds = jf r 2 [l + r 2 0' 2 ] x * dr. 


That particular r — r(0) which minimizes / must satisfy Euler’s 
equation 

d 

Pd T Pd' — 0, 

dr 


where 
and thus 
and 


F = r 2 [l + r 2 0 /2 ] H , 


Pd = 0 , 


P#' = 


rV 

[l + r0' 2 ] V 


Euler’s equation then reduces to 


d r rV ] 
dr L(1 + rV 2 ) H J 


= 0 . 
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The first integral of this equation is 


rV 


= c. 


or 


(l + r0'-) H 

r*6 ,2 = c 2 ( 1 + rV 2 ). 

Tlie last equation may be written 

... 

./ r \/ r » - c- 

The integral oil the right ib easily evaluated by means of the substitu- 
tion r A ~ c see z. The relation between 0 and r then is 


vV - r 2 


t 

0 = tail 

3 c 

r 3 = c sec 3(0 — 0). 


+ 


By proper choice of c and fi the graph of the last equation passes 
through P\ and P 2 • This function of 0 is a solution of Killer’s equation 
and moreover, the last equation is the equation of the minimizing 
curve required. 

EXERCISES AND PROBLEMS I 

1. Show that the minimum surface of revolution generated by revolving about 
the x axis a curve of class C' joining Pi ami P*i is a catenary. The integral to be 
minimized is 


and 


Remembering that both y and / are functions of x and differentiating out, there is 
obtained for Euler’s equation 


I = 

2ir 1 + y n ) A dx 

F = y(\ + y ,2 ) A , 

!■« = (l + y ,n -)' A , 

,, yy' 

~ (i + y'~) A 

, d _ n . 

• # --/ V =° .s 

a 

?- v ' --1=0 


yy " — (y') 2 — 1=0. Set y r = p . 


Then 


and the differential equation is 


y"=p dP 

7 v dy 
p dp dy 
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rh 

2. Minimize the integral / (wV 2 + n 2 x 2 )dt. 

J* i 

3. Show that the minimum line upon a sphere joining two points of the surface is 
the arc of a great circle. First show that the integral to he minimized is 

remembering that the spherical surface coordinates R, 0, tp are related to x, y, z by 
the relations 

x — R cos ^ cos 0 
y = R cos <p sin 0 
z — R sin <p. 


4. Show that the minimum line upon a circular cylinder is a helix. 

5. A particle of mass m falls from rest on a curve joining the points Pi(*i, yi) and 
^ 2 (* 2 » y 2 ). It is assumed that the particle moves without friction on the curve. Find 
the equation of the curve for which the time of descent is a minimum. The integral 
to be minimized is 

, > rn- ±yi]\ 

V2gJ Xl Ly-« J 


where a = yi and g is the acceleration of 

V 



gravity. 

6. Find the minimum line on a cone 
of revolution. 

7. If M is a function of x which is 
continuous in the interval jci ^ x ^ X 2 
and if 


f Mrj(x)dx - 0 


for all functions rj which vanish at xi and 
a *2 and which are of class C f , then show 
that M = 0 in x\ ^ x ^ x%- 


1-3. Euler’s Equation by 
Means of Variations. Equation 

x (7) will now be obtained by the 

Fig 12 so-called method of variations. In 

Fig. 1-2 let C be the arc, whose 
equation is y = y(x), minimizing (or maximizing) the integral (4). Let 
C\ a neighboring curve, be given by y = y{x) + r;(x), where ri(x) is the 
increment in y on passing from C to C', x being fixed. Then 


(a) y' becomes y f + rf(x) on passing from C to C', 

( b ) ij(x) is called the variation of y and is denoted by 8y, 
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d 

(c) i)'(.v) = — 8y, and 

dx 

(d) rj'(x) = change in the slope of y on passing from C to C (x 

being fixed) = 8 — • 
dx 


Thus (i c ) and (d) gi\e the very important relation 

d dv , , 

V = 5 -f- or d 8y = 8 dy. 

dx dx 




That is, the derivative of the variation is the variation of the derivative. 
It is remembered from tin* calculus that the symbol d applies to changes 
taking place along a particular curve. From (</), (6), (e), and ( d ) it 
is evident that 8 applies to changes which occur on passing from the 
curve C to a curve C . It is natural to expect that 8F(y), 8F(y f y') t 
etc., are computed by the same formulas as dF(y) } dF(y t y') t etc. In 
fact the proof of the variation formulas follows the proof for the dif- 
ferential formulas. 

It is easy to establish the formulas: 


dF 

SF(y) = — 8y = F v 8y, 

ay 

dF dF 

8F(y, y’) = — 8y + — ; 8y' = F y 8y + F v - 8y', [10] 

dy dy 


dF dF 

*F(x, y , y ') = — 8y + — ; 8y' = F y 8y + F y > 8y\ 

dy dy 


Now 8F(y) is defined by the equation 


8F(y) = F(y + 8y) - F(y). 

dF 

By Taylor’s series F(y + 8y) = F(y ) H 8y + • • • higher powers 2 

dy 

in 8y. Thus 

SF(y) = F(y)+^f&y + F(y) 

dy 


= — 8y + 
dy 


higher powers in 8y which are 
neglected as in the case of the differential d F(y). 


2 The neglect of the higher powers in by restricts the nature of the admissible curves. 
However, the results are sufficiently general for the purpose at hand. See Calculus 
of Variations by G. A. Bliss and Lectures on the Calculus of Variations by Oskar 
Bolza. 
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Likewise 

5F(y, y') = F(y + fry, y' + fry') - F(y, y') 

= F y by + F y > by'. 

Also 

bF(x, y, /) = Fix + bx, y + by, y f + by') - Fix, y, y') 

= F x bx + 7^ 5;y + Fy> by'. 

In Fix, y, y f ) it is understood that y and y' are functions of x and that 
when the variation of F(x, y, y') is taken x is held constant. Conse- 
quently bx = 0 and 

SF(x, y, y') - Sy + ^ by'. 

ay oy 


By comparing formulas (10) with the formulas for total differen- 
tials, it is seen that b operates like the symbol d. Euler’s equation can 
now be expressed in a different form. It is recalled from the calculus 
that 

~ f F[x,y(a),y'(a)]dx = f ~ [F(x, y(oc), y'(a))]dx, 

(lot %Jxi 1 / xj dot 

where x\ and x% are constants. Likewise 


J r* 2 

f F{x , y, y')dx = / bF(x, y, y')dx . 

It is now easily seen that the equation 

5 f F(x, y, y')dx = f [F u Sy + F y > Sy’]dx = 0 
•/*! 

yields Euler’s equation. Since 

/ X2 f X2 d 

F y ' by' dx = J (Fy' — by)dx 

an integration by parts applied to the last integral yields 

/ X2 d \ X2 C X2 d 

( F y ' — by) dx = Fy' by \ — I by — F y > dx 
dx J Xl j Xx dx 

Thus Eq. (11) becomes 

/ *• /**» d 

F{x, y, y')dx (F v - — F y .)8y = 0. 


[ 11 ] 
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But 8y = rj(x ) is an arbitrary function of .v and by the same reason- 
ing employed following Eq. (2) it follows that 


Fy 



= 0. 


This is Euler’s equation. Beginning with this equation and tracing 
backward the steps displayed, we obtain Eq. (11). Thus Eqs. (7) 
and (11) are equivalent, i.e., each implies the other. 

rxy 

If 81 = I 8F(x, y, y')dx = 0, then the integral I is said to be 
•Ai 

stationary. Stationary integrals play a very important role in mathe- 
matical physics. 

Example. Let it be required to find, by the method of variations, 
the equation in polar coordinates of the shortest arc connecting 
PiQq, 0 X ) and # 2 )- The integral to be minimized is 


/ = 



+ r fi d9. 


The first necessary condition to be satisfied is 81 = 0. Accordingly 

hi = f 2 5(r 2 + r*)*dO 
*/&! 

__ f° 2 T r 8r / 8/ 1 

~ J H L (7+V' 2 )^ + W+ r' 2 )* J dd 


/ 0 2 


r 8r 


.(r 2 + r' 2 )^ (r 2 + r' 2 )^. 

In the formula J u dv = uv — J " v du, let 


r' y- Sr 

dd 


dO- 


r> 1 d x 

dv = M br ’ 


(r i + r> 2 ) 
du — \ — - j=J . ,=■ 1 d0 9 v = dr. 

IV?T7 2 \ 


Then 
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The variation 8r is an arbitrary function of 0 and by the usual reason- 
ing it follows that 

r _ d r _ r' 1 

V?~+r' 2 <10 [Vr* + r r2 \ = °’ 

or performing the indicated differentiation, there results 

rr " — 2r' 2 — r 2 
( r 2 + r’ 2 )** 

The negative of the left side of the last equation is the formula for 
curvature in polar coordinates. The extremals of the problem, then, 
are arcs of zero curvature and that one which passes through Pi and P 2 
is the minimizing arc required. 


EXERCISES AND PROBLEMS II 


1. Obtain the required differential equations for each of the first six problems of 
problem set I by means of setting the first variation equal to zero. 

1-4. Generalization of Simplest Case : More than One Independ- 
ent Variable. Let there be given in the xy plane the curve C:f(x , y) 

= 0. Let it be required to find 
the surface z = g(.v, y), Fig. 1-3, 
passing through /(.%*, y) = 0 which 
shall minimize the integral 


z-g(r.y) 

a?Ax.y) 



I = J J F(x, y, z, p, q)dx dy, 


where p = — , q = and S is 

p IG> p 3 the area in the xy-plane bounded 

by C. 

The partial differential equation defining z = g(x, y) is obtainable 
either by substituting in I 

z = g(x, y) + ar)(x, y ) 

and proceeding as in §1-2 or by setting 81 = 0 as in §1 *3. By the 
second method, remembering that both x and y are independent varia- 
bles and employing Eqs. (10), we have 

81= I f F(x,y,z,p,q)dxdy = f f {F z 8z+ F p 8p + F q 8q)dxdy = 0. 
J Ja J Js [ 12 ] 
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9 9 

Since by Eq. (9), bp = — bz and Sq = - - bz, it follows that 
dx 9 y 

J ' j* F p bp dx dy = J J \f p — ■ bz)dx dy . 

The last integral is converted by an integration by parts into 
j Fp bz dy — f f ~j~, Fp <ix dy 


where A and B are points on /(a*, y) = 0 whose ordinates are equal. 
Since bz = 0 at these points it follows that 



bp dx dy — 



F p dx dy bz. 


In an identical manner 



bq dx dy — — 



F q dx dy bz, 


and thus Eq. (12) becomes 

(, -f/X F --i F ‘‘-7y F ’) S ’ dX ' ly - 0 - 

It can be shown (see Ex. 2) that, since bz is an arbitrary function of 
x and y, the last integral vanishes only in case 


dx dy 

Equation (13) is the first necessary condition which z = g(x, y) must 
satisfy in order that this surface render the integral I a minimum. 
The integral / is said to be stationary for z = g(.v, y) when Eq. (13) 
holds. 

1*5. Generalization of the Simplest Case: More than One De- 
pendent Variable. Of great importance in the calculus of variations 
from the viewpoint of applied mathematics is the minimizing of an 
integral whose integrand is a function of more than one dependent 
variable and their derivatives. Accordingly, let it be required to 
minimize the integral 

1- f F(x,y,z, ••• •••)<&, 

A 


[ 14 ] 
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where x, y, z • • ■ are functions of t. The number of dependent varia- 
bles is finite. We proceed as in §1*2 by letting 

x = X\ (/) + 

y = yiif) + «2^2(0» [f 5 ] 


where 171 (/) = 8 x, rj 2 (t) = 5y, • • • and Xi(/) f x 2 ( /), • • • are minimizing 
functions. When the values of .r, y, z • • • from Eqs. (15) are substi- 
tuted in Kq. (14) the integral I is evidently a function of cq, 

•••. From the elementary theory of maxima and minima it follows 
that for /(cq, a 2f a :it • • •) to possess an extremum (i.e., maximum or 
minimum) at cq = a 2 = = • • • a n = 0, it is necessary that 


?)T 


_ ? )T_ 

_ i>L 

«,-u 3« 2 

a t —0 3«n 


= 0. 


Accordingly we have 

/»,(0) = /V*m(0 + F^mit = 0, 

Jti 

= /* [ /f >2(0 + = 0, 

•//1 


where 


/.,«>) 


0/ 

d«i 


= 0 (i = 1,2, - 11). 

Of, ~ 0 


Integrating by parts and applying the familiar reasoning of §§ 
we have 


£(f, - ± F,)^m - 0. 


11 - 1-3 


or 



= 0, 

= 0 . 


[ 16 ] 
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IS 


Equations (16) are the Euler equations of the problem. These 
equations can be derived more quickly by the variation method, i.e., 
by setting 81 = 0. 

81 = f\f x 8x + Tv 8x' + F y 8y + F u > 8y‘ + • • -)dt = 0. 

•A 

The usual integration by parts yields 




8y -)-••• 


dt = 0. 


Since 8x } 8y , • • • are arbitrary, it follows that 81 = 0 only in case 
Eqs. (16) are valid. 


EXERCISES AND PROBLEMS III 


1. By means of Eq. (13) show that the partial differential equation of a minimum 
surface is (1 + <f) r + (1 + t?)t — 2 pqs — 0, where 

dp dq 0 2 s 

r — , t = . and 5 

ax dy 9y Ox 

The integral to be minimi/ed is 

A = / J* (1 + P~ + (f) ^ dy dx. 

2. The difference of the kinetic and potcnti.il energies of a dynamical system 
(two-dimensional automobile, § 1-10) is 


V = I (s'* + kH'-) - *- (z ! + M ) ], 


w'here «?, g, l, and care constants. Find the curve 5 =■ z(t) and 0 — 0(t) whi( h renders 
the integral 

r l 2 

1=1 F(z, 0, s', 0')dt 

stationary. 


( 2 ) 

Hamilton’s Principle 


An understanding of the three simplest problems (§§1-2-1 -5) 
in the calculus of variations leads naturally to Hamilton’s principle. 
As previously noted, this principle is the most important single one 
in mathematical physics, since it holds not only for nearly 3 all dynami- 

3 Appell has shown that the < onstraints, if any, of the motion considered must be 
independent of the velocities. 
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cal systems, but is also valid in its applications to electrical phenomena, 
theory of elasticity, wave mechanics, and other divisions of engineering 
and physics. 

1*6. Statement of Hamilton’s Principle. One form of Hamilton’s 
principle, stated in the language of the calculus of variations, is 


5 C\t - 

Ji\ 


V)dt = 0, 


where T and V are respectively the kinetic and potential energies of a 
physical system and t\ and / 2 are two instants of time during the mo- 
tion of the system. In this form V is the 
Z///^///ZZ//^^^ x negative of a function U such that the partial 

derivatives of U in any direction give the force 
j \ in that direction. Equation (17) is the usual 

form in which Hamilton’s principle is encoun- 
! \ tered. However, a more general statement of 

j Y this principle is 

! \ rh 

i \ / [5r+S(X, 5.r;+F 4 5^4-^530]^ = 0, [18] 

! V where T is the kinetic energy of the physical 

X s B \J m system; X u Y 4 , Z, are forces acting during the 

V' motion of the system and 8x t , 8y lf Sc t are varia- 

tions of coordinates of the system. 
y Before proving this principle for dynamical 

K„,. | -4. Simple Pcnclu- s >' stems wc cm l»>oy it in the solution of an 
l um> elementary problem. Let it be required to 

write the differential equations of motion of 
the simple pendulum of Fig. 1-4. The kinetic energy of the system 
is T = \m krd' 2 where m is the mass and k is the radius of gyration. 
From the figure the potential energy evidently is 

V = mgh{\ — cos 0). [19] 

By Hamilton’s principle we have 

8 f [\m k 2 d ,2 — mgh( 1 — cos d)]dt = 0, 
or 

/ [m k 2 0’ 50' — mgh sin 0 8Q]dt = 0, 
or 

/ ** d 

[ni k 2 d ' — 50 — mgh sin 0 8Q]dt = 0. 
dt 
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By application of the usual integration by parts and the familiar rea- 
soning of §1-2 the last equation becomes 

m[gh sin 6 + k 2 0"]b0 dt = 0, 
or 

k 2 0" = — gh sin 6. 

This is the required equation. 

To understand more fully Hamilton’s principle, let a system of n 
particles experience a change of position according to Newton’s laws 


) 


Fig. 1 -5 

of motion. Let the particles ;«i, m 2 , •••, m n have the coordinates 
(x u y lt z t ), (i = 1,2, • • • , ti). Let the 1 forces acting on the particles be 
F t and their components along the coordinate axes be X ly Y lt and Z, 
(i = 1, 2, • • *, n). In nature the motion will take place according to 
Newton’s laws of motion, i.e., 

ff -rr 

m, x t = X t , 

m t y" = Y„ [20] 

m t z x = Z{. 

To fix the ideas let the i\h particle be at P\ at time t\ and at P 2 at 
time t 2 and let the path described in the interval t 2 — t\ be P\ A P 2 in 
Fig. 1-5. Among all the mathematically possible paths which iw t - 
might have described, is the actual one the most economical one in the 
sense that the integral 

t Vi ds % = action 





[ 21 ] 
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was a minimum? In the integrand i\ is the velocity of m £ and ds l an 
dement of distance. (The statement that the action as given by (21) 
is a minimum for the actual motion of a particle or system is known as 
the principle of least action.) It was the above question asked by 
Maupertius (1698-1 759) which led eventually (150 years later) through 
the works of Lagrange, Jacobi, and Hamilton (1805-1865) to Hamil- 
ton’s principle. Lagrange in 1788 and Jacobi later answered this 
question in the affirmative for certain types of motion. Hamilton 
encountered difficulty in understanding Lagrange’s proof that the 
action is a minimum for the actual motion and derived instead the 
related principle which bears his name. It can be shown from Hamil- 
ton’s principle that the actual motion, i.e , motion according to 
Newton’s laws, which takes place between two points (positions) in 
the time t 2 — / 1 is such as to render the integral 

(T - V)dt 

a minimum when compared with any other infinitely near motion 
between the same two points provided the time interval is the same in 
both motions. Hamilton’s principle does not state so much. It states 
that the actual motion renders the above integral stationary, i.e., that 
the first variation vanishes. 

1*7. Proof of Hamilton’s Principle. To see that Kq. (18) holds for 
the actual motion of the particle (or system), it is necessary to consider 
a field of paths near P\ A P 2 (Fig. 1*5) in which the actual path or 
Newtonian path is imbedded. Motion according to Newton’s laws 
can follow only the actual path. Consequently, all other paths are 
fictitious or hypothetical. Let x t = .v,(/), y, = y t (/), z t = z t (t) denote 
the Newtonian path and 

*« = *»(0 + 5 . v 4 (/), 

= y*{ 0 + 8y*( 0 » [ 22 ] 

= z t (l) + dzi(l) 

be the neighboring hypothetical paths of the particle w, where 8x t , Sy lt 
8z t are arbitrary and independent but small variations of x lf y lt z t . 
Hamilton’s principle is now easily established. 

The kinetic energy of the system is 7 = 1/2 + jif + s?) 
where the summation is taken over the n particles. 4 Multiply Eqs. 
(20) respectively by 5x lt by u and 8z t and add. The result is 

Sw.(x, BXi + yi 8y { + z £ Sz £ ) = 2(X* dx £ + Y t 8 yi + Z x 8z,). [23] 

• . dx 

4 The notation x is frequently used for — • 
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It is easily verified by means of Eqs. (9-10) that 

Xi 5.v, = (x\ Sx t y — £,(5x t )' = (.v, 8x,Y — %dxif. [24] 

Equation (23) may be written 

3 {»,[«£(*? + £ + &:) - (*. Sx t + y t Sy , + 5, Sz,)'] 

4- (X, 5.v, + F, 5y, + Z t iSi)} = 0. [25] 


If Eq. (25) is integrated from t\ to /o we have 



+ S(A\ 5.v, + Y x 8y x + Z x 5c,)] dt 

- 2(.v, 5.v, + yi 5.v, + z x 5 z t ) 


t2 

= 0 . 


/i 


The last term of the left member is zero since 5x x = 8y x = 5s, = 0 at 
t = ti and t = / 2 . Finally then 

[5T + S(.Y, 5.v* + F, 5y, + Z, 5s,)>// = 0. [26] 

Equation (26) is the general form of Hamilton’s principle, Eq. (IS). 
If instead of a system of particles we have a continuous body, then 

2 - 2 " m^xf + yf + sjf) = 2 " J' v 2 dm. 



It should be noted that 2 (A, 8x t + Y x 8y x + Z x 8z,) is the work done 
in an infinitesimal displacement of the system by the forces A",, F„ Z,. 
It is not difficult to obtain Eq. (17) from Eq. (26). 

1-8. Potential Energy of Dynamical Systems. A discussion of po- 
tential energy is of value before deriving Eq. (17) from Eq. (26). 

The value of Fin Eq. (19) is the potential energy of the pendulum 
in configuration B with respect to configuration A (Fig. 1 -4). Poten- 
tial energy is the amount of work done against gravity in bringing the 
pendulum from A to B. Likewise the potential energy of a system of 
bodies in a configuration B with respect to A is the work which must 
be done against the forces acting on the system of bodies to bring the 
system from A to B. 

Let W be the work required to move a system of bodies from con- 
figuration A to configuration B against a system (or field) of forces F. 
Next let the system return to configuration A. If the work done by 
the forces F on the bodies during this return is also W then the system 
of forces and also the dynamical system are said to be conservative. If 
a system is not conservative it is called dissipative. If a system is con- 



20 


HAMILTON’S PRINCIPLE 


servative a function called the potential always exists and is defined to 
be the negative of the potential energy. It easily follows from the 
definition of a conservative field of force that the potential energy 
is independent of the path by which the system attained a given 
configuration. 

An equivalent definition of the potential function is the following. 
If X, F, Z are single- valued functions of x t y , z which do not contain t 
explicitly and if there exists a function U(x, y, z) such that 





[27] 


then U is called the potential function. To see that this definition is 
equivalent to the definition of the potential function as the negative of 
the potential energy, multiply Kqs. (27) respectively by dx y dy , dz y and 
add. We then obtain 

X dx + Y dy + Zdz = dU dx + - - dy + dU dz. 

dx dy a z 


The left member of this equation is the work done by the forces in an 
elementary displacement. The right member is an exact differential 
dU. Consequently, the value of dU integrated along all paths from 
*o, Jo, So to x t y t z is the same and is the total work done. Thus 

W = t/(x, y, z) — U(x 0 , yo, zo) = U(x y y y z) — constant. 

U is thus the work done by the forces and — U the work done against 
the forces or the potential energy. 

1-9. Derivation of First Form of Hamilton’s Principle. Equation 
(17) is now obtained from Kq. (18). The work done by the forces 
X , F, Z in an infinitesimal displacement in the general form of Hamil- 
ton’s principle is 

X 8x -f- F 8y “I - Z 8z . 


If a potential function U exists, this same work is — dV or —8V. 
Consequently, substituting this value for the elementary work in (18) 
we obtain 

8 f (T - V)dt = 0. 

1 • 10. Engineering Applications of Hamilton’s Principle. Hamil- 
ton’s principle is useful in deriving the differential equations of motion 
of holonomic 5 dynamical systems. 


# Holonomic systems are defined in Sec. 3. 
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Example 1 . Two-dimensional automobile . A uniform beam of 
mass m and length 21 is supported on two equal springs as shown 
in Fig. 1-6, and such that the beam has but two degrees of freedom: 
one a small oscillation of the center of gravity in a vertical line, and 
the other a small rotation about a line through the center of gravity 
and perpendicular to the plane of the figure. Write the differential 
equations of motion. 

Evidently, by Koenig’s theorem, 6 the kinetic energy is T = (m/2) 
( z 2 + & 2 0 2 ), where m is the mass of the beam and k is its radius of 
gyration about the i enter of gravity 
of the beam. The potential energy 
consists of two parts, V\ and V 2 • 

V\ = work done against the 
springs and by gravity in 
a vertical displacement. 

V 2 = work done by an angular 
displacement about the 
center of gravity. 


Z 



T _ , . . , . Fig. 1 *6. Two-dimensional Automo- 

Let X and e be respectively the l)i l c 

spring constant and displacement of 

an end of the spring in equilibrium position under the force of gravity. 

mg 

Then since each spring bears half of the weight ~ = \e. If the beam 


is given a vertical displacement, the elementary work done is 


dV 1 = —mgdz + 2\(e + z)dz , 
or 

V t = — mgz + \(e + z) 2 + Ci. 

Taking Fi to be zero in equilibrium position, i.e., z = 0, wc find 
Ci = — \e 2 . Remembering that 2\e = mg % we have 


V l 


= X 2 2 


^ Z 2 

2e % ' 


The work done in an infinitesimal rotation is 


dV 2 = X(e + x)dx — X(e — x)dx 
v* = \ (e + X ) 2 + \ (e - X? + C 2 . 


6 See §1*17 for Koenig’s theorem. 
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If Vz = 0 for x = 0, then 


V 2 = Xx 


2 = t 2 d 2 
2e 


The total potential energy V is 


V = Vi + v 2 = ~ (z 2 + /V). 

2e 


By applying Hamilton’s principle we have 

s J 


2 + k'-e 2 ) - £ m(z 2 + i 2 e 2 ) 


2e 


dt 


= J 5s + k 2 6 56) — — (z 5z + l 2 d 56) j dt 

= J m [\s 5s - ^ 5z) + k 2 6 56 - * l 2 d 56 j dt = 0. 
By the procedure of § 1.5 the last equation becomes 

j ^2 + ~s) 52 + (k 2 6 + 56 J dt = 0. 

By the usual reasoning the differential equations are 

• . & n 

2 H ■ = 0, 

S + fe'°- 


Kx ample 2. Simple accelerometer. A simple accelerometer is 
constructed of a mass M, a spring S, and two identical carbon-piles 



Fig. 1*7. Accelerometer. 


A and B as shown in Fig. 1-7. The combined spring-constant of one 
carbon-pile and the spring 5 is X. The mass M possesses one degree of 
freedom and the compression of each carbon-pile is e when M is in 
equilibrium position. Obtain the natural period of the instrument. 
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The elementary work done in displacing M is 
dV = \(e + x)dx — \(e — x)dx t 


whence 


v = 2 (e + X) 2 + - 2 (f - x) 2 + C. 


Since 

and 


V=0 for x = 0, C = -Xe 2 
V = X.v 2 . 

The kinetic cneigy is AlSr/2. Hamilton’s principle, 
5 f (Mx 2 /2 - \x 2 )dt -= 0, 

Jty 

yields the differential equation 


Mx + 2\x = 0 

whose general solution is 

x = A sin V 2X/M t + 11 cos Vl\/M 1. 

The period of oscillation is 2 k M/2\. 

Example 3. Simple seismograph. A gate hung on an inclined 
support together with a recoiriing device is a simple seismograph. Let 




Fig. 1-8. Simple Seismograph. 


the mass, length, width, and inclination be respectively, w, 2a, 2/;, 
and a. Obtain the natural period of a small oscillation of the instru- 
ment. 

The kinetic energy is I<p 2 / 2 = 2 mb 2 <p 2 /3. The potential energy V 
for an angular displacement <0 from equilibrium configuration is 

V = mg(b sin a — BC) 

= wg(& sin a — tan a) = wg(6 sin a — y cos a tan a). 
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From the equation of the circle y = b cos <p, x = b sin <p t the potential 
energy reduces to 

V = mgb sin a(l — cos <p). 


Hamilton's principle yields the differential equation 


.. , 3* . . n 

ip + sin a sin = 0. 
4 b 


For a small oscillation the last equation becomes 

* + (2 sin ®) v = °- 


The period of oscillation is 4tt 


£4=. 

* 3g sin a 


The large majority of the exercises and problems of the remaining 
eleven problem sets of this chapter reduces to systems of ordinary differen- 
tial equations with constant coefficients. If it is desirable on the part of 
the instructor and students to solve completely each problem as soon as the 
differential equations are derived , then §§ T26 and 131 can be studied 
simultaneously with the material of §§ 111-1 26 and the solutions of the 
systems of differential equations obtained. The mathematical technique 
for solving many systems of differential equations which are non-linear 
or otherwise difficult is found in Chap. III. 


EXERCISES IV 

Solve the following exercises by means of Hamilton’s principle. 

1. Neglecting air resistance, obtain the differential equations of the motion of a 
projectile. Assume the projectile to be a particle of mass w. 

2. A weight 4 IP is attached to a string which passes over a fixed pulley. The 
other end of the string is attached to a pulley of weight IP. A second string, to which 
weights \V and 2 IP have been fastened, passes over a second pulley as shown in 
Fig. 1 *9. Wiite the differential equation of motion of the weight 4 IF. 

3. Obtain the differential equations of the oscillations of the double pendulum 
shown in Fig. 1*10. The bobs have masses mi and m 2 and the strings have lengths 
a and b. Assume there is no damping. 

4. Three circular discs can oscillate only in horizontal planes as shown in Fig. 1*11. 
Their masses and radii are respectively m 1 , m2, m3) r\ t r2, 73 . The torque coefficients 
of the rods are k\, k 2 , k-i. Obtain the differential equations of motion. Assume no 
damping. 

5. Three uniform steel discs are mounted on a horizontal shaft as shown in 
Fig 1 • 12. The radii and weights of the discs are respectively ri = 40 in., r 2 = 10 in., 
rj = 40 in.; IPj = 4000 lb., IP 2 = 1000 lb., IF 3 = 4000 lb. The torque coefficients 
are = #2 *= 30 X 10 6 . Wiite the differential equations of the free torsional oscil- 
lations of the discs. 
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IT<„ 1-9 


I'M.. MO 



0) 

Lagrange’s Equations 

Lagrange’s equations are readily derived from Hamilton’s principle. 
These equations are a system of n simultaneous differential equations 
whose dependent variables are die n coordinates q it q 2 ; • • •, q n specify- 
ing the configuration of a dynamical system at any time. 

1*11. Generalized Coordinates ; Holonomic Systems. If the con- 
stitution of a dynamical system is given, its configuration can be speci- 
fied by means of a definite number of quantities which vary when its 
configuration is r hanged. These quantities (denoted </i, <72 » •••» Qn) 
are called generalized coordinates because of their general nature. In 
example 1, § 1-10, the configuration of the beam is specified, subject 
to the restricted motion designated, by the two generalized coordinates 
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z and 0. The first coordinate is a linear displacement, the second an 
angular displacement. In exercise 4, § 1-10, the coordinates are the 
three angles 0 lf 0 2 , 6 :i . Generalized coordinates may also he volumes, 
charges, currents, etc. A system is said to possess n degrees of freedom 
if the least number of generalized coordinates necessary to specify a 
general position of the system is n. 

Dynamical systems are divided, for analytical treatment, into two 
classes, holonomic and non-holonomic. If a configuration of a system 
is specified by the n generalized coordinates </i, q 2y • ••,</,* and an 
adjacent configuration is specified by q\ + 5r/ lf q 2 + 5r/ 2 , •••,</» + bq n 
where bq { , bq 2t ■ • •, bq n are arbitrarily independent infinitesimal quanti- 
ties then the* system is said to be holonomic. For the holonomic sys- 
tems of the present section, n denotes the number of degrees of freedom. 
As a simple example of a holonomic system consider a sphere to move 
on a smooth plane. The sphere, since the plane is smooth, can both 
roll and slide. The quantities giving the position and orientation of 
the sphere are .r, y, the coordinates of the point of contact with the 
plane and 0, <p, \p, the orientation of the sphere about its center. In an 
adjacent position the coordinates are x + bx, y + by, 0 + 50, + 

btp, \p + byp, and the increments 5.v, 5y, 50, bp, b\p of the coordinates, 
are all mutually independent. 

In the case of a non-holonomic system the increments bq\, bq > , • • •, 
bq n of the n generalized coordinates r/i, q 2 , • • q n are not independent. 
There exist constraints on the system which are expressible in the fonih 
of the m < n equations 

dq l + Civ dq 2 + • • • + dq n + T\ dt = 0, 

C 2 i dq\ + C 22 dq 2 + * * • + C 2n dq n T 2 dt = 0, 

[28 S 


C m 1 dqi F C m 2 dq 2 + • • • + C mu dq n + T m dt — 0, 

where the C s and V s are, in general, functions of q\ y q 2 , • • •, q n , t 
and where (28) are non-integrable equations. As an example, suppose a 
sphere, resident on a rough plane, to move .so that x and y change si- 
multaneously. Since sliding is impossible, non-integrable relations 
must hold between the two increments 5 jc, by and the increments 
50, bp, b\p. 

1 • 12. Lagrange’s Equations. A rigid body is an aggregation of 
particles connected in such a way that their mutual distances are 
invariable. A dynamical system is regarded as a number of particles or 
bodies subject to connections and constraints. 
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Let a system consist of n particles. Suppose the coordinates of the 
/th particle, whose mass is ;//,, of the system to be related to the n 
coordinates qi, q->, • ■ </„ by the relations 

-v. = Mqu 72. •••,</«; /), 

y, = *.(71. <72, •••,</„; 0, [29] 

=. = A,(</i, <7 j, • ••,</«;/)• 

The kinetic energy 7' of the system is, by definition, 

7 = J 22 ///,(.£•■, + y~, + i"), 

where the summation extends over all particles of the system. The 
total derivatives with respect to the time of Kqs. (2')) are 


df, 


df , . 


a/, . , df, 


. W V » . I ■ v V « • I v V * 

_ Vi + ' </a + • * • + _ 7« + , 


a?i a</2 

a*. . . a?, . . , a* . . a*, 

y. = -- 3i + _ </2 t ■ * * t </„ + , 

a</i a </2 


0 h, . . dh, . . . dh i . . dh, 

z, = - 7i + _ 72 + ' ' • + ^ 7„ + 

a</i 372 


a </» 

3*4 

a</„ 

a//, 

a</« 


a* 

3*. 

a/ 

a/<, 

a/ 


and hence 


r iV I /a/< . , , df, . df,Y 

T ~ Lw, «' + • " + a,. + a , ) 


+ 

+ 


( a g, . , , a.?. . , a*4 V 

U« , + - + 3,.«* + J 


. . . \y-~i , . 

qi + • • • + - q n + - 

Sr/i 3^/t dl 


dll, , a//,y 


= r(7i, 72, • • •, 7«; 7i, 72. ■ • 7«; 0- 


Thus the kinetic energy is a function of the coordinates, their deriva- 
tives, and the time. 

The expression 2 (A", 5 a\ + F, 8y t + Z t 8z t ) in Hamilton’s principle 
(see Kq. 26) is the total work done on the particles of the system by 
the forces acting on the system. It is required to express this work as a 
function of the generalized coordinates and their increments. The 
variations of Eqs. (29) are 


3/z s , 3/z , , dfi 

— fa + “ d( l2 + • • * + “ $<In 

d([l 3</2 3 <ln 


8x< 
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_ . , 3 Si . , , 3£i * 

dqi dq 2 3 Qn 

t 3A» _ , 3 hi dhi . 

8z t = _ — + - - 5(72 + • • • + — 8q n . 

dq i 3(72 3^/i 

(The variation 5/ = 0; sec §1-3.) Substituting 8x u 8y u 8z t in the 
expression for the total work we have 

* 5*i + 5y» + 8z t ) = 

\ ^ f / v 3/* , tt 3£» . y djh\ * . ( v 3/i . v d& , 7 3^t \ * 

2. |A X ‘ i,; + F - ^ + z ‘ si Ss ‘ + V A ' <*, + F ‘ S + 4 si i,J 

! + ■ ' ' + (a-, + F, 4- Z, f') i<J ■ 

V 3(?n 3 qn dqJ -* 

Finally, substituting T(qu q 2 , • • •, < 7 «, <Zi, < 72 . • • • , ( 7 „, /) and the above 
expression for the total work in Eq. (20) we obtain 


/V+e[( x ^ +f -s + <:K + -' 

+ (<; +f -s +z 'sM 


dt = 0. 


By taking the variation of T with respect to q if g 2 , • • - , q n , $ 1 , < 72 , • ■ *, 
( 7 n the last equation becomes 

+E( x *| +F, S; +2 -s) i9i + - 
+ ( x ‘Z + r -%i +z ‘l$ s, -\r l, -°- 


Performing the usual integration by parts and applying the reasoning 
following Eq. (11), since Sqi, 8q 2t — , 8q n are arbitrary, we obtain 

1(^1) = 0 

dt \dqj dqi 

d(dT\_ QT = 0 

dt \dq 2 / dq-2 V2 ’ 

d(dT\_dT^ 

dt \d qj a q n y "’ 


[ 31 ] 
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where 



The (7 It Q 2 , • • •, Q„ are called generalized forces. liquations (31) are 
the equations of Lagrange for holonomic systems. The above deriva- 
tion is both for systems and for a single particle. 

If the motion of a system is described by s equations 


dt 



3 T 

3 q, 


= Q, (i = 1,2, • • •, s) 


plus the m(m •' s) Kqs. (28), where (28) are iit/egrable, then the system is 
holonomic and possesses s — m = n decrees of freedom. In all systems 
of Sec. 3, Eqs. (28) are suppressed (i.e., m — 0) by choice of coordi- 
nate systems such that the number of r/s introduced equals the num- 
ber of degrees of freedom. 

Filiations (28) are employed in both Set's. 5 and 6. 

The Q ' s are not necessarily forces, but are quantities such that 
Q r 8q r is the work done by the forces acting cm the system during the 
displacement 8q r while all other displac ements of the system arc zero. 
I r or example, if bq r is 


(a) a linear displacement, Q r is a force, 

(/;) an angular displacement, Q, 11 moment, 
(i c ) an increase in volume, Q r is pressure. 


If all of the forces acting on the system possess a potential function 
U , which is the negative of the potential energy V (see § 1-8), then 
dV 

Q r = , r = 1, 2, • • •, n. If some of the forces acting on the sys- 

3 Qr 

tem (for example the forces due to springs on which the system is 
mounted) possess a potential then 


0 - - 9 ~ + 0 <0) 
0r 3, r + y ' ’ 


where Q r (0) are those independent additional forces which are not con- 


tained in — 


3F 

3 9r 
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1*13. Illustrative Examples. The kinetic and potential energies 
and generalized forces in the following problems are computed by 
means of elementary principles of mechanics. 

Example 1. A particle of mass m moves 



an angle a with the vertical. The line rotates 
about the vertical line with constant angular 
\ elocity w. Find the equation of motion. 

The position of the particle m is given at 
time / by 

x = r sin a cos wt, 
y = r sin a sin wt, 
z = r cos a , 

where r is the variable distance of m from O. The kinetic and poten- 
tial energies are respectively 

T = \m(x 2 + y 2 + z 2 ) = \m(r 2 + w 2 r sin 2 «), 

V = constant — mgz = constant — mgr cos a. 


Since 


a t .a r 2 . „ dv 

— = mr, = mw*r sur — 
dr dr a r 


■ — ?)ig cos a 


substitution of these quantities in Lagrange’s equation 

d /a r\ _ ar = _ ar 
dt\dr/ a r dr 

gives the differential equation 

r — (w sin a) 2 r = g cos a 


whose solution is 

r = Ac wtsina + Be wtsma 


g cos a 


w sin“ a 


Example 2. A particle moving in free space is subject to a force 
F(r, 0 , <p ), where r , 0 , tp are spherical coordinates of its position. The 
coordinates r, 0, are related to rectangular coordinates x, y, z by the 
relations 

x = r cos <p cos 0, 
y = r cos ^ sin 0, 
z — r sin ip. 
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Thu kinetic energy is 

T = ]m(x 2 + y 2 + c-) = \m[r 2 + rV + rff 2 cos 2 *]. 

Substituting in Fqs. (31) we obtain 

m[r - r{j> 2 + 6 2 cos 2 <p)] = Q u 
m\(r 2 <p)' -|- 6 2 r 2 sin sp cos ip] = (L» 
m[(rd cos 2 s?)'] = (?:<• 


Let F be resol\e<I into the perpen- 
dicular components: 

0, v?) along r, 

/\,(r, 0 , perpendicular to r and 
in the meridian plane, 


I'd(r % 0 , perpendicular to r and 

I\Jr, 0, if). 

1'h en 

Qi = /v 


& = 


= /'/Vy cos ip. 



Lxamplk 3. A uniform rod of length 2/ and mass m is free to slide 
without friction in a holder of negligible* mass. The axis A li of the 
holder is inclined at an angle a to the vertit al. The rod is turned until 
it is nearly hori/ontal and released. Assuming no friction obtain the 
differential equations of motion of the rod up to the time it leaves the 
holder. 

Koenig’s theorem 7 is useful in computing the kinetic energy of a 
rigid body. This theorem is: the total kinetic energy of a rigid body of 
mass M consists of two parts: (a) the kinetic energy of a part if le of mass M 
moving with the center of gravity of the body; (b) the kinetic energy of 
motion relative to the center of gravity , considered as fixed. 

Let the angular displacement of the holder from equilibrium posi- 
tion be 0 (Fig. 1 • IS.) The first and second parts of the kinetic energy, 
as described in Koenig’s theorem, are respectively 


Tf = \mv 2 = \m(r 2 + rH 2 ), 
T, = lmk 2 6 2 , 


7 See §1*17 for proof of Koenig’s theorem. 
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where k is the radius of gyration of the rod about the line A'B f . (The 
angular rotation of the rod about A'B' is the same as the rotation 
about AB.) The total kinetic energy is 

T = >|> 2 + (r 2 + k 2 )6 2 ]. 

The potential energy of the rod is 

V = mgr( 1 — cos 0) sin a. (See example 3, § 1 • 10.) 



Substituting T and V in Eqs. (31) we have the differential equations 
r — rff 2 + g(t — cos 6) sin a = 0, 

(r 2 + k 2 )S + 2nd + rg sin 0 sin a = 0. 

EXERCISES AND PROBLEMS V 
1. Solve, by means of Lagrange’s equations, the five exercises of §1 *10. 

1 • 14. Systems Subject to Dissipation Forces Proportional to Ve- 
locities. Suppose that there act on a system external resisting forces 
opposing the motion of the system and that each force is proportional 
to the first power of the velocity of its point of application. Then there 
exists a function, 

F = ^w(a t X*r + (3 t y; + y l z\) 
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called the Rayleigh dissipation function, such that Lagrange’s equa- 
tions become 


d /ar\ _ dT a f 

dt \0 qj 3 q r a ('lr 


1.2, • - •, »). 


[32] 


Equations (32) are established as follows. Let the relations be- 
tween x t , y„ c, and q 2 , • • *, </„ be given by Eqs. (20). Let the work 
done against the motion of the system, i.e., the energy lost be written 
^(a t x t 5.v, + 0, v, 5y, + y ,c, 5c,), where the summation is over all parti- 
cles of the system. Then Hamilton’s principle for the system is 

[5T + 2(A',5.r, + F, 5 y x + Z, 5c, — a,x, 8x t 

fiy* yfit Sc ,) ~\dt — 0, [33] 



where A”,, Y n Z, are the components of .ill font's other than the dissi- 
pation forces. In view of (31) it is necessary to examine only the 
expression — 2(a,.v, 5 a, + P,y, 5y,- + y t z, 5c,). Recalling from §1-12 
the expressions for x n y lf c,, 5.v,, 5y„ and 5c, we have 

-2(a,x* 5.v, + 5y, + y ,c, 5c,) 


2>(S> + 
~{ZM£ 


+ 

+ 


, 3/, . , 3/. \ /3/, , 

+ -<7» + 'I V ‘ 5 Vi + - 

3f/« 3< / \3'/i 

dg, . 3.? t \ / dg, 

■ + n ~q n + -- J V - fyi + • 
3 <7 H dt / \3</i 

, 3*. . , dh,\ ( dh, . , 

dq n dt / \3</i 


— 4i + - 

dqi 


■ + 


3/i 


4- A 

+ 7. 


\3<7i 


2i + • 
3<7 i 

/3/* t • -U 

W. ,,+ ' 


dq, 

da, . . dg,\dg, 

_ q n + . - lr— 

dqn 

djH 

dq n 


L . , 3/A dh 
+ dt)dqi 


■ + ^in + 


dt / dqi 
dh\ dh,' 
dtJdqii 


5f/i 


+ 


+ A 

+ 7« 


, / dgi 

‘ \3?1 


4i + - 


, 3/i. . 

3g„ 9n 3< / 3? n 


3A 9 /l 


4i+- 4- + 

dqn 


dgi . , dg,\ dgi 


dt) dq n 


( . i , 3j*» . , 3^*\ 3 ^i . 1 


, ,SF. , a/" - . \ 

■ - ls;* ,,+ s 552 + "' + s; **■/' 


■ + 
+■ 
• + 


3/, . \ 

.. s q„ ) 

0q„ / 

3*., N 

0 q„ / 

£*»•)]■ 


[ 34 ] 
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To justify the last equal sign in (34) substitute the values of x„ y„ and 
z< in F and compute the partial derivative of F with respect to q r 
obtaining 


dF 

dir 


+*(!>+•••+ 


dji_ + §A Oft 
dq n dt ) dq t 

d g, . , dgj\dgi 

dqj dt)dq r 

fihi . , 0 ^»\ 3^»1 

dqn qn ^~dt) dq r \ 


Substituting in (33) the value of — 2 (a A 8x{ + ftjr, fry* + y t Zi 8z t ) 
obtained in Eqs. (34) and proceeding as in § 1 • 12 we obtain Eqs. (32). 



average angular velocity. If I\ 
Di and D 2 the kinetic energy is 


Example. It is desired to obtain 
uniform rotational motion by means 
of three heavy discs D 0 , D x , and D 2 
suspended as indicated in Fig. 1-16. 
Disc D 0 is driven by means of a 
worm gear at as near uniform speed 
as possible. It is desired that D 2 
rotate at a more uniform angular 
velocity than D 0 . The discs are 
connected by thin rods of torque 
constants Xi and X 2 . Damping is 
effected between D x and D 2 by vanes 
immersed in fluid. Find the differ- 
ential equations of motion of D x 
and D 2 . 

Let the angular displacement of 
D 2} D u and D 0 be d 2 , d x , and 0 O 
= coot + 2 (a n cos ncoot + b n sin ncoot ), 
where the Fourier series represents 
the variation in velocity due to im- 
perfections of the gear, and a?o is the 
and I 2 are the moments of inertia of 


T = + JaflS)- 


The potential energy is 

V = §[Xi(0o — 0i) 2 + X 2 (0i — 02) 2 ]- 
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The dissipation function for the relative velocities is 

F = ia(6 x - 0 2 )\ 

Substitution in Eqs. (32) gives 

4” oA 1 + (Xi 4" X2)^l — OL&2 — X2#2 = Mo 
— ad 1 — X 2 #l 4" I 2&2 + 4“ X2^2 =: 0* 


EXERCISES AND PROBLEMS VI 

1. (Dynamic Vibration Absorber) A synchronous generator is driven by an engine 
which produces a component of pulsating torque T sin cot. The distribution of mass 
of the rotating parts and the torque constant of the coupling shaft are such that there 



Generator Engine Absorber 

Fig. 1 -17. Dynamic Vibration Absorber. 


exist forced torsional vibrations of the rotor of the generator and the flywheel of the 
engine. These undesirable forced vibrations can be eliminated (or at least greatly 
diminished in amplitude) by what is known as a dynamic vibration absorber. In 
the present system this consists of extending a shaft in line with the coupling shaft 
and attaching thereto a disc /1 as indicated in Fig. 1 • 17. If k \ , the torque constant, 
and I\, the moment of inertia of the absorber, possess the proper values relative to 
the torque constant of the coupling shaft and the moments of inertia of the rotating 
parts of the generator and engine, the undesirable vibrations are eliminated. 

Obtain the three differential equations of motion of the free torsional vibrations 
of the system shown in Fig. 1*17. The solution of these equations is reserved for 
problem set XI. 

2. (Relative Damping) If the resisting forces acting on two particles mi (xi, y\, z\) 
and m 2 (*2, y% 22 ) are 

—fc](xi — X2). —foiyi — ^2)1 —fa(zi —£2) 

and 

— ki(x2 — xi), —k 2 (y 2 ” yi)> —^3(22 ~ *i)» 

then the dissipation function is 

llkiixi - x 2 ) 2 + h(yi ~ h) 2 4 - *3(21 - z 2 n 

Deduce Lagrange’s equations corresponding to Eqs. (32) for relative damping, i.e., 
for the case where the dissipation forces are proportional to the differences of the 
velocities of the points of application. 
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3. (Damped Dynamic Vibration Absorber) For machines which operate at one 
speed only, such as the synchronous generator of problem l f the dynamic vibration 
absorber can be tuned sharply to operate at one frequency. In machines in which 
broad tuning is necessary, damping may be required in the system. Accordingly, 
let a damping device be introduced which acts on the coupling shaft between the 
engine and absorber. (Fig. 1 • 17.) Let the damping be relative damping and pro- 
portional to the difference between angular velocities of engine and absorber. 

Write the differential equations of motion of the free torsional vibrations of the 
system. (Solution is required in problem set XI.) 

1 * IS. Energies of Systems Possessing Several Degrees of Free- 
dom. The kinetic energies of the systems thus far analyzed in this 
chapter have been easily obtained because the motions have been, for 
the most part, either motions of particles or the rotations of rigid 
bodies about fixed axes. Likewise, the potential energies of these 
systems have been found with little effort by the simple principle of 
elementary work. If, however, a rigid body possesses six degrees of 
freedom (three of translation and three of rotation) and if in addition 
the body is in any way connected to similar bodies, the calculation of 
the energies is difficult by the elementary methods employed thus far. 
For these more complicated motions recourse is had to vectors. This 
use of vectors eliminates all difficult visualization of relative motions 
and confusing projections of velocities. In §1-16 sufficient formal 
theory of vectors is developed to render the calculation of energies a 
routine process. 

1 • 16. Addition t Multiplication, Line Integrals, and Differentiation 
of Vectors. A vector is a quantity which possesses direction as well as 
magnitude; a scalar is a quantity which possesses magnitude only. 

Vector algebra is similar to scalar 
algebra. Zero and unit vectors are 
those whose magnitudes are respec- 
tively zero and one. Two vectors 
are equal, if and only if, they have 
the same magnitude and direction. 
By che negative vector — A, we 
mean A with its direction reversed 
but its magnitude unchanged. A 
vector A can always be considered as A a, where a is a unit vector and 
A is the magnitude of A. 

(a) Addition and subtraction . C, the sum of A and B, is defined as 
the vector obtained by placing the initial point of B in coincidence with 
the terminal of A and taking C with its initial point coinciding with 
that of A, and its terminal point with that of B. From Fig. 1 • 18, evi- 
dently A + B = B + A. The sum of three vectors E = A + B + D 
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= C + D, where A + B = C. The subtraction of A is defined as the 
addition of —A. 

(b) Vector components . A vector is uniquely determined by giving 
its projections on the three coordinate axes. These projections are 
A x = A cos (Ax), A y = A cos (Ay) and A z = A cos ( Az ), where (Ax) 
denotes the angle between the positive x-axis and A. If A + B = C, it 
is apparent geometrically that 


A x “f* B x — C X i 

Ay + By — Cy , 

A z + B z = C z . 


Let i, j, and k be unit vectors coinciding with the x, y , and z axes 
respectively. By the definition of addition 

A = A x i -f- Ayj 4“ A z k. 


(c) Scalar and vector products . The scalar product of A by B (or B 
by A) is a scalar defined by the equation A-B = AB cos 9, where 0 is 
the angle between the positive directions of A and B . The scalar 
product is thus the product of one vector by the projection of the other 
vector upon it. Hence A-B = B-A. Also 

ii = j.j = k-k = 1, and i-j = j-k = k-i = 0. 

It can be shown that A - (B + C) = A-B + A-C; thus we may write 
A-B - (LI, + j Ay + ki4 z ) • (iB x + j B v + k B z ) 

= i-i A X B X + i-j A x B y + i-k A X B Z 

+ j*i AyB X + j- j AyBy + j*k AyB Z 
+ k-i A Z B X + k-j A z By + k-k A Z B Z 
= A X B X -f- AyBy + A Z B Z . [35] 


The vector product of A by B (not B by A) is a vector defined by 
the equation 


A X B = < AB sin 9, 


where 9 is the angle between the positive directions of A and B and c is a 
unit vector perpendicular to the plane of A and B. The positive direc- 
tion of A X B is defined to be perpendicular to the plane of A and B 
in the sense of advance of a right-handed screw from the first to the 
second of these vectors through the smaller angle between their posi- 
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tive directions. (See Fig. l*19a.) Consequently, iXi=jXj= 
k X k = 0 and i X j = k, j X k = i, k X i = j. Also, A X B = 
— B X A. It is evident that the vector product of A and B can be con- 
sidered as a vector with magnitude equal to the area of the parallelo- 
gram having A and B as sides and with the direction of the normal to 
the plane of A and B. 

It can be proved that the distributive law of multiplication, namely 
(A + B) X C = (A X C) + (B X C), holds for vector products as 
well as for scalar products. In view of this and the above relations be- 

BxC 



tween i, j, and k, we can express A X B in terms of its i, j, k compo- 
nents as follows: 


A X B = (i A x + j A y + k A z ) X (LB, + j B y + k B z ) 
- i X i A X B X + i X j A x B y + i X k A X B Z 
+ j x iA v B x + j X j AyBy + j X kA yB Z 
+ k X i A Z B X + k X j A z By + k X k A Z B Z 


= i (A y B z - A z B y ) + KA Z B X - A X B Z ) 


“V^^AxBy AyB X ), 


The vector product can be written as the determinant 


A X B 


i J k 

A X A y A z • 
B Z By B z 


[36] 


( d ) Triple scalar product . The product A* (B X C) is a scalar called 
the triple scalar product. Inspection of Fig. 1*196 shows that this 
product is equal to the volume of a parallelepiped with edges A, B, 
and C. 
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Since interchanging the terms in a scalar product does not change 
the sign of the product whereas interchanging the terms in a vector 
product does change the sign of the product, it follows that 

A(B X C) = (B X C)*A = -(C X B)*A = - A (C X B). 

Since the volume of the parallelepiped remains the same, no matter 
which face is considered as base, it follows that 

A*(B X C) = (A X B) • C = B-(C X A) = C-(A X B), etc. [37] 



Thus the dot and cross may be interchanged at will and the sign of the 
product remains unchanged so long as the cyclic order of the vectors 
remains the same. The triple scalar product can be written as 


A (BXC) = (B XC)*A = 


A x 

B x 

C, 


Ay A Z 

By B Z 
Cy C Z 


[38] 


(e) Triple vector product. The product A X (B X C) is defined as 
the triple vector product. The vector product of B X C should be 
formed first, and then the product of A with this result. The final 
result is 

A X (B X C) = B(A-C) - C(A-B). [39] 


(See example S, problem set VII.) 

r B 

( f) Line integrals involving vectors . The integral J F* dr is a line 

integral. The vector dx is taken along the tangent to the curve AB as 
in Fig. 1 • 20, and the vector F may vary in both magnitude and direc- 
tion along the curve. 
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Alternative forms are 


j* F dr = j* FcosOdr, 


and 


a * . r 

Ja Ja 


(i \F X + j F y + kF z ) -(idx + jdy + k dz) 


= j* (F x dx + Fydy + F z dz). 


f* 

If F represents a force on a body, then J F • dr is the work done fry 

the force as the body moves over the specified path from A to B. 
Example 1 . To fix the ideas more clearly, let F be the force of 


gravity. Let the curve AB (Fig. 


z 



1-21) be one-quarter of the circum- 
ference of a circle. Determine the 
work W done in moving a mass m 
against the force of gravity from 
A to B along the curve AB in the 
yz-plane. Consider no friction. 
Then F = — wgk. (The minus sign 
indicates that the force is in the 
direction of negative k). Then 

r = be + jy + kz = jy + kz, 

dt = j dy + k dz , 

z = r cos 0, 

dz = —r sin 0 dd y 


W = 


- y*Vdr=- y (.-mgk)-(jdy + kdz) 

/ t/2 

(— mg k)*(— r sin 0d0)k 


~t/2 


= mgr J* sin Odd = mgr. 


This is, of course, the work done in raising the mass m a vertical dis- 
tance r. If F varied both in magnitude and direction and AB were a 
complicated curve, the integrations would be more complicated but no 
additional principles would be involved. 
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(g) Derivatives of vectors . Let r = ix + jy + kz, where x = *(/), 
y = y(0t ^ = z(t) , and t is any real parameter, usually the time. If the 
initial point of r is fixed at the origin, the terminal point of r varies and 
describes a space curve as t varies. Let A and B be two near-by points 
on this curve. (Fig. 1 • 22.) Then 

Ar = AB = ri — r (ri is not a unit vector.) 

= i*i + jyi + kzi — bs — jy — kz 

= i(*i -x)+ j(yi - y) + k(z 4 - z) 

= iAx + jAy + kAz. 

Dividing by A t and taking the limit as At approaches zero, we have 

dr . dx dy dz 

-~ = i— + j — + k — 
dt dt J dt dt 


It is evident that, as B approaches A (Fig. 1 • 22), the vector represent- 
ing Ar approaches the position of the tangent to the curve at A . Hence, 
dr/dt is a vector tangent to the space 
curve described by the terminus of r. 

Thus, it follows that the derivative of 
a vector having constant magnitude 
but variable direction is a vector per- 
pendicular to the differentiated vector. 

By procedure similar to the above. 

d 2 r __ . d?x . d 2 y . „ d 2 z 
d? 


A , I* 1* , IK y , « 


dt 



Formulas for differentiating P - Q and p IG# \ .22 

P X Q can be obtained by expressing 

each product in its expanded form (Eqs. 35-36) and taking derivatives 
of these forms. Thus, 


. + p.^ + p,^ + p.^ 


dt 


dt 


dt 


_S?. Q + P .i9, 

* v dt 


and 


dt 


(PXQ) 


-*[ 


dP y n dP t 


dt 


Qz- 


dt 


n a- p — — p 

Qv + Pv dt Pt dt J 


+ 


dP do 

■* x « +Px ir 
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Both products are differentiated by differentiating the factors just as in 
the case of scalar products, paying no attention to the dot or cross. It 
is important to notice, however, that in taking the derivative of the 
vector product that the order of the vectors must not be changed unless 
the sign is changed. 

EXERCISES VH 

1. Compute both the scalar and vector products of the pairs of vectors 

A - 3i + 0.4j + 6k, 

B =0.4i + 0j + 8k. 

C - 0.6i - 7 j - 8k, 

D = i - j - k. 

2. Find the projection of the vector A = — i + 2j — 3k on the line passing 
through (a) the origin and the point ( — 2, 3, 7), ( b ) the points (—2, 3, 7) and (1, 2, 3). 

3. Compute by vector methods the area of the triangle whose vertices are (3, 4, 2), 
(1,0, 5), and (-1, -2, 3). 

4. If ri = *ii + yij -f 2 ik and 0 = 0\i 4- 02j 4- 03 k compute the projection of 
0 X ri on the line passing through the points (x 2 , y 2 , 22 ) and (* 3 , ? 3 , 23 ). 

5. Let A = aii 4" U 2 j 4” 03 k, B = &ii 4" & 2 j “h & 3 k, C = cii 4~ 4 63 k. Per- 

form the expansions A-C, A*B, and A X (B X C), and show that 

A X (B X C) = B(A-C) - C(A-B), 

also 

(A X B) X C - (C A)B - (C-B)A. 

6. Let the curve joining the points A and B in Fig. 1*21 be the hypocycloid 
x h .j. yVi =b r^ 1 . Compute, by vector methods, the work done against gravity in 
moving the mass m from A to B along this curve. 

7. If the length of the tangent to the 
curve * = a sin /, y = b cos t, z = cP is a 
at the point t = ir/4 find the projection of 
this tangent on the line through the origin 
and the point (a, b , c). 

1*17. Kinetic Energy of a Rigid 
Body. Consider a rigid body B 
which has angular speed of rotation 
<0 about a point 0 which in turn has 
velocity Vo with respect to the fixed 
axes X , F, Z. If the body is rotat- 
ing about the instantaneous axis 
Fig. l - 23 OA with angular speed co then the 

linear speed of rotation of P is pa>. 
The angular speed becomes a vector if it is assigned a direction. Ac- 
cordingly, let the vector o> coincide with OA as shown in Fig. 1 • 23. The 
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linear velocity of P with respect to the axis of rotation is o> X P and the 
total velocity V of P with respect to the fixed axes AT, F, Z is 

V = t o + « X p 

= to + ® X (r - a) [40] 

= t 0 + a) X r. 

Let axes x , y, z fixed in the body (and rotating with the body) be so 
taken that the origin of coordinates is at the point 0 which is not neces- 
sarily the center of gravity of the body. The vectors r and expressed 
in components along the x , y, z axes, are r = oA + yi + zk and » = 
a>*i + a)y) + o)gk. The kinetic energy T of a particle of mass m,- at P is 

T = \rtiiV 2 = + » X r,)-(f 0 + « X r<) 

and the kinetic energy T of the rigid body is 

T = $Zm,(*o + ® X r.) • (f 0 + ® X r<), [41 ] 

where fo is the velocity of the point 0 with respect to X, F, Z and the 
summation is over all particles of the body. 

Carrying out the vector operations indicated in Eq. (41) we have 

T = \mr\ +2wif 0 *(® X r.) + ^Sw,(<o X r,)-(a> X r t ), 


where m is the mass of B. The last summation in the expression for T 
is simplified as follows. 

§2 »!<(« X r,)-(« X r.) = |2w l c4 [r,- X (» X r<)] 

= 52 w,<o-[<o(r,-r,) - r t (r,-a>)] (see Eq. 39) 

= |2 /»,«•[«>? - r,(*,« x + y t u y + z,«*)] 

= §2 w,[(4 + z?)4 - Xiyi<a*>y - x&uztog 

-yiXiWya x + (4 + *i)<4 ~ yWy^t 
—ZiXiu, u x — Ziy^uy + (4 + 4 ) 4 ] 

— ^(Au 2 "I - Buy + Cu 2 — 2 DuxWy — 2jEw*<o* — 2Fo)yca t ), 
where the constants A, B, C, D, E, and F, for a continuous body, are 

A = f (y 2 + f?)<rdv, B = f (x 2 + z 2 )adv, C = f (x 2 + y 2 )<rdv 

t/« Jv 

D = J* xy crdv , E = J* xz <r dv f F = j* yz a dv, 

and <r is the volume density. 
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Finally, the total kinetic energy of a rigid body, when the point 0 
is chosen at random in the body, is 

T — + 2 -f- Cwj — 2Do)±u)y — 2Eo)^a g — 2 Fo>yO) z ) 

+ 2m l f 0 -(co Xr,). [42] 

This general expression for T is simplified if the point 0 is properly 
located in the body. For example, if (a) any point of the body is fixed 
relative to X , F, Z and if the origin of the axes x, y, and z is taken at 
this fixed point the to = 0 and 

T = + -ScoJ + — 2 Do) x w y — 2Eo)gfjj z — 2Fcj v o) z ), [43] 

(£) no point of the body is fixed relative to X, F, Z, but the origin O of 
the axes x , y, and 2 is taken at the center of gravity of the body then 

T = \tnto Hh “1" “i~ ^' 03 s — 2D(jj^3y — 2Ei*) x tJ) z — 2Fo) y o) z ). [44] 

This value for T is Koenig’s theorem. 

The constants A, B, C and D, E , F in Eq. (42) are respectively the 
three principal moments of inertia and the three products of inertia. If 
the axes x y y , and z are taken along axes of symmetry of the body then 
D = E = F = 0. 

1 • 18. Work Done on a Rigid Body. Let the external force acting 
on the ith particle of a rigid body be denoted by F t -. Let the displace- 
ment relative to fixed axes X , F, and Z (Fig. 1*23) and due to the 
force F* be dR*. Then the work done on the body by the forces F* 
(i = 1, 2, • • •) in the displacements dR»(i = 1, 2, • • •) is 

hW = SFi-dRi = SF rVidt, [45] 

where V* is the velocity of the ith particle during the time dt and the 
summation is taken over all points of the body. (The symbol 8W, 
instead of dW> indicates that the work is not necessarily an exact dif- 
ferential of the coordinates of the system.) In view of Eq. (40) the 
work is 

8W = 2F r (f 0 +o> X ti)dt 

= (SF.Ho dt + «-Z(r i X Fi)dt [46] 

= ¥ 'to dt + Leo dt, 

where F = 2F t is the resultant of the external forces and L = 2(r< X F<) 
is the resultant external torque acting on the body. The nature of the 
computation of F and L in the general Eq. (46) obviously depends upon 
the system. 
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1 • 19. Potential Energy of Spring-mounted Systems. In certain 
cases 8W is an exact differential in the coordinates of the system or is 
sufficiently close to an exact differential that a useful approximation 
which is an exact differential can be obtained. Such an approximation 
to dW is obtainable in the important engineering case of spring- 
mounted systems. 

In Fig. 1 • 24 let X 0 , Y 0y Zq be the coordinates of the center of 
gravity of the cylinder (or any rigid body). Take axes x t y , and z fixed 



Fig. 1 -24. Mounting of Refrigerator Unit. 


in the body and with origin 0 at the center of gravity. Let r be the 
vector from O to a general point P of the body. It is desired to obtain 
a formula for the general displacement S of P during a small translation 
and rotation of the body such as occurs in vibratory motion. Let the 
unit vectors along x y y , z be denoted by I, J, K. 

Suppose the body is in equilibrium (dotted) configuration at / = 0. 
At time t the displacement of P is 


S = f W dt = f (to + »Xr)^ 

Jo Jo 

= S° + J* [(«„** — <a s r v ) I + (w*r* 


(see Eq. 40) 

— <a x r x ) J + (o) x r y 


COyT x) •£]{£/» 


where S 0 is the displacement of the center of gravity from its equilib- 
rium position. Now r*, r v , r z are the projections on the x r y t z axes and 
consequently are constants. The unit vectors I, J, K are along the 
axes x f y t and z and they do change in direction with the time. Sup- 
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pose these unit vectors are assumed constant by replacing them by the 
unit vectors i, j, k along the axes X , F, and Z. The error made in this 
assumption involves the cosines of the angles between I and i, J and j, 
etc., and in vibratory motion these cosines are approximately unity 
since the changes in the cosines of the small angles are much smaller 
than the variation in the small angles themselves. The total displace- 
ment of P at any time is 

S — So + (B y r z B z t<^)\. H“ B x r z ) j "t" (? x f y B y r x )k 

= S 0 + i j k 

dx By B z , [47] 

r x r y r z 

where the positive directions of d xt 0 y , and 0 Z are indicated in the figure. 

Evidently the X, F, and Z components of S are respectively i-S, j*S, 
k -S or 

X = X 0 + (B y r z — 0 z r y ), 

Y = F 0 + (B z r x - B x r z ), 

Z = Zq + (B x r y B y r x ). 

Suppose that Hooke’s law holds in compressing a spring; then the 
force in a compression in the z direction is 

F = X[Z 0 + (i 9 x r y - B y r x )] k 

and the work done (Eq. 45) against the spring at P is 

Wpz = J r F • Vd/ = / X[Zo + ( B x r y — B y r x )] -- [Z 0 + ( B x r y — B y r x )]dt 

= 2 C^° + ( Q* r v ~ B y r x )] 2 , [48] 

where X is the spring constant. The total potential energy is the 
work done against all the springs in a displacement from equilibrium 
position. 

1*20. Differential Equations of Oscillations of Spring-mounted 
Motor. A motor of mass m is mounted on four identical springs as 
shown in Fig. 1 • 25. The spring constants of a single spring in a vertical 
displacement is k and in any horizontal displacement is ko • The dis- 
tances between the springs S 1 S 2 and S 2 Sz are respectively 2a and 2b. 
The center of gravity of the motor is located at its geometrical center 
and at a distance R above the upper end of the springs. The moments 
of inertia of the system about the shaft of the motor and about any 
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line perpendicular to the shaft and through the center of gravity are 
respectively I and Jo. Under the assumption that the gyroscopic 
effect of the rotor on small oscillations of the motor is negligible, write 
the differential equations of these small oscillations. 

Take the origin of the axes x , y, and z at the center of gravity of the 
motor and their direction at time t as shown in the figure. Denote the 
coordinates of the center of gravity relative to the fixed axes X , F, 
and Z by Xq , F 0 , Z 0 . Let the generalized coordinates defining the posi- 
tion of the motor at any time be X 0 , F 0 , Z 0 , £ = 0 Xf q = d yt and £ = 0* 



Fig. 1 -25. Spring-mounting of Electric Motor. 


and let the positive directions of the small rotations be as indicated in 
the figure. 

From the figure the values of the position vectors are 
r x = al + b J - RK = ai + b) - Rk, 

r 2 = — al + b J - RK = — ai + b] — jRk, 

r 3 - - al - bj - RK = - ai - b) - Rk, 

r 4 = al — 6 J — RK = ai - b\ - Rk. 

By Eq. (47) the vertical displacements of the upper ends of the springs 

Sig = k-S = k-S 0 + k- i j k - Z 0 + (&£ - an), 

£ i? £ 

a b —R 

S 2z = Zo + (&£ + f 

•Si* = Zo + (— &£ + 0i?)i 

•S 4 * = Zq + (— 6 £ — 01?). 


are 
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Similarly, the two X and Y horizontal displacements of the tops of the 
springs are 

S\x ® X 0 + (— Rri — 6f), Siy = Y 0 + (-R? + 0f), 

S%x = Xo + (— Rrj — if), S 2y = Yo + (R£ — of), 

S3* = X 0 + S 3l/ = F 0 + (2?£ — of), 

S4X = X<j + (—Ry + 6f), S4 , = Fq + (R( + of). 

By Eq. (48) the potential energy due to the vertical compression 
of Si* is 

\ Vo + H- ar,) 2 

and the total potential energy of all four springs, or of the system, is 

V = \ [(Z 0 + b$- ar,) 2 + (Zo + bz + at,) 2 + (Z 0 - bZ + a V ) 2 
+ (Zo - if - o„) 2 ] 

+ ^ [(X 0 - R V - if) 2 + (X 0 -R V - if) 2 + (X 0 - Rr, + if) 2 
+ (X 0 -R n + if) 2 ] 

+ y [(Y 0 + RZ + a{) 2 + (Y 0 + RZ - of) 2 + (F 0 + RZ -of) 2 

+ (F 0 + RZ + of) 2 ]. 

The kinetic energy by Eq. (44) is 

T = \(M(X% +Yl + Zl) + (H 2 + hi 2 + /of 2 )]. 

The axes in the motor are taken so that the products of inertia vanish. 

dV 

Equations (31), where Q r = — — , q\ = X 0 , q 2 = Y 0 , ft = Z 0 , 

uQr 

§4 = f, ffs = 1?, So = f yield the differential equations of motion 
MX 0 + 4& 0 (X 0 - Rr,) = 0, 

MY 0 + 4fe 0 (F 0 + RZ) =0, 

MZ 0 + 4£Z 0 = 0, 

I'Z + 4(£i 2 + koR 2 )Z + ikoRYo = 0, 

IoV + 4(J feo 2 + jW? 2 )n ~ 4fe 0 XX 0 = 0, 

/of + 4* 0 (o 2 + i 2 )f = 0. 


[ 49 ] 
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Obviously, not all of these equations are independent. Suitable 
methods of solving equations of this type are given in Sec. 4 (Theory of 
Vibrations) and Sec. 7 (Rayleigh’s principle) of this chapter. 

1*21. Potential Energy of Electric Locomotives. The forces acting 
on an electric locomotive fall into four groups (a) spring forces, (b) 
creepage forces, (c) flange forces, and (d) damping forces. The first 



Fig. 1 • 26. Electric Locomotive, Type 2 — B =fc 2. 


set is easily found by the method of §1 -19. Figure 1-26 shows the 
spring arrangement of one of the mechanically simplest types of high- 
speed electric locomotives, denoted as type 2 — B ±2. One guiding 
truck is independent of the driving truck while the other is articulated 
with the driving truck in such a way that the entire spring system 
(four nests of springs) is equivalent to three-point support on three 



Fig. 1 -27. Schematic Three-point Support of Electric Locomotive. 


springs as indicated in Fig. 1.27. The journal construction is such 
that the springs are subject to compression only. The locomotive is 
equipped with a quill drive so that practically all the weight of the 
locomotive is spring-mounted. The mass of the locomotive is M and 
its dimensions are shown in Fig. 1 • 27. Let it be required to find the 
potential energy stored in the springs. 

Let the height of the center of gravity of the spring-borne mass 
above the upper ends of the front and rear springs in equilibrium be 
respectively, h\ and h 2 - The distance measured, parallel to the track 
from the center of gravity to a point above the front spring is &i and 
from the center of gravity to a point above and midway between the 
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rear springs is & 2 « The distance between the two rear springs is 2c. 
Let the origin of the coordinate system XYZ be taken (Fig. 1-27) at 
the center of gravity of the spring-mounted mass. Let the angular 
displacements about the x , y, and z axes be respectively £, if, f and the 
spring constant of the front spring be Xi and of each of the two rear 
springs be X 2 . By Eq. (47) the vertical components of the displace- 
ments of the upper ends of the three equivalent springs are 


S u -k-S + k- 


i j 
£ v 
b x 0 


= z 0 - M, 

$2 z = Zq + cl; + 

^ 3 * = Zq — + & 2 *?- 


k 

r 


By Eq. (48) the total potential energy V of the cab is 


V - y (Zo - biii) 2 + ^ (Zo + c£ + M) 2 + y(Z 0 -c* + & 2 „) 2 . 


The differential equations of motion for a locomotive arc set up in 
§ 1-32. 

122. Differential Equations of Motion of a Gyroscope. The mo- 
tion of a gyroscope is an example of the motion of a rigid body about a 
point which is both fixed in the body and in space. Let the origin O 
of the system of axes X, F, and Z fixed in space be taken at the fixed 
point of the rigid body. Let the origin of the axes x } y , and z fixed in 
the body but moving with respect to X YZ be taken also at the fixed 
point. If the position of the axes x , y, and z with respect to XYZ can 
be found at time / then obviously the position of the rigid body is 
known. A coordinate system is desired which relates, in a simple way, 
a general position of the moving axes x, y, and z to the fixed axes X, F, 
and Z. One such system is Euler’s angles (Fig. 1 • 28). A selected point 
of the rigid body can be brought from any initial to a given final posi- 
tion by means of three angular displacements. To fix the ideas sup- 
pose that the two sets of axes initially coincide. Beginning with the 
axes coincident (a) rotate the axis ox through the angle ^ to the posi- 
tion OX 1 ; (b) next, rotate the x, y, and z axes (and the rigid body) 
through the angle 0 about the line OXi or Ox; (c) finally, rotate the 
x , y, and z axes through the angle <p about the line (axis) Oz. These 
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three angular displacements give the final position of the axes x , y , and 
z with respect to the axes X , 7, and Z. 

In computing by means of Eq. (43) the kinetic energy of the body, 
it is necessary to know the projections w*, u„, and co 2 of the angular 
velocity about the moving axes x , 
y, and z as functions of \p, 9, <p and 
their derivatives with respect to 
the time. To obtain these projec- 
tions, first resolve the vector » 
onto the lines OZ, OX i, and Oz. 

The vector sum of these projec- 
tions is, of course, a>. These com- 
ponents are 

^ about OZ, 6 about OX u 
and <p about Oz, 

where the dots indicate deriva- 
tives with respect to the time. 

From Fig. 1 • 28 the projections of these angular velocities onto the x, y, 
and z moving axes are easily seen to be 

cj x = \f/ sin 9 sin ip + 6 cos <p, 

w v = ^ sin 9 cos <p — 6 sin <p, [50] 

= \j/ cos 9 + <p. 

The kinetic energy of a rigid body rotating about a point of the 
body fixed with respect to the axes X, 7, and Z and having moments 
and products of inertia A, B , C; D, E, and F is given by the substitu- 
tion of (50) in (43). 

The derivation of the differential equations of motion of a gyroscope 
is now merely routine computation. The instantaneous angular veloc- 
ity <o does not necessarily coincide with the axis of spin of the gyroscope. 
In fact may be entirely outside the rotating body. Let Oz be the 
axis of spin of the gyroscope. Let the x and y axes be taken parallel 
to the plane AB of the gyroscope (Fig. 1 • 28) and let the moments of 
inertia about these axes be A, and about the z axis be C. Then by 
Eqs. (43) and (50) the kinetic energy T is 

T = 2 + Ao? v + Co? 9 ) 

- l[A{6 2 + J, 2 sin 2 9) + C(<j> + t cos 9) 2 ]. 

The only external force acting on the gyroscope is the force of gravity 
mg acting at the center of gravity (Fig. 1 • 28). 
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Since 


dT 

dt 

dT 

d* 


= A\j/ sin 2 0 + (C cos 6)(<p + cos 0), 
= Ad, 


~7 ~ C(<P + ^ cos 6), 
d<p 


= 0, 


dT 

d'P 

R3T 

— = At 2 sin 0 cos 0 — C(<p + ^ cos 0 )$ sin 0, 
Q0 

f-0. 

ov 


and the torque Q e about OX i is Q e = raga sin it follows that Eqs. (31) 
yield by routine substitutions the following differential equations of 
motion of the gyroscope 


■j- sin 2 0 + (C cos 0)(^ cos 0 + £)] = 0, 
at 


AQ — A\j / 2 sin 0 cos 0 + C(\p cos 0 + £)^ sin 0 = mga sin 0, [51] 

C y [$ cos 0 + <p] = 0. 


1*23. Euler’s Equations for a Rigid Body Containing a Fixed 
Point. Euler developed three important differential equations of the 
motion of a rigid body containing a fixed point. These equations give 
for every instant the time variation of the angular velocity components 
a> x , «y» «*, about the principal axes of the body (axes x , y 1 and a, § 1 • 22) 
in terms of the external moments L, M, N acting respectively about 
the axes *, y, and z and products of the same velocity components. 
Consequently, if the moments about the principal axes of a rigid body 
are known, then a> z , u yi and co* can be expressed in terms of these 
moments. Thus «, the instantaneous angular velocity at any time, 
can be found. Conversely, if (i) is known then the moments L, M, N 
can be found. 
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The kinetic energy T of the body by Eqs. (43) and (50) is 
T = + B<4 + C<4) 

— sin 0 sin <p + 6 cos <p) 2 + B{4 sin 6 cos <p — 0 sin <p) 2 

+ cm cos e + m, 

where A, B, and C are the three principal moments of inertia. Now 

oT 

— 7 = C(ip + 4* cos 0) = Cm*, 

3 <p 

0J* 

— = Actytt sin 6 sin tp + 6 cos tp) — Bo) x (J/ sin 0 cos tp 
3 <p 

— 6 sin <p) 

= Ato X b)y — B00yO3 X . 


Substituting in Eqs. (31) we obtain the Euler equation 

C^r - (A - B) M X M„ = N. 
at 

The remaining two equations are obtained in a similar manner. Thus 
the three Euler equations of the motion of a rigid body containing a 
fixed point are 

A ~ + (C - = L, 

at 

B^7 + ( A — C)»z» x = M, [52] 

at 

C^ + (B- A)co x o>„ = N. 
at 

1-24. Summary of Section 3. The systems under consideration 
consist of single particles or of a rigid body. Once the kinetic energy, 
potential energy, if it exists, and the external generalized forces have 
been computed the derivation of the differential equations of motions 
by means of formulas (31) is merely a routine matter. The following 
summary relates to the computation of the above three quantities. 

(a) Single particle . If there are no constraints a single particle pos- 
sesses three degrees of freedom and consequently requires three coordi- 
nates to define its position. The rectangular coordinates of the posi- 
tion of the particle are related to other coordinates (spherical, cylindri- 
cal, toroidal, etc.) by means of three equations such as those of example 
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2, § 1-13. The kinetic energy is given by T = [m/ 2)(x 2 + ji 2 + 2 2 ). 
If the particle has gravitational potential energy this energy is equal to 
the work done in moving the particle against gravity from some refer- 
ence position (equilibrium position if it exists) to its current or general 
position. In finding expressions for the generalized forces Q r (r =1,2 
•••,») care must be taken to make sure that the product of Q r by the 
corresponding displacement bq r is work done on the system. 

If constraints exist then the particle possesses less than three 
degrees of freedom. The rectangular coordinates x , y, z then are 
expressible in terms of less than three generalized coordinates such as 
in the equation of example 1, §1-13. The statements regarding the 
energies and generalized forces made for three degrees of freedom hold 
also for one or two degrees of freedom. 

( b ) Ri^id body. If the constraints are such that the body has few 
degrees of freedom such as in example 3, § 1*13 the kinetic energy 
can be obtained by the application of Koenig’s theorem § 1*13. The 
gravitational potential energy of a rigid body is the work done against 
gravity in bringing the body from a reference position to a current 
position. 

If the body has six degrees of freedom, then the kinetic energy is 
given by either Eqs. (42) or (44). The latter is preferable. If x> y, 
and z are taken along axes of symmetry in the body, then D = E = 
F = 0. If the body possesses potential energy V and if the only ex- 

dV 

ternal forces acting on the body are — - — , (r = 1,2, •••,«) then 

dq r 

bW = dV in (46) and the potential energy is found at once. In the 
important engineering case of spring-mounted bodies the potential 
energy is obtained with sufficient accuracy by the routine method of 
Eqs. (47 -48). In the use of this method one vector is drawn from the 
center of gravity of the rigid body to the upper end of each spring. 
If external forces, other than the forces of gravity and of springs, act 
on the system these forces are Q {0 r of §1-12. If dissipation forces, 
proportional to the velocities of their points of application, act on the 
body then Lagrange’s equations for the body are Eqs. (32). 

If the body contains one fixed point then its kinetic energy is given 
by the substitution of (50) in (43). The external torques are taken 
about the lines OZ, OX\ % and Oz. The position of the body is then 
given by the solution of the Lagrangian equations for the angles 0, 
and v as functions of the time. An alternative method of studying the 
motion is by means of Euler’s equations. The solution of (52) for the 
components w x , and a>* give the direction of the instantaneous axis 
of rotation and the magnitude of the instantaneous velocity as func* 
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tions of the time. When these components are substituted in Eqs. (SO) 
the angular position is given by the solution of the resulting system of 
differential equations. The torques L y AI t and N in Euler’s equation 
are taken about the moving axes .r, y, and z. 

EXERCISES Vin 

1. Two particles m \ and m*, connected by a rod of negligible we : ght, move on a 
smooth vertical circle. Find the differential equation of motion. 

2. A triangular lamina ABC of sides a, b , c is sus(>cnded by the vertex A. The 
lamina swings in its own plane under the influence of gravity. Find the length of the 
equivalent simple |>endulum. 

3. A rough uniform circular cylinder of radius r and moment of inertia I has coiled 
around its middle section a flexible inextensiblc string. The string is rolled up until 
the cylinder in a horizontal position touches a fixed point P to which the string is 
attached. The cylinder is made to revolve in a horizontal plane with angular veloc- 
ity n) and then released. Find the differential equations of motion. 

4. Two masses m\ and m 2 are connected and sus|>ended by inextensiblc strings of 
lengths a and b as shown in Fig 1 ■ 29. The masses m\ and m 2 are pulled aside in 
opfiosite directions from the plane A BCD 
and released. Write the differential equa- 
tions of motion. 

5. A heavy uniform rod is mounted in 
a frame such that one end of the rod is 
constrained to move without friction in a 
horizontal plane, the other end without 
friction in a vertical groove of the frame. 

The frame is rotating with constant angular 
velocity about the vertical groove as an axis. 

Write the differential equation of motion Fig. 1-29 

of the rod. 

6. The foot of a ladder is resting on a smooth horizontal plane and its top leans 
against a lamp post. The top of the ladder slides down the post while the foot of the 
ladder is free to move in any horizontal direction. Write the differential equations of 
motion of the ladder. 

7. Show that the expression J^2m* (» X r,)-(w X r t ), obtained in the reduction 

of Eq. (41), can be written «•♦•«/ 2, where w = !«* -f kw t and 

♦ ijD-ikfi 

- ji D + jj B - jk F 
-kiE-kjF+kkC, 

where i-(ii) = i-i(i) = i, I • ( ji) ** i-j(i) * 0, etc. The quantity ♦ is known as a 
dyadic in nonion form. 

8. Two masses mi and m 2 (m 2 > mi) are suspended from a wheel and axle of radii 
ri and r 2 (r 2 < ri). The moment of inertia of the combined wheel and axle is I. Find 
the acceleration of m 2 . 
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PROBLEMS IX 

1. A mass mi is supported by a wheel and elastic tire, and a mass m 2 is supported 
above mi by a spring. (Fig. 1 -30.) Constraints permit vertical motion only and the 



Fig. 1 -30. Spring, 
Tire, and Shock- 
absorber. 



Fig. 1-31. Compound Seismograph. 


wheel is not allowed to rotate. A shock-absorber, which acts equally for either direc- 
tion of motion of its piston is placed in parallel with the spring. The force exerted by 



Fig. 1-32 


the shock-absorber is always proportional to the difference of the velocities of mi and 
m 2 . The system is set in motion. Write the differential equations of motion of mi 
and m 2 . 

2. Obtain the differential equations of motion of the seismograph shown in 
Fig. 1*31. The dimensions, inclination, and masses are shown in the figure. Assume 
there is no damping. 
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3. Solve problem 2 with the additional condi- 
tions that there is relative damping in the system 
such that the motion of the second plate is damped 
relative to the first, and the third (lowest) plate is 
damped relative to the second. Let the damping 
be proportional to the differences of the first powers 
of the velocity. 

4. Given that the angular displacements from 
equilibrium position of a spring-mounted mass do 
not exceed 5°, show by examination of the inte- 
gral leading to Eq. (47) that the maximum error 
in the potential energy as given by use of Eq. (47) 
is less than 2 per cent. 

5. The four coiled springs of an automobile are 
alike in pairs and all obey Hooke’s law. Let the 
spring constant of a rear spring be X 2 and that of 
a front spring be The distances, measured 
parallel to the length of the car, from the center 
of gravity of the car to a point above and midway 
between the front and rear spring supports are re- 
spectively b\ and 62 - The lateral distances between 
the springs is c. The height of the center of gravity 
above the tops of all four springs is h. Compute 
the potential energy stored in the springs under 
the assumption that the angular motions are small, 
10 °. 

6 . Suppose the forward component of the ve- 
locity of the center of gravity of the car in problem 
5 is V, a constant. Let the car travel over an 
undulatory road and each undulation be a sine wave 
of length L and amplitude yo- Let the principal 
moments of inertia about axes through the center 
of gravity be A, B, and C. Neglecting the effect 
of the tires and assuming the angular displace- 
ments small, write the differential equations of 
motion of the car. 

7. Electric locomotives of the type 2 — C±C —2 
possess six driving axles and two guiding trucks. 
Each half of the spring-borne weight of the loco- 
motive rests on three driving axles and on one 
guiding truck by means of three-point support as 
shown in Fig. 1-33. The locomotive cab rests on 
two king-pins shown. Very slight lateral rolling 
motion of the cab is possible before the springs 
are appreciably acted upon. Let the equivalent 
spring constants of each of the guiding-truck 
springs be Xi and the spring constants of each of 
the other equivalent springs be X 2 . Neglecting the 
small lateral rolling motion described above, com- 
pute the potential energy of the spring-borne mass 



N 


Fig. 1 *33. Electric Locomotive, Type 2— C±C— 




58 LAGRANGE’S EQUATIONS AND THEORY OF VIBRATIONS 


of the locomotive. No angular displacement exceeds 3°. (The differential equations 
of motion are required in problem set XII.) 

8. Solve Ex. 4 of set VIII when the inextensible strings have been replaced by 
elastic bands which obey Hooke’s law. Let the modulus of the elastic bands be X. 

9. Suppose the motor of Fig. 1*25 to be mounted on three springs, the two rear 
springs as shown, and a third front spring under the shaft of the motor. Obtain the 
differential equations of motion. 

10. Obtain from Eqs. (51) the single equation in 0 

(L — Cot cos 0) (L cos 0 — Ca ) 

Ad - . ■ mga sin 0=0, 

A sin 3 0 

where a and L are constants of integration. 


(4) 


Lagrange’s Equations and the Theory of Vibrations 
(Normal Coordinates) 


Lagrange’s equations are of use in writing the differential equations 
of motion of small oscillations or vibrations of a rigid body about either 
equilibrium position or about steady motion. Motion about equi- 
librium configuration is the more important in engineering applications. 

1 • 25. Potential and Kinetic Energies of Oscillating Systems. Let 
01, 0 2 , • • • , 0 n be the n generalized coordinates of a holonomic dynamical 
system. Let 0i O) , 02°\ • • • , 0 i O) be the values of 0i, 0 2 , • • • , 6 n when the 
system is in equilibrium position. Make the change of variables of 
position 

Ox = 0, (O) + a (i = 1 , 2 , •••,»), 


where now all vanish in equilibrium position. Denote by Vo the 
potential energy of the system in equilibrium configuration. Then the 
potential energy V in a general position can be written, by aid of 
Taylor’s theorem, as 


T7 JL 3 ^ , dV, , dV 
Vo + « 15; + »^+ •"+*,— 


+i ( 9i l? 


d 2 v 

+ !m, 3 W + 




+ 


[53] 


. . ^ . dV d 2 v d 2 v , . a , 0) 

where the coefficients — — , —3-, - ■ ■ , • • • are evaluated at = Of' 
dOi del d0 2 d6i 

that is, in equilibrium position. The forces acting on a system in equi- 
librium position are zero. From §1-8 the forces acting in the directions 
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of possible displacements of the system are 
Consequently, 

97 __ 97 _ _ = 97 
901 0#2 dOn 


97 
9 Oi 


(* 


0 . 


1 , 2 , 


If the zero of potential energy is taken at equilibrium position, then 
7o = 0 and if all motions are small (vibrations or small oscillations) 
then terms in powers of the q's higher than the second can be omitted 
and Eq. (53) becomes 

7 = ^(£>ii<7i + 2£>i2<Zl?2 + • * * + b nn qfc ) , [54] 

where b t i(i,j = 1, 2, • • •, w) are constants. 

Suppose Eqs. (29) do not contain the time explicitly. Then remem- 
bering that a general position of the system is denoted by 0i, 0 2 , * * * » 0n» 
the kinetic energy T , by the reasoning following Eqs. (29), is 



In general, the coefficients of $i, $ 2 , • • •, in are functions of qu g 2 » * • •, 
q n but since the motions are small we may regard their values at q\ = g 2 
= • • • = q n = 0 as being their values at any time. Consequently, 

T = |(an$i + 2ai 2 #i£ 2 + • • • + a nn $), [55] 

where the a# are constants. 

07 

If no forces act on the system other than , (i = 1, 2, • • •, n) % 

oq% 

then Lagrange’s equations are obtained by the substitution of Eqs. 
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(54-55) in Eqs. (31). Equations (49) are an example of the systems 
in question. 

1-26. Solution of Differential Equations of Vibrations with Damp- 
ing. The method of solution of a system of homogeneous linear differ- 
ential equations with constant coefficients is made clear by the solution 
of three equations in three unknowns. (A review of determinants and 
simultaneous linear homogeneous algebraic equations may be advisa- 
ble.) 8 Let the equations be 

z ll(P)Ql + z 12(P)Q2 + z w(P)<lz = 0, 

z 2l(p)<l\ + z 22(p)<l2 + z 2z(p)<lz = 0, [56] 

z Zl(P)<ll + Z 32(P)%2 + z 33(P)<l3 = 0, 

where 

o d 9 d 2 

z ij(P) = a ijP ~t“ dijp -f" b%j , and p = ~ » P = * 

The substitution of 

q 2 = C[e m \ q 3 = C{e mt [57] 

in Eqs. (56^ and the division of each of the resulting equations by 
e mt yield 

z n(m)Ci + Zi2{m)C[ + Zia(m)Ci = 0 , 

z 2i(w)Ci + Z22(wi)Ci + Z23(rri)Ci = 0, [58] 

z 3l( m )C\ + 232 (w)C[ + 233 (w) Cl = 0. 

In order that Eqs. (58) have a solution in C\ % C[ f C" other than the 
trivial solution Ci = C[ = C[ = 0, it is necessary and sufficient that 
the determinant 

Zll(w) S 12 (m) 2 13 (w) 

A = 221 (#0 2 22 (w) 223 M 

Z 31 W 2 32 (w) 2 33 (w) 

vanish. Let the 5 roots ( s = 6) of the characteristic equation A = 0 
be wi, w 2 , • • • , m 6 . Then 

qi — Cj6 * t 

Q2 = [59] 

53 = C;'e m ’\ 

8 L. E. Dickson, Elementary Theory of Equations , pp. 138-149; also Vol. I, pp. 
55-69. 
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where Cy, C’ v C" are arbitrary constants in a solution of Eqs. (56) 
for j equal to any one of the integers from 1 to 6. Moreover, 

8i = e m " + C 2 e m « + ... + C 6 e m *, 

22 = C\ C 2 d* 1 ** "h • • • ”4“ Cq e m6 *, [60] 

23 = C'le mit + + ••• + Cl e m «, 

is a solution of Eqs. (56). 

The number of arbitrary constants contained in the solution of 
Eqs. (56) is equal to the order of the system of the differential equa- 
tions, or what is the same thing, equal to the degree of the characteris- 
tic equation A = 0. Thus in Eqs. (60) only six of the eighteen C s 
are independent. It is necessary to eliminate twelve of the C’s. The 
unprimed C’s will be retained and all the primed and double-primed 
C’s will be eliminated. Since Eqs. (59) satisfy Eqs. (56) we have, 
on substituting the former in the latter and dividing by e m i l 

Zii(nij)Cj + Zi 2 (nij)Cj + Zxs(mj)C” = 0 , 

z 2 i(nij)Cj + z 22 {m J )C , j + z 22 (mj)C" = 0, [61] 

Z 31 ( m j) Cj + z 32 (mj)Cj- + z 33 (mj)C" = 0, 

where j = 1, 2, • • •, 6. To solve Eqs. (61) for the primed C’s in 
terms of the unprimed C’s, rewrite the equations with the unprimed 
C’s on the right side of the equations and re-order the equations, if 
necessary, so that a non-vanishing determinant of order 2 appears in 
the upper left-hand corner of A, i.e., 

Zi 2 (mj)Cj + Z\ 3 (mj) C" = - 2n(wy)Cy, 

* 22 (tfb)C'- + z 23 (mj)C" = - z 21 (mj)Cj , [62] 

z 32 ( m 3 ) Cj + z 33 (m,j)C" = — z 3 i(mj)Cj. 

The first two equations of Eqs. (62) can be solved for Cj and C" 
by Cramer’s rule in terms of Cy. By a well-known algebraic theorem 
the values so obtained will satisfy the remaining equation. Thus 

-Zll(wy) Zi 3 (wy) 

c; = — - ^^- Z2 ? - (w,) . Cj = k'^m-iCj = («' + fffiC, 

Zi 2 (ntj) — Sn(wy) 

c; = 222(m>) z? ~ Z2i(m>) Cj = k"(mj)Cj = («; + %Wj 


[ 63 ] 
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where 

3l 2 (™j) 313 (W>) 

322 (Mj) 3 2 3 (mf) 

In view of Eqs. (63), Eqs. (60) now become 

qi - C ie mit + C 2 e m *‘ + • • • + C 6 e mfl/ , 

q 2 = k\ C\e mit + k 2 C 2 e m2 * + — + k$ C§e mt , [64] 

g» = k” C ie mit + k 2 C 2 e m2t +•••+% <V* 

which contains only six arbitrary constants and is the general solution 
of Eqs. (56). 

If all of the roots of A = 0 are real then all the quantities in Eqs. 
(64) are real and the solution of the system as given by Eqs. (64) is 
complete. 

If, on the other hand, A = 0 has complex roots, then not all 
k'j and k" are real. In this case it remains to remove the apparent 
complex quantities from Eqs. (64). In vibration problems the roots 
of the characteristic equation A = 0 are, in general, all complex. Let 
these roots be nij = — rj ± o)ji, (j = 1,2, 3). Here, since the roots 
are complex the arbitrary constants in Eqs. (64) must be complex in 
order that qi, q 2 , <? 3 be real quantities. The method of eliminating 
imaginary quantities from Eqs. (64) is made clear by the consideration 
of one pair of complex roots. Accordingly, let m\ = — r\ + a>i i and 
m 2 = — r\ — Equations (64) then, by use of the relations 

e mit = = e~ ri< (cos Wl / + i sin <a\t), 

e™ 2 * = = e" ri/ (cos o3it — i sin coi /), 

become 

qi = c flt [(Ci + C 2 ) cos coi t + (Ci — C 2 )i sin «i/] -f- C^e m3t + • • • 

+ C 6 ^, 

q 2 = eT flt [{k\Ci + £ 2 ^ 2 ) cos wit + [k\Ci — k 2 C 2 )i sin a>i /] 

+ Csk 2 e mif + • • • + [65] 

qs = e” ri< [(&iCi + k 2 C 2 ) cos / + (k"Ci — k 2 C 2 )i sin wit] 

+ C 3 k 2 e m * + ••• + Cikle”*. 

If Cl = d uzl* | c 2 = Al \ Bl \ hen Cl + C 2 = ^ x and (Ci - C 2 )i 

= Bi, where A\ and B\ are real numbers. The number k\ (Eqs. 63) 
is a complex number ai + j8i i and it is evident from (63) that k 2 is k\ 
with i replaced by — i. Consequently, if k\ = ai + 0ii then k 2 
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= o!\ — 1 8i<. Substituting these values for k\ and k 2 and the above 
values for Ci and C 2 we obtain the real quantities 


k'i Ci + k 2 C 2 = at'iAi + 0i-Bif 
t(ki Ci — k 2 C 2 ) = ol\B\ — ffiAi. 


[ 66 ] 


If k" = a" + i then k 2 = ol[ — 0jV. In the same manner the real 
quantities 

kiC t + k 2 C 2 = ot[A i + 01^1, 

•(*iCi - £ 2 'C 2 ) = a'/U - 0i-4 1. 

are obtained. 

When the values given by Eqs. (66-67) are substituted in Eqs. (65), 
then qi, q 2y q 2 are real quantities as far as the roots — r\ =b coi i are 
concerned. If r\ = 0, the above procedure yields the correct result, 
but for this a simpler procedure is given in the second illustrative 
example of §1*27. 

To evaluate the six arbitrary constants of the solution it is neces- 
sary to know the values of q u q 2l q 3 and q \ , q 2l q% for some value of the 
time. 

In engineering work the frequencies of the oscillations are more 
often required, because of possible resonance with applied forces, than 
the solution of the differential equations. To obtain the frequencies 
of the oscillations only the solution of the characteristic equation is 
required since o)j/2tt computed from mj = — rj d= 0yz, (j = 1, 2, 3) 
gives the frequencies of the oscillations. If the characteristic equation 
is factorable, the roots are, of course, found by elementary methods. 
At all times Graeffe’s method 9 yields all the roots. If there is no 
damping then rj = 0 and the roots are pure imaginaries ± « yi. In this 
case substitute m = a oji in A (tn) = 0 and all the roots of the resulting 
equation are real. If the roots are real they can be found graphically, 
by guessing, or by Gracffe’s or Horner's method. 10 

1-27. Illustrative Examples. Two illustrative examples are now 
solved; one is numerical, the other literal. 

Example 1. Obtain the general solution, by the method of § 1 • 26, 
of the system 


( P 2 ~ 9)qi + (p- l)g a + 0-03 = 0 , 

ip + 3)<?i + 0-^2 + ip 2 + 16) qz = 0, 

0*<Zi + Q 2 + ip 2 + 9) $3 = 0 . 


9 J. B. Scarbough, Numerical Mathematical Analysis , p. 198; E. J. Berg, Heavi- 
side's Operational Calculus , p. 140; also Vol. I, p. 105. 

10 L. E. Dickson, Elementary Theory of Equations , p. 115. 
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The characteristic equation is 

A = -2 (p + 0.101 + 3.59*) (p + 0.101- 3.59*) (£ - 2.202 )(p + 3) = 0. 
The roots of the characteristic equations are 

w*i — — 0.101 - 3.59*, m 2 = - 0.101 + 3.59*, 
ma = — 3, m 4 = 2.202. 


The general solution is 

3i = Cie mit + C 2 e^ + C 3 e m *‘ + C 4 e mt ‘, 

q 2 = C[e mit + + C' a e m>l + 

qa = C"e mi ‘ + C'^ + Cae” 18 ' + Cje m<f . 


It remains to eliminate complex quantities and the primed and double- 
primed constants from this solution. 

Equations (62), for this example, are 


(p - l)c; + 0-C'j = — (p — 3)(P + 3)Cj, 

0-C'j + (p* + 16 )C! = -(*> + 3)Cj, 

c ; + (*> 2 + 9)c'; = oc 3 , 

whence 


4 - 


( P - 3)(p + 3) 

0 


(P-3) 0 

(£ + 3) 

/. - V / . 9 

( P 2 + 16) 

Cj — — (P + 3) 

1 1 


( P - 1 )(p 2 + 16) 


k'j Cj = (a'. + 


c; 


(£ - 1) (P ~ 3 )(P + 3) 


1 (P — 3) 

0 (*> + 3) 

/ . j v / . 9 • j 

Cy (P + 3) 

0 1 

.9 ^ » 


(p - 1 ){p 2 + 16) 


= k" Cj = (a" + #)Q. 

In the expressions for Cj and C'j let j = 1, i.e., p — m\ — —0.101 
— 3.59*. Then 


Ci = (-1.53 + 5.66*) Ci = k\Ci = (a'i + Af)C t , 
C? = (-0.626 + 1.295t)Ci = k'[Ci = (a? + fHi)C v 
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Next let j = 2, i.e., p = m 2 = —0.101 + 3.59* in and C". Then 
C 2 = (—1.53 5.66*) C 2 — k 2 C 2 = (<*2 H" — (<*1 — (f\i)C 2t 

C 2 = (-0.626 - 1.295*') C 2 = k 2 C 2 - (4 + 4*)C 2 = (4 - j8?*)C a . 

For j = 3, i.e., p = WI3 = — 3 in Cj and C" 

C 3 — 0-C 3 — k 3 C 3 = 0, C 3 = 0-C 3 — k 3 C 3 — 0. 

For j = 4, i.e., p — m 4 = 2.202 

C\ = 3.45 C 4 = k\C it C'i = -0.25 C 4 = jfe 4 C 4 . 

Equations (66) and (67) are 

4 A t + 4 Bt - -1.53 d, + 5.66 S,, 

4 Si - 4 = -1.53 St - 5.66 ili, 

and 

4'd, + 4 S x = —0.626 ^4 1 + 1.295 S lf 

4 Si - 4 At = -0.626 Si - 1.295 di. 

The final substitution in Eqs. (65) gives 

Qi = e 01011 (A i cos 3.59/ + Si sin 3.59/) ~\~ C 3 e 31 -f* C^e 2 ’ 202 *, 

q 2 = c -0101< [(- 153^i + 5.66S0 cos 3.59/ 

+ (-5.66.di - 1.53S0 sin 3.59/] + 3.45 Qe 2 - 202 ', 

ff8 = e -° 101i [(-0.626di + 1.295S0 cos 3.59/ 

+ (-l.295.di - 0.6265i) sin 3.59/] -(US/V 202 *. 

Example 2. Let it be required to find the general solution of 
Eqs. (49) by the method of §1 • 26. The third and sixth equations of 
Eqs. (49) are independent of the remaining four and can be solved at 
once. The four remaining equations form two independent systems of 
two each, that is 

(Mp 2 + 4k 0 )X 0 - 4£o Rv = 0, 

- 4k 0 RX 0 + [I 0 p 2 + 4 (ka 2 + k 0 R 2 )h = 0, 

and 

(Mp 2 + 4k 0 ) Y 0 + 4k 0 RS = 0, 

4koRY 0 + [Ip 2 + 4(kb 2 + k 0 R 2 )]$ = 0. 

These systems are solved independently of each other. By the substi- 
tution of 


X Q = Cte mt , r, = C'te”*, 
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in the first system above its characteristic equation is found to be 
Mm 2 + 4 ko — 4 koR 

-4*o R J 0 m 2 + 4(*o 2 + koR 2 ) 

= I 0 Mm 4 + 4 (Mka 2 + Mk 0 R 2 + I 0 k 0 )m 2 + 16 k 0 ka 2 = 0 . 


A = 


The four imaginary roots m\, m 2 , m 3 , and m 4 of A ( m ) = 0 are ±io> 1 , 
±io) 2 , where 

1 H 

I i»w»i 1 ^ 1 

W2 


Wl 


and 


_ r ** - t 'T = [4A±zi? 
L 2 J 0 Af J ’ " 2 L 2J 0 Af J 


Si = Mka 2 + Mk 0 R 2 + J 0 * 0 , = (165? - 64I 0 Mk 0 a 2 k) H . 

The solution of the first system is 

*0 


= ^C\e m '\ 

1 


or what is the same thing (see Eqs. 65) 


*= ^ (i4y cos Wj/ + Bj sin «,/)> 
,=2^(4 cos 0 )^ + 3 sin Ujt). 


Among the eight constants of this solution only four are independent. 
The substitution of 

X Q = Aj cos 
ri = A'- cos ctjt 

in the system in question and division of the results by cos Wjt yield 
(4*o - Mw 2 )Aj - 4k 0 RA' j = 0, 

-4koRAj + [4(*o 2 + * 0 i? 2 ) - = 0. 

Applying the theory of Eqs. (61) to the last equations we have 
v (4*o ~ Mo> 2 )A,- 


(j 
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In precisely the same manner the substitution of 

= sin o)jt 
rj = B f . sin o) 3 t 

in the same system yields eventually 

(4*0 - 

B ’- 4*0 R °~ l,) 

Finally, die solution of the first system is 

X 0 = A i cos o)i t + B\ sin wi/ + A 2 cos w 2 / + 8 2 sin w 2 /, 

(4*o - Mo>\) tt t , „ . , s , (4*o - MJ 2 ) 

V = 71 T~n (^1 cos w i* + 81 sin Wit) + 


4k 0 R 


4* 0 R 

(A 2 cos o) 2 t + B 2 sin w 2 t). 


The solution of the second system is found in an identical manner 
and the general solution of Eqs. (49) is 

X 0 = A 1 cos o)\t + B\ sin w\t + A 2 cos w 2 / + B 2 sin c a 2 t f 

Y 0 = Ci cos co 3 / + D x sin w 3 / + C 2 cos w 4 / + D 2 sin w 4 /, 

Z 0 = Ei cos w 5 / + E 2 sin w 5 /, 

. - 4*0) . , „ . A . ( M <4 - 4*0) 

£ = 77-^ (Cl cos £03/ + Di sin <03 /) + 


1 = 


4* 0 8 

(4fe 0 - 
4* 0 i? 


(i4i cos wi t + Bi sin o)\ t) + 


4* 0 8 

( C 2 cos w 4 / + D 2 sin w 4 /), 
(4*o - Mw\) 


4*o R 

(-4 2 cos «2 1 + 8 2 sin w 2 /), 


f = F\ cos w 6 / + F 2 sin wo/, 


where there are twelve arbitrary constants since the system was of 
order twelve and of six degrees of freedom. 


EXERCISES AND PROBLEMS X 

1. In the differential equations derived in Ex. 3, problem set IV, § 1 • 10, let both 
the angular displacements and velocities be small. In this case the approximations 
sin 0i = 0i, cos 0i = 1 , sin (0i — 0 2 ) = 0i — 02 , 0? = 0102 = 0 , etc., can be made and 
the differential equations become linear with constant coefficients. Obtain the gen- 
eral solution of this linear system. Evaluate the arbitrary constants for the initial 
conditions 0i (0) = 0o (small), 02 (0) = 0i (0) = 02 (0) = 0. 
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2. Obtain the general solution of the system of differential equations derived in 
Ex. 5, problem set IV, § 1 • 10. 

3. Obtain the general solution of the system of differential equations derived in 
problem 1, problem set IX, §1*24. 

4. Obtain the general solution of the system of differential equations derived in 
problem 9, problem set IX, §1*24. 


1*28. Forced Vibrations. The vibrations thus far considered are 
free vibrations. In contrast there exist forced vibrations, which are 
caused by application to the system of external forces which are func- 
tions of the time. Let the work done, in an infinitesimal displacement, 
by these applied forces be 

(MO&Zl + C2W&Z2 + • • * + Qn{t)hq n . 

Then Lagrange’s equations are 


ddJT 

dt 3 q r 


9 T 
dq r 


dV 

(r 
9 q r 


1,2 


[ 68 ] 


where V and T are given by Eqs. (54-55). In engineering work Q r (t ) 
are developable in Fourier series 



( a ra cos soj r t + b r8 sin sw r t). 


1 • 29. Solution of Differential Equations of Forced Vibrations. The 
solution of Eqs. (68) consists of two parts. The first part is called the 
transient solution. It is obtained by solving Eqs. (68) with all Q r {t) 
= 0. The transient solution is obtained by the method of § 1 • 26. 

It remains to obtain only the steady-state solution. First consider 
Qr(t) = 0 for (r = 2, 3, • • • n) and Q\(t) = E sin w/. Write Eqs. (68) 

*n(P)qi + * • ■ + Z\n{p)q n = Yi ““ 


where 


Znl(p)q\ H + Znn(p)q n = 0, 

z ijiP) == a ij p 2 + dt j P + bij. 


In solving Eqs. (69) we shqtll first solve 

z n(P)qi + • • • + si n(P)q n = 


2 i 


[69] 


*nl{p)qi H + z nn {p)q n = 0. 


[ 70 ] 
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The substitution of qj = Qj e 10 * (j = 1, 2, • • •, n) in Eqs. (69) yields 


XllCl + • • • + XlnCu 


E 
2 i 


where 


Xnl(?l + • • * + XnnCn = 0, 

\ij = —dijO) 2 + idijO) + bij. 


[71] 


The solution, by determinants, of Eqs. (71) for any Q (say Q k ) is 


n — ~ 

V * 2iA(ia) 9 


[72] 


where A (f<*>) is the determinant of the coefficients of Qj in the system 
(71) and Ai k (iu>) is the cofactor of Xu in A(iw). If A(io))/A lk (io)) is 
denoted by Zi k (ia >) then 


Ee^ 

2 i Zi k (ioi) 


[73] 


E e iui E e"** 1 

To obtain the solution of Eqs. (70) with replaced by H —7 — 

2i 2i 

it is necessary only to replace i by — i in Eq. (73). Then the steady- 
state solution of Eqs. (69) is the sum of (73) and (73) with i replaced 
by — i, or 


FA e* 03 * 

2 i LZi k (io)) 


e~ M 1 
Zi k (—iw)j 


[74] 


Since A (icj) and Ai k (ioj) are both polynomials in ta, both are complex 
numbers. Hence Zu(fcw) is a complex number (say a + bi). The 
complex number a + bi can be written re ** where r is its modulus and 
so its argument. But since Z ik (— ia>) is obtained from Z\ k (iw) by 
replacing i by —i, it follows that Z\ k (— tu) and Z\ k {i<a) are conjugate 
complex numbers. Thus if 

Z ik (iu) = re' v ‘, 

Z lk (-io>) = re"**. 

When these values for Zj^iw) and Z\ k {— iw) are substituted in Eqs. (74) 

* - 5 psi 
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Example. Obtain the complete solution of the system of differ- 
ential equations 

( p 2 - 9)$! + (p - 1)22 + 0*23 = 3 sin 5/, 

( p + 3)2i + 0*22 + ip 2 + 16)23 = 0, 

0*2i + S2 “1" (P 2 + 9)23 = 0* 


The complementary function or transient solution is given in §1*27. 
It remains to find the particular integral or steady-state solution. 
From Eq. 75 

3 sin (5/ — (pi ) 3 sin (5/ — (p 2 ) 3 sin (5/ — ^ 3 ) 

qi | Z„(5i) | ’ 92 ~ |Z 12 (5i)| ' 23 ~ |Z 13 (5*)| ’ 

where 


(Si) 2 - 9 


A(5i) = 


(Si) +3 

0 


An(5i) = 9, A 


5i — 1 0 

0 (5i ) 2 + 16 

1 (5i) 2 + 9 
12 (5i) = 16(3 + 5i), 


= -754 + 160i, 
A 13 = (5 i + 3), 


Zn(5i) = -83.8 + 17.8i, Z 12 (5i) = -2.69 + 7.81i, 
Zi 3 (5i) = -43 + 125i, 


17 8 7 8 

<Pi = tan -1 — = 168°, <p 2 = tan -1 — = 108°, 

<P 3 — tan -1 = 108°. 

Finally, 

2 i = sin (5i - 168°), q 2 = — sin (5 1 - 109°), 
2 a = 77 ; sin (5 1 - 109°). 


Let the above values of 2 i> S 2 > $3 be denoted by 2 i«, S 2 «> S 3 ® and those 
of § 1 • 26 be denoted by 2 u, S 2 u qzt- Then the complete solution of the 
illustrative example is 

Si = Si t + Si*» Si = Q2t + S 2 s» S3 = S3< + Qz»> 

1*30. More General Q g (t) and Resonance. If Q 8 (t) = E sin swt 
and all other Q’s are zero then the steady-state solution of §1*29 is 
given by replacing « throughout by s<a. If Q a (t) = E cos then the 
solution is given by Eqs. (75) but with sin {at — Vk) replaced by cos 
(«/ — (pk)- If Q r (t) is a Fourier series the steady-state solution is the 
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sum of the separate solutions obtained by employing sequentially the 
terms of the Fourier series. 

Suppose next that no Q r {t) is zero. The procedure is as follows: 
First solve Eqs. (68) under the restriction that Q r (t) = 0, (r = 2, 3, 
•••,«) and Qi(t) 0. Next let Q r (t) = 0 , (r = 1, 3, • • •, n) and Q 2 {t) 
5 * 0. Carry on this process, finally solving Eqs. (68), for all Q r (t) = 0 
except Quit). The n values obtained for q k are then added giving the 
complete steady-state solution for q *. 

If the number of dependent variables is large it is more convenient 
to abandon the classical method of solution of §§1*26-1 *29 and to 
resort to operational methods. 11 

If, in computing the steady-state solution, A(icj) = 0 then resonance 
is said to exist between the applied force or voltage E sin c ot and the 
system on which the force or voltage acts. In this case Eq. (75) does 
not give the steady-state solution. In fact the resonance solution will 
contain t at least linearly. 

1-31. Normal Coordinates. The potential and kinetic energies of 
a vibrational system are both definite quadratic forms in q u q 2 , • • *, <£ n 
and q\ y q 2i * • q n respectively. By a well-known algebraic theorem 12 
there exists a real linear transformation of coordinates and velocities 
qi, ff2» • • • , q n and $ 1 , q 2l ••*,£„ which changes Eqs. (54-55) to the forms 

V = §(mi£i + M 2 + * • • + Mni«)» [76] 

r-*(g + g + — +g), [77] 

where mi» M2» • • * » Mn are real constants. The coordinates fi, • • • > in 
are called normal or principal coordinates of the vibrating system. In 
these new coordinates Lagrange's equations are 


m)-‘£ 


.») 


[78] 


or 

*+M** = 0 (k = 1,2, •••,»). [79] 


The solutions of the n independent differential equations are 

ik = sin Vm*(/ — a k ) (k = 1, 2, • • *, «). [80] 

The solutions (80) are simple. However, the linear transformation 
reducing V and T to the forms (76) and (77) is tedious and involves a 
knowledge of the roots of the characteristic equation. The natural 
frequencies of the vibrations are the same as already obtained in §1 *26. 

“ Vol. I, Chap. IV. 

14 L. E. Dickson, Modern Algebraic Theories , p. 74; E. T. Whittaker, Analytical 
Dynamics , p. 181. 
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EXERCISES XI. 

1. Obtain the steady-state solution of the illustrative example of §1*29 with 
3 sin 5/ replaced by 5 sin 3/. 

2. Obtain the complete solution of the system 

(P 2 + 4)gi + V'H® = 5 sin 2 1, 

- V'Bgi + (p + 1)® = 0. 

3. Obtain the complete solution of Ex. 1, set VI, Chap. I. 

4. Obtain the complete solution of Ex. 3, set VI, Chap. I. 

5. Write the differential equations of motion and obtain the complete solution of 
problem 5, set IX, Chap. I. 

6. Obtain the complete solution of problem 6, set IX, Chap. I. 

1*32. Electric Locomotive Oscillations. As a general example il- 
lustrating both the dynamical principles thus far developed and the 
method of engineering analysis described in the introduction of this 
textbook, the motions of an electric locomotive are analyzed . 18 

(a) Factual information. Experience classifies the five oscillatory 
motions of an electric locomotive as pitch, roll, plunge, nose, and rear- 
end lash. The last two are especially important because their pro- 
nounced existence in a locomotive signifies a tendency to derail. Con- 
sidered superficially, characteristic oscillations of an electric locomotive 
would seem to be very similar to those of an ordinary vehicle such as an 
automobile, but experimental data and observation indicate the exist- 
ence of dangerous nose and rear-end lash which are not oscillations 
common to an automobile. If the tendency to nose exists in an electric 
locomotive and if the locomotive noses for a given speed Vo then it will 
nose more violently for all speeds greater than V 0 . Consequently, 
nosing is not a resonance phenomenon and cannot be avoided by run- 
ning at a slightly different speed. It might be supposed that nosing is 
due to the coning of the wheels or to the staggering of the rails or to a 
combination of these two possible causes. However, such causes would 
produce resonance frequencies for definite discrete values of V instead 
of instability for all values of V exceeding Vo. Rails on European rail- 
roads are not staggered and yet locomotive nosing persists. The tend- 
ency to nose and the violence of the oscillation increase with the 
weight and power of the locomotive. Nosing usually starts as a roll 
induced by the locomotive rounding a curve onto straight track, but 
unlike the oscillations of roll, pitch, and plunge, once it is set up it is 
not damped until the speed of the locomotive is reduced. The pulling 
of a train has only a second order effect on the nosing of a locomotive. 

19 From unpublished work of B. S. Cain and E. G. Keller. 
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This dangerous oscillation of a locomotive occurs most frequently on 
straight track at high constant speed. When rounding a curve the 
flanges of the wheels remain in contact with the outside rail and nosing 
is not pronounced. 

(b) Theory of performance . The postulated theory of performance 
is that the energy of nosing oscillation is transferred from the motors of 
the locomotive to the mass of the locomotive through the creepage 
action of the driving wheels. 

( c ) Assumptions . It is assumed that (1) impacts can be replaced by 
continuous forces acting through finite intervals of time; (2) the driv- 
ing wheels roll and creep, but do not slide; (3) the creepage forces are 
functions of the velocities and displacements. 

(d) Choice of principles . The derivation of the differential equa- 
tions is based on Lagrange’s equations of dynamics. 

(e) Derivation of the equations of motion . Although the method can 
be extended to locomotives of any type, we shall for simplicity set up 
the differential equations of motion for locomotives of type 2 — C— 2. 
(Two-axle guiding truck — three driving axles — two-axle rear truck.) 
The three groups of forces acting on the spring-borne mass of a loco- 
motive are (1) spring, (2) creepage, (3) flange, and (4) damping 
forces. 

(1) Spring forces. The spring arrangement of the 2— C— 2 type is 
the same as that of the 2 — B— 2 locomotive described in § 1 - 21 and its 
potential energy is given by the last equation of the same article. 

(2) Creepage forces. The action of a locomotive driving wheel, 
because of the creep of metal at the region of contact of wheel and rail, 
is not one of simple rolling. Instead, forces exist at the treads of the 
two wheels of a driving axle, which, if referred to the center of the 
driving axle, constitute a torque about a line through the center of the 
axle and perpendicular to the plane of the track and lateral and longi- 
tudinal forces acting at the same point. A creepage force F is defined 
by the equation 

F = -/d, [81] 

where 

^ _ displacement — rolling displacement 
rolling displacement 

and / is the coefficient of creepage which is calculated by the formula 

/ = A(rW)*. 

In this formula r is the radius of a driving wheel in millimeters, W is 
the weight expressed in kilograms borne by one wheel, and A is an 
empirical constant equal to 800. 
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Let the following symbols have the significance indicated: 

2b * track gage, 

2$i = lateral play between flanges of the driving wheels and rails, 

2 $ 2 = lateral play between flanges of guiding trucks and the rails, 
r = radius of driving wheel, 

A = tangent of the angle of coning of tire, 

0 = angle through which a wheel has turned in a rolling displace- 
ment, 

<p = angle the driving axles make at any time with the horizontal 
perpendicular to the track or the angle the frame makes 
with the center line of the track (Fig. 1*34), 

( x t y ) = coordinates of center of driving axle (Fig. 1*34). 



The meaning of hu h 2 , &i, b 2 , and 
2c is given in §1-21. 

To obtain the force F it is 
necessary only to compute d by 
the substitution of the various dis- 
placements in Eq. (82). Let fixed 
axes be taken as indicated in Fig. 
1-34. Let A and B denote the 
points of contact of the driving 
wheels with the rails. The coordi- 
nates of A and B are 


Fig. 1-34. Creepage Displacements for (^4) (x — b<p, y + 6), 

Driving Wheels of Electric Locomotive. 

(U) (.x + b v ,y-b). 

The rolling displacements, to the accuracy required, are 

(A) [(r + y)dd, r<pdd] t 

(B) [{r-y)dQ,r<pdJd\. 

The components of creepage at A and B are 
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The component forces acting at A and B are equivalent to the torque 
G\ and forces A - ! and Yi acting at the center of the driving axle 


1 )> 


If V is the constant forward velocity of progression then V di = rdB 
since /is extremely large in comparison with X\. The last equations, 
in view of this approximation, are 

<b 2 


Xi = a constant, 


[S3] 


The second of Eqs. (83) implies constant forward velocity which is the 
only case of interest. All driving axles are attached rigidly to the 
frame of the locomotive with the exception that vertical motion of the 
frame with respect to the axles is possible. Equations (83) are to be 
summed over all driving axles. 

(3) Flange forces. The flange forces F Xt F 2 , /i, and / 2 , which act 
at the points N Xt N 2 , N s , and iV 4 shown in Fig. 1-35, are non-linear 
functions of the displacements of the points of application. To the 
accuracy required 


Ft 


F 2 


hi 


h = hi 


fe] 

3 

+ /l 

[g] 

5 

+ Jl 

i 1 

■ 1 

•4 

[g] 

3 

+ /l 

[?] 

5 

+ J\ 

[5J 

H 

3 

+ h 

r a l 

l8o\ 

5 

+ jl 

ter 

[g] 

3 

+ i\ 

■ SI* 

5 

+ Jl 

[gi 


+ 


+ 


+ 


+ 


[84] 


where y Xl y 2 , ? 3 , and y 4 are displacements of the center points of the 
driving axles and guiding trucks from a vertical plane passing through 
the center line of the track. The flange forces on the middle driver can 
be neglected. The constants IIu /i» /i> *i, *i. ji are determined from 
force curves. 
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Inspection of Figs. 1*35-1 *36 and use of Eqs. (83-84) yield the 
following table of creepage and flange forces. The locomotive is sup- 
posed displaced in the direction of positive ^ and the Roman numerals 
refer to the parts, shown in Fig. 1 *36, of the locomotive on which the 
forces and torques act. 


z 



Fig. 1-35. Dimensions for Electric 
Locomotive of Type 2— C±2. 


Y 



Fig. 1 • 36. Driving Truck for 
Electric Locomotive of Type 
2— C=fc2. 



I 

11 

III 

IV 

X : 

0 

0 

0 

0 

Y: 

1 

S’ 

i 

> 

l i 

1 1 

0 

-F, -h - v( j - ») 

0 

m 

b 0 

0 

0 

0 

E: 

65 - F 2 -/a — 2 f{^ - v'j 
-<$-*)] 

0 


0 

H: 

0 

0 

0 

0 

Z: 

dsFt + d,h + 2 fd 

0 

- dsFx - difi - 2 df(^ - #>) 

0 


-*(?♦+?») 

D 


0 


” v (?* + 7 5 ) 

0 

+ Fi(yi) 

0 
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Let the origin of coordinates X YZ be a point in the vertical plane 
passing through the center line of the track. This point is at the 
height of the center of gravity and has the same forward velocity as 
the locomotive. When the locomotive is in equilibrium position the 
center of gravity coincides with the origin and x 0 , yo> & 1* anc * f 
all vanish. It should be noted that, because of the constraints of the 
journals, f of Fig. 1-27 is identical to <p of Fig. 1-34. Moreover, 
#o, yo» so of §1*32 are identical to X 0 , Y 0 , Z Q of § 1 • 21. 

Lagrange’s equations are 

KS-S-S" 

where 

' 3i = Xo, 32 = yo, 33 = So» 34 = £, 3s = Vt 3o = ?» 

and Q\ 0) are the forces given in the preceding table, and T and V are 
given in §§1-20-1*21. The complete differential equations of the 
problem are 

Moc o = 0, 

My 0 = -F a -f a - 2/(| 2 - <p) ~ 2/(pr - ¥>) 


■ft -/i- 2/(y - *)• 


Ifso + Xi(so “ birj) + X2(^o + + b2v) 

+ X2 (^o “ + 62^) + *iz 0 “ 0, 

+ X2C(So + cl; + b 27 j) — X2C(2q — c£ + 62^) + = 

+ F 2 +/i + / 2 ) - 265 £ (*1 + j + *2) + 665/^. 

-St; — Xi&i(z 0 — bit]) + X 2 6 2 (zo + + biv) 

+ X 2 & 2 (z 0 — Cf + b 2 v) + klv = 0, 


Cf d 3 (Fi - F 2 ) - d 4 (/i - / 2 ) - -y (5-1 - *2) 

— £ — ~~ (y + yi + ^2) + ft(yi)* 
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The number of dependent variables in the differential equations 
is 11, but yu y 2 , y 3 , y 4 , and y are expressible in terms of yo, £, and f 
by means of the relations 

i j k 

yi — j-s 0 + j # £ V t — yo + 

dz 0 — b$ 

y 2 — yo + ^5? — dz£, yz = yo + + dtf, 

y\ — yo + h 2 % ~ y = yo + fab 

Thus the number of dependent variables of Eqs. (85) is reduced to six 
which is the number of differential equations of the system. The points 
of application of F lt F 2 ,fi, and f 2 are taken with sufficient accuracy to 
be points in the plane of the track and directly beneath either the mid* 
points of the driving axles or the center points of the guiding trucks. 

(4) Damping Forces. In an electric locomotive there are two kinds 
of mechanical damping forces, structural and creepage. The latter are 
functions of the speed; the former are not. Motion is stable or 
unstable according as the total damping is positive or negative. 

(/) Solution of the system of differential equations. Equations of the 
form of Eqs. (85) are solvable by the methods of Chap. Ill and in par- 
ticular by Cotton’s method indicated in Ref. 1 1 of Chap. III. The only 
purpose of the solution of the differential equations is a check on the 
theory of performance because a useful and simpler criterion of the sta- 
bility of the locomotive is obtainable by very little labor. 

The differential equations (85) are non-linear equations, the non- 
linearity being introduced by the flange forces. Derailment of the 
locomotive is, of course, prevented only by the flanges. Yet the motion 
defined by the linear terms of Eqs. (85) may be either stable or unsta- 
ble. If any roots of the characteristic equation of Eqs. (85) with 
Fi = F 2 = fi = f 2 = 0 possess positive real parts the motion is unsta- 
ble and the locomotive is said to be unstable. The roots of the charac- 
teristic equation are a function of V. The problem is thus reduced to so 
specifying the constants of the locomotive (particularly spring con- 
stants) that the roots in question do not possess positive real parts 
except for excessively large values of V. 

It is unnecessary to solve the characteristic equation since there 
exists a criterion by which it is possible to determine the number of 
roots of a characteristic equation which have positive real parts without 
obtaining these roots. 14 

14 E. J. Routh, Advanced Rigid Dynamics , p. 170; or Vol. I, p. 129. 
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MODIFICATION OF LAGRANGE’S EQUATIONS 

It is beyond the present purpose to solve Eqs. (85). The calculation 
of the characteristic equation for the motipn described by the linear 
terms is left as Ex. 1. 

(g) Experimental checks . The periods of oscillations calculated from 
the solutions of Eqs. (85) were approximately checked experimentally 
by test runs on the Erie test tracks of the General Electric Company. 
Confidence was gained in the theory of performance which was 
postulated. 


EXERCISES AND PROBLEMS XII 

1. Compute the characteristic equation for Eqs. (85) with F\ = Fa = J\ = = 0. 

2. Is the variation in the height of the center of gravity during motion taken into 
account in computing the potential energy of the locomotive in §1*21? 

3. Derive the differential equations of motion for the more complicated loco- 
motive of Fig. 1 *33. 

4. Develop another mathematical theory of locomotive oscillations which takes 
into account impacts between wheel flanges and rails. (Consult Ref. 6 at end of 
chapter for Lagrange’s equations and impulsive motion). 


( 5 ) 


Lagrange’s Equations and Holonomic Systems 

The dynamical systems analyzed thus far possessed precisely the 
same number of degrees of freedom as there were dependent variables 
in Lagrange’s equations. That is, the system possessed n degrees 
of freedom. In a more general situation m relations exist between 
qu # 2 » • * * , in addition to the differential equations of Lagrange. 
These relations are expressed by Eqs. (28). If Eqs. (28) are integrable 
then the dynamical system is said to be holonomic, if not, it is said to 
be non-holonomic. 

1-33. Modification of Lagrange’s Equations for Holonomic Sys- 
tems. Let the m constraints be expressed by the equations 

Ck 1 + Ck2 &Z2 + • • • + Ckn = 0 (fe = 1, 2, • • • , m) [86] 


where the Cs are functions of q u q 2 , • • •, q n - In this section (86) are 
integrable. Thus the dynamical system possesses exactly n-m degrees 
of freedom. From Eqs. (30) we have 



ST 

dq r 



8q r = 0. 


[87] 


Multiplying the first, second, etc., of (86) respectively by the undeter- 
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mined multipliers Xi, X 2 , •••, X m and adding the results to (87) we 
have 



The m Eqs. (86) contain the n unknowns 8qu 8q 2 , • • •, 8q n . From 
the theory 16 of such equations the values of n-m unknowns (say 
8q m +it tyn) can be assigned arbitrary values and the equations 
then solved for 8q 1 , • • •, 8q m . Next let them undetermined multipliers 
Xi> • • •, Xm be chosen so that the m equations 

~T. (~~) Qr + XiCi r + • • • + KnCmr = 0 

at \0ir/ Offr 

(r « 1,2, •••,«) [89] 

are satisfied. Then Eq. (88) reduces to 

[s (ID - ^ - o. + + • • • + X.c„] «5, - o. [90] 

If 8q m + 1 = constant 0 and 8q m + 2 = 8q m + 3 = • • • = 5g n = 0 

then (90) becomes 

— (r““ — } ” (?m+l + ^1^1 m+i + * * ’ + == 0. [91] 

at \oqm+ 1 / 3ffw+i 

If %»+2 = constant j* Oand 8q m +\ = 8q m + 3 = • • • = 8q n = Othen (91) 
is obtained with w + 1 replaced by m + 2. Continuing this process 
equations similar to (91) are obtained. These n-m equations, 
along with (89), form the system of n equations 

l(C)~£" Cr ' hXlClr+ "■ + XmCmr = 0 

(r= 1,2, [92] 

When the n-m multipliers Xi, X 2 , • • •, X m have been eliminated from 
(92) n-m equations in q u q 2f • • q r remain. These equations along 
with the m Eqs. (86) furnish n equations for the determination of 
2i> <?2» * * ■> <Z »• 

Example 1. A homogeneous and perfectly rough sphere of mass 
m and radius r rolls on a fixed sphere of radius R. The only external 
force is gravity. Obtain the differential equation of motion. 

« Vol. I, p. 64. 
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Let the coordinates and dimensions be represented in Fig. 1 -37. 
Evidently, 


r = ™[(r + i?) 2 ^ +fr 2 «tf], 


V = mg(r + R) cos q 2 . 

Since the contact is rough, and 8q 2 are not independent. To obtain 
the relation between 8q\ and 8q 2 it is necessary only to note that, at 
the point of contact of the two spheres, 

rqi = Rq 2 

from which, by integration 
rqi = Rq 2 . 

From the last equation, by taking varia- 
tions, the equation corresponding to Eqs. 

(86) is 

r 8qi = R 8q 2 , 


where Ch = r and C 12 = —R. The 
equations corresponding to Eqs. (89) 
and (91) are respectively 



Fig. 1-37 


dfar) _ 

dtXdiJ 

d(dT\ _ 
dt \dq 2 ) 
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These equations correspond to Eqs. (92). 

Eliminating Xi between the last two equations and substituting 
the values of T and V we obtain 

(2/5 )rRq x + (r + R)% - (r + R)g sin q 2 = 0. 

After has been eliminated, by means of the relation rqi = l?g2» the 
final equation is 

[(2/5)i? 2 + (r + i?) 2 ]§ 2 — ( r + 92 “ 0. 


EXERCISES AND PROBLEMS Xm 

1. A hemisphere rocks on a rough plane. Obtain the differential equation of 
motion using the coordinates 9 and xq shown in Fig. l*38a. 

2. The flywheel, rods, and horizontal piston represented in Fig. 1 *386 assume an 
equilibrium position when there is no steam in the cylinder. Taking q\ and q 2 as 
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generalized coordinates, obtain the differential equation of motion of the system 
when displaced from equilibrium position, (note: 5qi and Sq 2 are not independent 
and the problem has one equation of constraint.) Show that if the engine is statically 
balanced it is not dynamically balanced. 

3. Obtain Lagrange’s equations of motion for the governor represented in Fig. 
l*38c. Employ as coordinates the angles 0 and <p shown, (note: the problem 
involves no constraints.) Hint: 

T = Cb 2 /2 + Ip/ 2, 

where C and I are functions of 0 and I includes the moment of inertia of both the 
engine and the machinery driven. Denote the potential energy of the governor by 



Fig. 1-38 


V and let $ be the generalized force representing the excess driving torque over 
resistance. 

( 6 ) 

Non-holonomic Systems 

The dynamical systems of this section differ from those of Sec. 5 only 
in the nature of the constraints. The m equations of constraint 

Chi &Zl + Ck2 bQ.2 + • • • + Ckn &Q n + Tkdt = 0 

(*= 1,2, [93] 


are wow-integrable and thus the system considered retains n degrees of 
freedom corresponding to the ^-coordinates q u q 2t Non- 

holonomic systems can be regarded as holonomic systems by taking into 
consideration certain reactions of the constraints. 

1*34. Reduction to Holonomic Form. To the generalized forces 
Qu Qst • • • » Qn of Eqs. (31) let there be added n additional generalized 
forces QfuQht * ■ • » Qn- The latter are forces exerted by the constraints 
which compel the system to fulfil the kinematical conditions of the 
dynamical system. The constraints may now be considered removed 
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and replaced by the forces @i, & •••,&. Consequently, the system ia 
now holonomic and the equations of motion are 


l QB-i?r- Q ' + a 


[94] 


It remains to describe the generalized forces The equation 

@1 &Zl + (?2 &Z2 + • • • + Q!n = 0 [9S] 

and the m equations 

Ck\ $<Zi + Ck 2 &?2 + * * * + Ckn Sq n = 0 (k = 1, 2, • • •, w) [96] 


state that the work done (left member of Eq. 95) by the additional 
forces of constraint in displacements permissible by the constraints 
(Eq. 95) is zero. Multiplying the first, second, etc., of Eqs. (96) 
respectively by the undetermined multipliers Xi, X 2 , * • • , X TO and adding 
the results to (87) where Q r has been replaced by Q r + Qf r we obtain 



[97] 


By means of (95) Eq. (97) reduces to (88). The reasoning from (88) 
to (92) of Sec. 5 is repeated. 

When the m multipliers Ai, X 2 , •••, have been eliminated 
from Eq. (92) then n-m equations inqi,q 2 , • • • , q n remain. These equa- 
tions along with the m equations 

Cfclil + Cfc2$2 + • * ■ + Ckmim + Tk = 0 , 
furnish n equations for the determination of qi, q 2 , g n - 


(7) 

Energy Method and Rayleigh’s Principle 

In Sec. 4, §1 • 26 and §1*31, two methods are given for obtaining the 
natural periods of vibration of an elastic system with a finite number of 
degrees of freedom. The labor involved by either method is considera- 
ble; in the first it is necessary to solve the characteristic equation 
A = 0 ; in the second the successive transformations introducing normal 
coordinates are required. Rayleigh’s principle is frequently not only 
more easily applied, but it is also applicable to continuous systems with 
infinitely many degrees of freedom. 

I • 35. General and Normal Modes of Vibration. The simultaneous 
Eqs. (80), §1 -31, describe in normal coordinates the most general vibra- 
tion of an elastic system possessing n degrees of freedom. Seldom are 
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the most general vibrations of interest. Instead there exist natural or 
normal modes of vibration characterized by the fact that the motion of 
each particle is simply periodic and given by one of Eqs. (80) ; the other 
Ak being zero. There are thus, in general, n distinct norma! modes. 
The mode of lowest (smallest) frequency is called the fundamental 
mode. The frequencies of the normal modes are called natural fre- 
quencies. The smallest of these is the fundamental frequency. A 
frequency when multiplied by 2w is called a pulsatance. By the intro- 
duction of frictionless constraints (consider one side of the motor 
analyzed in §1*20 to be constrained by a hinge) each particle of an 
elastic system can be compelled to vibrate with frequency <a/2w or 
pulsatance <a according to the equation qi = Bi sin w/, where <a is not 
necessarily a natural pulsatance of the system. 

1*36. Energy Method for Systems with a Finite Number of De- 
grees of Freedom. This method gives the n natural frequencies. Let 
the holonomic conservative elastic system be specified by the coordi- 
nates qu <? 2 » • • • , q n and the potential and kinetic energies be given by 
Eqs. (54-55) respectively. Let the system describe, by introduction 
of frictionless constraints, simply periodic motion according to the 
equations 

qi = X{ cos wt (i = 1, 2, • • • , n ) [98] 

where <a is, in general, not a natural pulsatance. If Eqs. (98) are sub- 
stituted in Eqs. (54-55) then 

V = £(&uXi + 2&12*1X2 + • • • + bn n x\) COS 2 (at, 

T = 2 ( 011*1 + 2ai2*i*2 + • • • + ®nn X? n W sin 2 (at. 


Since the system is conservative it is evident, from the last two equa- 
tions, that the coefficients of cos 2 cat and sin 2 cat are equal. Equating 
these coefficients and solving for <a 2 we obtain 


frll*l + 2bi2X\X2 + * * * + frnn*n _ V 

«U*1 + 2oi2*l*2 + • * * + Onn*» T 


[99] 


Obviously, « 2 is a function of the amplitudes * 1 , *21 •••* *n of_the 

V 

motion. A necessary condition, from the calculus, for o> 2 = -= = 
/(*i, • • • , x n ) to be maximum or minimum is that 


or 


do> 2 =* dx 1 + • • • + dx„ = 0, 

3*i dx n 

jtf , M. = o 

3*1 3*3 * 3*n 


[ 100 ] 

[ 101 ] 
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When Eqs. (100-101) are satisfied then w 2 is stationary. (See §1-6.) 
From (99-101) 


or since V = u 2 T 


3<o' 

dx 


i L 3 Xi dxii T 2 


Equations (102) when rearranged are 

(6n — anw 2 )#i + (612 — oi2w 2 )^2 + • • • + (bin — 0i»w 2 )#» = 0, 


[ 102 ] 


, [103] 

(ini — 0,n\U 2 )X\ + (i«2 “ a n2 0) 2 )X2 + • * ’ + (inn — AnnW 2 )^n = 0. 

A necessary and sufficient condition that (103) possess a non-trivial 
solution for x\, X 2 , • • •, x n is that the determinant A of the coefficients 
vanish, but this A is identical to that of §1-26. Thus A(u) = Ois 
the characteristic equation for Lagrange’s equations and its roots 
coi, w 2 , •••,«« divided by 2ir are the natural frequencies of the system. 

Although the energy method displays no advantage, in determining 
the natural frequencies, over the method of §1 -26 yet it furnishes the 
very important result that the amplitudes characteristic of the normal 
modes, i.e., the values of Xi satisfying (103) render 0 > 2 =V/T stationary. 

1*37. Statement of Rayleigh’s Principle. Rayleigh’s principle is 
sometimes stated: The distribution of the potential and kinetic energies , 
in the fundamental mode of vibra- 
tion of an elastic system , is such 
as to render the frequency o/2tt a 
minimum . 

It may be of aid to interpret this 
principle with reference to a par- 
ticular problem. Let the problem 
be to find the frequency of the 
fundamental mode of vibration of 
three • equal masses attached to a 
light elastic string as shown in Fig. 1 • 39. The string is under tension 
S. If the system vibrates in its fundamental mode the form of the 
string is represented by the continuous line of the figure and J3i, 2 * 2 , 
and J5 3 are the displacements characterizing the fundamental mode. 
It is supposed that the fundamental mode is unknown . Instead, it is 
known by observation that the mode resembles a parabola or a sine 
curve as represented by the broken curve. The displacements charac- 



Fig. 1-39. Actual and Approximate 
Displacements in an Application of 
Rayleigh’s Principle. 
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terizing these curves are * 1 , x 2 , and x 3 and these values specify a dis- 
tribution of energy of the system. The quantities Xu x 2t and *3 also 
specify a constrained motion of the system. Applying the methods of 
energy we obtain the two formulas 


2 _ ngit B2* B 3 ) 

Wl T(B U B 2 , B a ) 


V(xi,x 2 ,xa) 

T{x 1 , x 2 , * 3 ) 


The frequency ca\/2x is the minimum frequency since B it B 2t and B 3 
characterize the fundamental mode. The frequency (a a / 2 w is a con- 
strained frequency characterized by Xu x 2i and x 3 and since the curve 
Xu x 2i x 3 is almost the curve B lt B 2 , B 3 the values x x , x 2i and *3 will 
almost minimize ca\. Rayleigh’s principle states that a>i < w 0 . There 
are as many values of ca a as there are curves resembling the continuous 
curve in Fig. 1-39. The only restrictions on X \ , x 2 , x 3 are that they 
must satisfy a possible initial displacement of the system. Rayleigh’s 
principle is important not only because coi < ca a but because ca a is a 
good approximation to ca\. 

Example 1. Obtain approximate values for the fundamental 
pulsatance of the problem pertaining to Fig. 1 • 39. If qu Qz are the 
coordinates of the system then 

V = -- [ql + (? 2 — qi) 2 + (q 3 — S 2) 2 + 2§]> 

2 a 

r = — ($1 + + $3). 

If qi = cos cat is substituted in V and T the energy method yields 


2 S \xl 

«a = — 

ma L 


x\ + (x 2 — x \) 2 + (#3 — # 2) 2 + x 3 


x 2 + x 2 + x 3 


If the three masses are estimated (guessed) to be on a parabola during 
the fundamental mode then x\ = x 3 = 3^/4 and 


w\ = 0.5882 — 


If the three masses are estimated to lie on the sine curve x = h sin 
ir//(4a) then x\ = x 3 = V2 A/2 and x 2 = h and 


The exact value for cof is 


ca 2 a = 0.5970 — • 
wa 

w? = 0.5858— • 
ma 
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Example 2. Two heavy discs, whose moments of inertia are 
/i and I 2 are supported vertically as indicated in Fig. 1 • 40. The con- 
stants of the mechanism are: I\ = 4 slug-ft. 2 , I 2 = 6 slug-ft. 2 , k\ = 
1 lb. ft./radian, k 2 = 2 lb. ft./radian. Find the 
pulsatance of the fundamental mode of angular 
vibration. 

The energies of the system are 


M 


V = §[*1*1 + * 2 (*2 - *l) 2 ], 

r = -Kao? + / 2 oi], 





If the system vibrates with frequency co/2ir, i.e., p IG ^49 
according to the equation 0,- = X{ sin c ct then, by 
the energy method, o> will be a natural pulsatance for those values 
of Xi and x 2 which render 


2 = *1*1 + fe(*2 ~ X l ) 2 = X l + 2 ( X 2 - X X ) 2 
IiXi + I 2*2 4 #1 + 6^2 


stationary. If a fairly accurate estimate of the ratio of X\ to x 2 in the 
fundamental mode of vibration can be made, these values will render 
co 2 a minimum. By observation of the system it seems that x 2 = 4*i/3. 
Substituting these values in w 2 we obtain co 2 = 1/12. This is a good 
estimate since the exact value of w? = 1/12. 

1-38. Proof of Rayleigh’s Principle for Systems with a Finite 
Number of Degrees of Freedom. For systems with a finite number of 
degrees of freedom Rayleigh’s principle is also stated: The distribution 
of the potential and kinetic energies, in the fundamental mode of vibration 
of an elastic system , is stick as to render the frequency a minimum and 
moreover the frequency of any simply periodic vibration lies between the 
greatest and least natural frequencies of the system . The first part 
of this theorem, as stated in §1-37 has already been established in 
§1*36, i.e., the distribution of energies as represented by Eq. (99) 
is such as to render w 2 a minimum for ca = wi the fundamental 
pulsatance. 

The second part of the theorem is best established by the use of 
normal coordinates. Of course the natural (normal) modes of vibration 
of an elastic system are independent of the coordinate system employed 
in its analysis and consequently the use of normal coordinates does not 
impair the generality of the second part of the proof. 

It is recalled from §1*31 that in normal coordinates 


V = s(^i2i + * * * + b n ql ), T = + • • • + a n <Ztt)> 
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and the solutions of Lagrange's equations are 

qi = Ai sin <a t t (i = 1 , 2, • • • , w), 

where w 2 = bi/a* A general pulsatance w of a simply harmonic vibra- 
tion, given by the energy method, is 

w 2 Ml + Mi + * ' * + ^*n*n 
01*1 + 02*2 + • * * + 0 n *2 ’ 

where the amplitudes xu * 2 , •••,*« may or may not belong to a natural 
frequency. 

Since ft* = the last equation reduces to 

2 _ 4" + ‘ • * + 

01*? + fl 2 *2 + ■ ■ • + O'nxl 

If «i and co n are the least and greatest of the natural pulsatances o>i, co 2 , 
• • •, <a n then it follows from the last equation that 

2 2 02*2 («2 — W?) + • • * + 0n*2(c*>n — CO?) 

® — «i = — 2 

01*1 + * • * + 0n*» 

and 

2 2 01*l( w » ~ CO?) + • • ■ + 0n-l*«-l(Wa ~ C0^_ l) 

CO- — CO = s 9 

01*1 + * * * + 0»*« 


Since all the terms in parentheses in the last two equations are positive 
it follows that co? < w 2 < co 2 . 

1-39. Rayleigh’s Principle and Continuous Systems. Rayleigh's 
principle as stated in §1-37 is true for continuously distributed sys- 
tems. 16, 17 

Example. Obtain, by means of Rayleigh’s principle, approxima- 
tions to the fundamental pulsatance of vibration of a uniform string 
of length Z, linear density p, and under tension r. The potential and 
kinetic energies are 




If the manner of vibration is given by y = z(x) sin coZ then, by the 
energy method, 



ie G. Temple and W. G. Bickley, Rayleigh's Principle . 
17 D. Prescott, Applied Elasticity . 
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(a) If the string is assumed to vibrate as a sine curve then z = sin 
irx/l and 


2 / cos 2 vx/l dx o 
T7T 2 */ 0 tit 2 9. 


87 r 


“ 1 p/ 2 f* . 3 , Pi 2 1 2 P 

J sin* dx 


This is the exact value of the fundamental pulsatance given by the solu- 
tion of the partial differential equation of the vibrating string. 

( b ) If the string is assumed to vibrate in the form of the parabola 
z = (1 — 4 x 2 /l 2 ) then 


2 _I _ 
T 


fl/2 

r / ( 
Jo 


(Ax* /l* dx 


/ n *2 

(1 


x 2 . . , 


+ \6^)dx 


lOr 

iV 


(c) If the string is assumed to vibrate as two sides of a triangle, the 
equation of one side being z = (1 — 2x/l) then 





_ 1*1. 

l 2 p 


1*40. Orthogonality Condition. Rayleigh’s principle gives the 
pulsatance of the fundamental mode. The second natural pulsatance 
can be found with but little additional labor by means of the so-called 
orthogonality relations. Let x \ , x 2 , • • •, x n and x t , x 2f • • •, x H denote 
the amplitudes characterizing respectively the fundamental and second 
smallest pulsatance of the elastic system. Then x", x 2 , • • • , x n satisfy 
(103) and the equations 

x'l = o and Y] x" = 0, [105] 

oXi fix °Xi 

where V and T are given by (99). 

Equations (105) are established for a system of_three degrees of 
freedom as follows. For this case V = constant and T = constant are 
equations of ellipsoids whose centers are at X\ = x 2 = x 2 = (L _On 
any line x\ = x 2 = C2/, *3 = c 3 t (t a parameter), the ratio V/T is 
a constant. In one particular direction this ratio is a minimum. 
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The equation of the plane tangent to w 2 = V/T at the general 
point * 10 , * 20 , *30 is 


dor 


3 or 


dor 


(*l — *io) + r* " (*2 — * 20 ) + ^ 

3*10 3*20 0*30 


(*3 “ * 3 o) - 0. 


It is recalled from analytic geometry that the partial derivatives are 
proportional to the direction cosines of the normal from the origin to 
the plane. If r" = */oi + * 2 oj + * 3 ok is any direction perpendicular 
to the normal to the plane then 


(*ioi + ** } j + * 3 0 k) 


3w 2 0o> 2 0w 2 \ 

i + j + - k) = 0 

3*10 3*20 0*30 t 


or, in view of the equation preceding Eq. (102) 



The last equation is true for infinitely many values 
Consequently, 




and 


3 T 
9**1) 


= 0. 


of w 2 . 


[106] 


Now *i, * 2 , *3 and */, a 2 , *3 lie on perpendicular axes. Letting * l0 = 
*» and 4 = x" Eqs. (106) reduce to (105) for n = 5. Moreover, since 

3 1^ 3 T* 

for a natural frequency C — (see Eq. 102), Eqs. (106) are 

0 ** 0 *» 

dependent. Thus either the first or second of Eqs. (105) is the orthogo- 
nality condition. 

Kxampuc 1. Obtain the second lowest pulsatanee of illustrative 
example 2, §1.37. Equations (105) for this example become 


* 1 * 1*1 + * 2 (*2 “ *i )(*2 — *i) =* 0 and /i*i*i + /o* 2*2 — 0. 


(The primes have been diminished by one.) By the energy method 

2 _ -v'l 2 + 2 (.v' 2 - .V ,) 2 

“ 4.Vj a + txf 

Substituting .r o = 4xi/3 in the second orthogonality relation we obtain 
*2 — *i /2. When this relation is substituted in the expression for 

o »2 we obtain « 2 35 1. This is the exact value for the second pulsatanee. 
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Example 2. Obtain wo for the illustrative example of §1.39. 
Referring to the expression for V and T and (105) we have for the 
orthogonality conditions 


The latter is 


r / — dx = 0 and p / zz' dx = 0 . 

J dx 0 v V 

p J ^ (sin ttx/1) {z!)dx = 0 . 


A value of z' satisfying this etjuation and the conditions of a possible 
initial displacement is z ' = sin wir.v//, (// = 2,4, ••*). This \aluc of 
z ' is now to be used in the first expression for aT in §1 -39. Letting 
)i — 2 and making this substitution, we have 


u>l = 



cos 2 2i tx/1 dx 
sin 2 2wx/l dx 


4tt 2 


/ 2 P 


1*41. Summary. The procedure in the application of Rayleigh's 
principle is: 

(a) Obtain expressions for the potential and kinetic energies of the 
system relative to its equilibrium position. 

(i b ) If the system has a finite number of degrees of freedom substi- 
tute </, = x t sin «/; if a continuous system let y = z( x) sin w/. 

(r) Solve for w 2 = F/7\ 

(rf) Endeavor to minimize w 2 by the Substitution = ( t x or 
s = c(.v), where r,* or 2 = z{x) characterizes either the fundamental 
mode of vibration or what is thought to be the fundamental. For this 
estimate of the fundamental mode the engineer is dependent upon 
knowledge of physical principles, intuition, experiment, and experience. 

(c) If the system is one of a finite number of degrees of freedom the 
value of m obtained is an approximate or exact root of A (m) — 0 . (In 
general, it is easier to verify the solution of an algebraic or transcenden- 
tal equation than to solve it.) 

(/) The orthogonality conditions, leading to the second lowest fre- 
quency, are written by reference to Eqs. (105) or by analogy with the 
illustrative example of § 1 • 40. 

( g ) If T and V denote the mean values of T and V taken over a 
cycle, the results of Sec. 7 are unchanged. 
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EXERCISES AND PROBLEMS XIV 


1. Obtain, by Rayleigh’s principle, approximations to lowest and second lowest 
frequencies of vibration of the double pendulum of Ex. 3, § l • 10, under the assump- 
tion that 0| and 0z are small. 

2. Find, by Rayleigh’s principle, an approximation to the fundamental frequency 
of vibration of the accelerometer of illustrative example 2, §1 • 10. 

3. Obtain, by Rayleigh's principle, an approximation to the fundamental frequency 
for the transverse vibration of a stretched uniform string having a mass M attached 
at the mid-point of the string. The mass j>er unit length of the string is p and the 
tension of the string is S. Show first that 



P J z 1 dx + Mr\ 


4. Show that the orthogonality conditions for Ex. 3 are 


S ^ z L dx a o and f pzz' dx 4- Mz\z\ 

J 0X 0x J 


0 , 


and obtain the second lowest frequency. 

5. A revolving shaft is subject to transverse forces owing to its loading and 
impressed torque. When the shaft is deflected from its position at rest its motion 
consists of (a) revolution about its axis and ( b ) rotation about its undellected axis at 
rest. The frequency of revolution de|>ends ui>on the impressed torque. The fre- 
quency of rotation depends upon the distribution of kinetic and potential energies 
of the distorted shaft. If these frequencies coincide undesirable resonance exists. 
If the lateral displacement of the axis of the shaft is y at a distance x from one end 
then the potential energy ls due to bending is 



where / is the length of the shaft, E is Young’s modulus, and / is the moment of 
inertia of the area of a cross-section. 

If an element of shaft has mass m dx and its velocity of rotation is 2 ray then the 
kinetic energy of the shaft is 

r - 2ir 2 m f dx. 

Jq 

Part of the bending of the shaft may be due to end thrust p. The shaft possesses 
potential energy due to this distortion, but it is not available for translation into 
kinetic energy. The expression for this energy is 



The total potential energy is V - Vb — V p . 

11 A. L. Kimball, Vibration Prevention in Engineering. 
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Obtain the frequency of the fundamental mode of lateral vibration (i. c., the 
fundamental rotational frequency) in case the shaft is mounted: 

(a) in short bearings at both ends, [y = El dPy/dx 2 =» 0 at the ends of the shaft 
x = ±1/2. The origin is taken at a point midway between the bearings. Assume 
y = c(l 74 - **) (5/2/4 - x 2 ).] 

(b) in long bearings at both ends, [y = dy/dx =0 at x « =b //2, and y — 
* (/2/4 - a 2 ) 2 .] 

(c) in one long and one short bearing at each end. 

(d) in one long bearing at one end, other end free. 


( 8 ) 

Additional Methods and References 

A brief description of additional methods and a list of references to theory and 
applications follow. 

1*42. Equations of Appell and B6ghin. The equations of Appell area generali- 
zation of the equations of Lagrange. The treatment of both holonomic and non- 
holonomic physical systems arc reduced to a single system of equations of dynamics. 
(Ref. 8.) The equations of Bcghiu are an extension of the equations of both Lagrange 
and Appell. The extension is important with reference to service mechanisms (“aux 
m6canismes comportant un asservissement"), in particular to gyrostat ic compasses 
of Anschutz and Sperry. (Ref. 9.) 

1-43. References. Only a very limited number of names and references are 
given in this article because most of the pajjers and ljooks cited contain bibliographies 
covering a portion of the field. References are arranged according to topics. 
In the final section of each chapter the elements of a reference to a paper are: 
name of author, title of paper, journal, scries number [ ] if it exists, volume, page 
(year). 

1. Calculus of Variations. For results in parameter representation and additional 
conditions for an extremum see G. A. Bliss, Cali ulus of Variations , Carus Mathe- 
matical Monographs, University of Chicago Press, 1925. Oscar Bolza, Lectures on 
the Calculus of Variations , University of Chicago Press, 1904; reprint G. E. Stechert 
and Company, New York, 1931. For Euler's equations and extremals of multiple 
integrals see A. R. Forsythe, Calculus of Variations, Cambridge University Press, 
London, 1927. 

2. Purely Theoretical Treatment of Dynamics. G. D. Birkhoff, Dynamical Sys- 
tems, American Mathematical Society, New York, 1927. 

3. Limitations of Hamilton’s Principle in Dynamics. In the use of Hamilton’s 
principle in the analysis of dynamical systems the contraints, if any, need not be inde- 
pendent of the time, but the contraints must not depend upon the velocities. See 
Paul E. Appell, Mecanique Rationelle, Gauthier -Villars, Paris, 1918. 

4. Gauss’ Principle. Gauss' principle in dynamics is applicable under still more 
general conditions than Hamilton’s principle. W. D. MacMillan, Statics and Dynam- 
ics of a Particle , p. 419, McGraw-Hill Book Company, New York, 1927. 

5. Constraints in Dynamical Systems. W. D. MacMillan, op, cit ., p. 306. 
N. W. Akfmoff, Elementary Course in Lagrange* s Equations , Chaps. I, II, III, Phila- 
delphia Book Company, 1917. Horace Lamb, Dynamics , p. 301, Cambridge Uni- 
versity Press, London, 1914. 
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6. Impulsive Motion. Lagrange’s equations were modified by Lagrange for 
impulsive motion. E. T. Whittaker, Analytical Dynamics , Third Ed., p. 50, Cam- 
bridge University Press, 1927. J. H. Jeans, Theoretical Mechanics , p. 344, Ginn and 
Company, Boston, 1907. 

7. Equations of Impact E. T. Whittaker, op. cit., p. 234. 

8. Appell’s Equations. Paul E. Appell, op. cit. 

9. B6ghin’s Equations. M. II. Beghin, “Etude Theoiique des Compas gyro- 
stat iques,” Ann. Uydr ., p. 259 (1921). 

10. Velocities as Coordinates, Quasi-Holonomic Systems. Chap. II. E. T. 
Whittaker, op. cit ., pp. 41, 215. 

11. Vibration Theory of W. Ritz, Ref. 11, Chap. III. 

12. Solutions of Non-linear Equations in Dynamics. Chap. III. 
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This chapter is an introduction to methods of reducing electrical 
engineering problems to mathematical form by means of tensor analy- 
sis and the theories of Kron. 


PART (A) 

TKNSOR ANALYSIS OF STATIONARY NETWORKS 

Part A, consisting of Secs. (1-4), is concerned with the elementary 
theory of matrices, tensors, and the development of stationary network 
analysis. 


( 1 ) 

Preliminary Description 

This section is a brief non-mathematical description of the theories 
of the whole chapter. No mathematical knowledge is presupposed. 
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2*1. Historical Note on Tensors. Although the applications of 
tensors in engineering is of very recent date, 1 tensor analysis itself is by 
no means new. The study of tensors was begun by Christoffel in 1869 
after the foundations of the subject were laid by Gauss and Riemann 
two or three decades earlier. The study was greatly advanced by Ricci 
and Levi-Civita in 1901 by the paper, “Methodes de Calcul Differen- 
tiel Absolu." In 1916 Einstein called attention to the usefulness of the 
work of Ricci and Levi-Civita and since that date tensor analysis is 
often referred to as the 1 4 Mathematics of Relativity.” The body of 
theory of tensor analysis is extensive and its applications in other 
branches of mathematics and physics are exceedingly numerous. 
Among the most important are the applications in differential geome- 
try, calculus of variations, quantum mechanics, dynamics, elasticity, 
and thermodynamics. 

2 *2. Scope of Kron’s Theories. The applications of Kron’s theo- 
ries are so numerous as to be bewildering. The methods of thought 
and analysis seem destined to extend to mechanical engineering as well. 
So many fields arc already opened up that a generation may be required 
for their complete exploration. Some fields to which the methods have 
been applied are (a) all linear (stationary or moving) networks with 
lumped parameters, ( b ) every type of rotating electrical machine, \c) 
communication and transmission systems, ( d ) magnetic and electro- 
static networks, (e) multi-electrode vacuum tube circuits, (/) intercon- 
nected systems of similar and dissimilar apparatus and machines, (g) 
generalizations of Maxwell’s field equations, and (h) mechanical engi- 
neering 2 problems. It is not here feasible to catalogue exhaustively the 
multitudinous applications of the theory. It is preferable to obtain an 
impression of its partial scope and its various branches and their mutual 
relations from the outline of the tabic in Fig. 2*1. 

2 *3. Nature of the Theories. A non-mathematical description of 
the nature of selected portions of Kron’s work may be of value before 
engaging in the detailed mathematical analysis of the theory. 

Just as the theory of relativity is a physical theory distinct from ten- 
sor analysis and from any single or group of principles of advanced 

1 Gabriel Kron, Tensor Analysis of Rotating Machinery , I, 1932; II & III, 1933, 
mimeographed; "Non-Rieniannian Dynamics of Rotating Electrical Machinery/' 
Journal of Mathematics and Physics , 1934, pp. 103-194; "Analyse Tensorielle Appli- 
qu6e k l’Art de ringenieur," Bulletin de V Association des Ingeniettrs Electriciens , 
Li£ge, Belgium, Sept., Oct., 1936; Feb., 1937. (Prize paper of Fondation George 
Montefiore.) 

* C. Concordia, "The Use of Tensors in Mechanical Engineering Problems," 
General Electric Review , July, 1936. 
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physics so the epoch-making researches of Kron are much more than 
tensor analysis and advanced electrical engineering. 

This achievement is such a discovery , generalization , and organization 
of those intrinsic physical entities common to a wide variety of similar and 
often seemingly totally dissimilar electrical and mechanical systems as to 
disclose the frequently multiple parallelism between the performances of 
these systems and to describe the behavior and relations between the entities 
of a system or systems by means of general mathematical equations whose 
forms are independent of the reference frames employed. The mathemat- 
ical language of this work is tensor analysis. 

Certain general features characterize this newest development. 

(a) Derivation. It is primarily a systematic method of setting up 
and manipulating systems of differential and integral equations of per- 
formance of those problems in electrical and mechanical engineering 
which are expressible in terms of systems of differential and integral 
equations . 3 

(b) Discovery and organization. It has discovered and so organized 
the concepts of advanced electrical engineering that the derivation of 
the equations of performance of an unlimited number of physical sys- 
tems and their general analysis and synthesis are reduced to routine 
manipulations and errors are largely precluded by extensive mathe- 
matical symmetry. 

{c) Power. It is a method of great power. Its power consists in its: 

(1) (Generalization) It unifies electrical engineering by substituting for a 
great multiplicity of separate and distinct theories of electrical devices certain 
broad general principles which supersede a patchwork of theories. 

(2) (Routine operations) The quick reduction by routine methods of intricate 
problems to mathematical form which otherwise, if they can be reduced at all, 
are so reduced by the expenditure of great thought, waste of time, and toilsome 
effort. 

(3) (Analogies) The generalization reveals analogies leading to the develop- 
ment of new machines and disclosing new relations between engineering and pure 
science. 

(4) (Notation and generalized reference system) Throughout the analysis of 
any system only one equation of performance is required. The reference system 
is generalized in the sense that the equation of performance and other equations 
are valid without change for an infinite variety of coordinate systems. Thus, 
after the general equation has been derived for a simple coordinate system that 
special coordinate system can be selected which is most suitable for the solution 
of the problem at hand. 

(5) (Modern algebraic theories) The analysis itself and the resulting equa- 
tions of performance make available in engineering the power of modern algebra : 

3 If the system is linear and has constant coefficients the system is immediately 
solvable by tensor methods. It is solvable in numerous other cases. 
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matrices, group transformations, substitutions, elementary divisors, invariants, 
etc. 

(6) (Modern analysis) The equations of performance are capable of physical 
interpretation and are of forms adapted to the methods of modern analysis and 
newly developed integrating machines. 


It is impossible to give, in a few paragraphs, a clear, detailed, and 
comprehensive description of this achievement. It is, however, 
possible to sketch the construction and modus operandi of the new 
methods as restricted to the material of sections (3) and (4) of this 
chapter. 

(a) Stationary networks . The differential equations of performance 
of a passive network of k meshes are 
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, 4 1 * are k branch currents, not necessarily identical with 

Equations (1) and (2) are equations of performance of the same 
identical network. Equations (1) and (2) are similar inform , but are 
not identical. The quantities ( 4 °\ * * * , 4 0) ) and ( 4 *\ 4 *\ • • • , 4 !) ) 
are two different sets of dependent variables. This raises the question 
as to whether there is anything intrinsic or invariant regarding the net- 
work and its behavior, i.e., anything which remains unchanged under 
change of variables not only from ( 4 °\ 4 °\ ■ • 4 0) ) to ( 4 *\ 4 *\ • • •> 

4 1) )» but under all possible changes of sets of variables. 

The following questions are suggested: May there exist a hypo- 
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thetical current i (a vector quantity 4 ) which can be expressed by many 
sets of components; one set of which is (4 0) , 4°\ •••»4° ) )» another 
(<i 1 \ 4 °, • • •» 4 °)? May there exist a hypothetical voltage e (a vector 
quantity 4 ) which can be expressed by many sets of components; one 
set of which is (4°\ 4°\ ■ • •» 4 0) )» another (4°, 4 !) » • * •» 4°)* May 
there exist a quantity z, labeled the impedance quantity of the net- 
work, which can be expressed in many sets of k 2 quantities; one set of 
which is z $ (i,j= 1,2, ••*,£), another z\f (i,j = 1,2, ••*,&)? Does 
the scalar product P = e-i yield the power consumed in the circuit 
independently of the reference axes of e and i ? The answer to all these 
questions is in the affirmative. 

It is of course obvious that any network can be disconnected or 
broken up into n ( n finite) distinct coils, where a coil is defined to be a 


x* 



«. «b «C e D 

Fig. 2-2. Primitive Mesh Network. 


portion of a circuit possessing an impedance which is independent of 
any component of i or e. We imagine any mesh network of physics or 
engineering so disconnected and the n component coils of the given 
network arranged in a linear configuration or sequence as in Fig. 2 • 2. 
The self-impedances of the n coils are denoted by (i = 1,2, • • •, n). 
Whatever mutual impedances exist between the coils of the given net- 
work are indicated on the coils of the linear configuration. The mutual 
impedances are (i, j = 1,2, •••,«), {i j) which in the general case 
are asymmetrical. The n coils are each short-circuited. It is further 
supposed that there exists a voltage in series with each coil as indicated 
in Fig. 2*2. These n voltages are e» (i = 1, 2, • • •, n). This linear 
sequence of n coils just described is called the primitive network for 
all-mesh network systems. 

It is clear that a very large number of different prescribed stationary 
networks of engineering can be built by the proper connection of n 
coils, the only restriction on n being that it is finite. This raises the 
fundamental question of the entire matter: Does there exist a mathemat- 

4 The definition of vector in this case is not the definition of § 1 • 16, but is that 
given in §2*17. 
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ical transformation or process , representable as a simple operator or sym- 
bol , which corresponds to the physical connection of n coils into any 
prescribed mesh network and does the application of this process to the 
proper function of the parameters of the primitive network {and also , of 
course , parameters of the prescribed network) yield the differential equa- 
tions of performance of the prescribed network into which the n coils of the 
primitive network are connected? The answer is in the affirmative. The 
operator or symbol is Kron’s connection tensor. 

The full significance of this question and its answer must be under- 
stood. The primitive network for the given network and its differential 
equations are at once written down. The connection tensor is set up. 
The application of this tensor yields the differential equations of per- 



Fig. 2 • 3. Primitive J unction-pair Network. 


formance of the given network. Three concepts stand out: (1) primi- 
tive network and its differential equations that are easy to establish; (2) 
interconnection of coils and its mathematical representation as a trans- 
formation; (3) given (or derived) network and its differential equations 
of performance which are to be found. The simplicity of the rules for 
these steps and the symmetry of the notation preclude the necessity of 
difficult thought and largely preclude the possibility of errors in alge- 
braic sign or symbolism. 

It is necessary, or at least convenient, to view certain given net- 
works as junction-pair networks. This is true, for instance, with 
vacuum-tube and dielectric networks. Here the elements of the primi- 
tive network are not n short-circuited but n open-circuited coils. The 
variables in this case are not currents, but the n differences of potential 
existing across the n junction-pairs; the admittance tensor '¥** is the 
dual of the impedance tensor Z t j of mesh networks. The coils are 
arranged in a linear sequence as represented in Fig. 2-3. A connection 
tensor exists which is the dual of that of the mesh network and the pro- 
cedure is similar to that for mesh networks. 

The most general possible stationary networks are orthogonal net- 
works. These are a combination of coils in which both currents and 
voltages are impressed. This generalization is effective also to provide 
a most general basis for the interconnection of electrical and mechanical 
networks into larger or super-networks. 
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Finally, it may be necessary to connect together, in an arbitrarily 
prescribed fashion, m such networks as described above. Each of the 
m networks may be separately analyzed. Next a connection tensor can 
be found which corresponds to the physical connection prescribed. The 
original work on the m individual networks is preserved. The final 
result is the differential equations of performance of the entire network, 
composed of the m smaller networks. 

The theory finds its greatest usefulness when hypothetical reference 
frames (such as symmetrical components, magnetizing and load cur- 
rents) and hypothetical design constants (bucking reactances) also are 
introduced. It should be mentioned that, in the analysis of a given 
network, just one equation of performance results. This is a tensor 
equation and it is the equivalent of a system of n differential equations. 
Thus the results are sometimes referred to as the equation or equations 
of performance. 

( b ) Rotating electrical machinery . The objective in this theory may 
be partially characterized by a comparison with the work of Lagrange 
in dynamics , 5 although the latter is comprised by the former in its 
broader aspects. Lagrange’s equations, when adapted for constraints 
and holonomic and non-holonomic coordinates render the derivation of 
the system of differential equations of motion of dynamical systems 
largely a matter of routine. The equations of Lagrange formulate the 
dynamical problem as a system of equations to be solved; the method 
of Lagrange does not solve the differential equations. Kron’s re- 
searches perform this same function for electrical networks, stationary 
or in motion; for vacuum-tube circuits; for every kind of rotating elec- 
trical machine under every kind of operating condition; and finally for 
all such systems interconnected. His work also establishes a routine 
procedure for the formulation of the equations of complicated physical 
systems by the aid of equations established first for simpler systems, 
the so-called primitive systems. 

Hitherto a large portion of electrical engineering was given over to 
multitudinous diverse and independent theories of many machines. 
From previous points of view these machines were all different. Kron’s 
work shows that all types of electrical rotating machines (whether di- 
rect current or alternating current) are mathematically identical except 
for interconnection of the windings and reference frames assumed. 
The primitive machine (there are in fact two, depending upon whether 
the reference axes are stationary or rotating), startling in its simplicity, 
is (discovered and) defined which includes, when the proper connections 


6 See Secs. 5 and 6, Chap. I. 
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have been made, all types of rotating machines as special cases. The 
primitive machine possesses all the fundamental physical and geomet- 
rical entities possessed by each individual type of machine, such as 
induction motor, compound direct-current motor, synchronous alter- 
nator, Schrage motor. The mathematical entity corresponding to the 
winding connections of the machine is the connection tensor. The 
application of the proper connection tensor (easily set up) with refer- 
ence to the physical constants of the primitive machine produces, by a 
mathematical process no more difficult than matrix multiplication, the 
differential equations of performance of the specific machine under 
analysis. The analysis is complete for alternating-current or direct- 
current, symmetrical or asymmetrical machines under balanced or 
unbalanced loads, for steady-state or transient solutions, and with 
constant or accelerated rotor speed. 

In addition to all this, the theory then passes on to the interconnec- 
tion of rotating machines both with other machines and with other 
electrical and mechanical apparatus. 

The work of Kron, because of its generalizations, power, synthesis 
of apparently diverse phenomena, symmetry and beauty of notation, 
and its interrelations with other branches of advanced mathematics 
and modern physics should be most pleasing to mathematicians and 
engineers. 

The results and analysis of this new development are also expressi- 
ble in the general language of multidimensional geometries. 

2-4. Nature of the Present Approach. The approach to the oper- 
ational calculus of Heaviside in Vol. I, Chap. IV, was a mathematical 
one, i.e., by means of ordinary linear differential equations and the. 
theory of functions of a complex variable. This approach was rapid 
and necessitated no knowledge of engineering. It has been justified by 
the response from readers of the first volume. 

The method of approach to the material of this chapter is likewise a 
mathematical one in the sense that the prerequisite pure mathematics 
employed is explained prior to entry upon the theories of the chapter. 
It is a mathematical approach also in the sense that the minimum engi- 
neering knowledge is presupposed. 

( 2 ) 

Matrices and Linear Transformations 

A knowledge of matrices and linear transformations is prerequisite 
for an introduction to tensor theory. 
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2 • 5. Definitions. The rectangular array 
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composed of m X n numbers or functions a, 7 is called a matrix. Abbre- 
viated notations for the above matrix are A or (a t y). The m X n num- 
bers are the elements of the matrix. As a special case m may equal n. 
In this special case the matrix is not a determinant, although the matrix 
and the symbol of a determinant may be identical. 

Two matrices, (a#) and (6* ; ), each with m rows and n columns are 
equal only in case all corresponding elements are equal, i.e., a# = 

A zero matrix is one, all of whose elements are zero. A unit matrix is a 
square matrix such that a# = 1, i = j and a# = 0, i j. A square 
matrix (a,/) such that a t j = 0, i j and a, 7 5^ 0 for i = j is called a 
diagonal matrix. A diagonal matrix each of whose diagonal terms is / 
is a scalar matrix. The determinant of the square matrix 


011 012 

' * 01n 


0n 012 * 

* 01n 

021 022 ' 

’ ‘ * 02n 

is the determinant 

021 022 * 

• 02n 

_0nl 0n2 

‘ * * 0nn _ 
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The matrix (a i; ) is said to be singular or non-singular according as the 
determinant | a, 7 1 does or does not vanish. 

2*6. Rank, Adjoint, Transpose, Inverse, Sum. From the matrix 
(0*7), possessing more than one element, other matrices may be formed 
by striking out of (a,/) certain rows and columns. The determinants 
of the square matrices so formed, are called the determinants of (a#). 
A matrix is defined to be of rank r if there exists at least one r-rowed 
determinant of (0,7) which is not zero while every determinant of 
order (r + 1) of (a, 7) is zero. 

The adjoint of the matrix A is defined as the matrix 

An A 2 i • • • A n i 1 

•4 12 -^22 * • • An 2 
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RANK, ADJOINT, TRANSPOSE, INVERSE, SUM 


105 


where A t y is the cofactor of the element o ,- j in the determinant |o#|. 
The cofactor Ay = (— 1) ,+J Af*y, where Af t *y is the minor of the element 
a#. The minor M tJ - is the (n — 1) rowed determinant formed from 
| aij | by deleting the ith row and jth column. 

The matrix A*, formed from A by employing the successive rows of 
A as the successive columns of A is called the transpose of A. 

The inverse A -1 of the square matrix A is defined by the equation 

A n \ 
a a 

A ~ l - 

A i n Ann 

a a 

where Ay are the cofactors defined above and a is the determinant of 
The inverse of a non -square matrix is not defined. 

A rule for rapid computation of A "" 1 is : 

1. Write down the transpose A t of A. 

2. Replace each element of k t by its minor. 

3. Divide each element of the matrix in (2) by the determinant 
a of A. 

4. Give to each element of the final matrix in (3) an algebraic sign 
according to the checkerboard array 

+ - +••• 

- + 

+ - +••• 


The sum of two matrices (each m X n) is defined to be an m X n 
matrix each of whose elements is the sum of the corresponding elements 
of the two given matrices. Likewise, the difference of two m X n 
matrices is an m X n matrix each of whose elements is the difference 
of the elements of the two original matrices. For example, 
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EXERCISES I 

1. Determine the rank of the matrix 

“2 3 4 6 7“ 

1 7 —3 sin x 4 

1 2 4 e 3 - 

4 6 8 12 14 

J 3-17 2_ 

2. Compute the adjoint of each of the matrices 
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3. Compute the inverse of each of the above matrices. 

4. Compute the inverse of the diagonal matrix 

"A 0 0 0“ 

0 B 0 0 

0 0 C 0 

J) 0 0 D_ 

5. A matrix A is symmetrical if = a,». A matrix A is said to be skew-sym- 
metric if a X j = — a 7 i, i 5 * j and a t » = 0. Show that a general matrix A can be expressed 
as B + C where B is a symmetric matrix and C is a skew-symmetric matrix. 


2 - 7. Linear Forms, Linear Transformations. Matrices are impor- 
tant in the expansion of functions, the solution of systems of ordinary 
differential equations (Sec. 4, Chap. Ill), and in making transforma- 
tions of variables. We begin with the simplest cases. The equations 

L\ = a\\i\ + a\ 2 H + • * * + #i nin, 

1*2 = 021^1 + 022^*2 + • • • + a , 2 nin > [ 3*1 


Lm = a m \i\ + a m 2l2 + • • • + CLmnim 

define nt linear forms in the n variables i u • • i n • Suppose that the 
w variables ii, • • •, i n are linearly expressible in terms of $ new variables 
*i. •••»*«> that is, 

j 

ij = bjk ** (j = 1.2, •••,»). 


W 
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Substituting these values of ij in Eqs. (3) wc have 

n s s 


where 


L% ~ ^ ^ ^ ^ Qij bjk ijf — ^ ] Cik tfg (i — 1, 2, • • 
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= 0*,/ ft/jfe “ L 2, • • • f Wl\ k = 1 , 2, • • • , 5) 
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Since i ranges from 1 to m and k ranges from 1 to 5 the elements c t k 
may be written out in the form of an m by s matrix C which is 


<*11*11 + <*12*21 + + <*in*ni <*11*12 + <*12*22 + +<»lw*»2 <*n*is + <*i2*2a + >..+<»ln*ln 

<*2l*Jl + <*22*21 + + <*2n*nl <*21*12 + <*22*22 + f<*2n*n2 <*2i*ia +<*22*2 a +--. + <*2n*n« 


L«mi*ll+<*m2*2l+ .+<*»m*n i <*ml*i2+<*/n2*22+ + <*»m*n2 <*n»l*la+<*wi2*2a+ • + <*mn*nsj 

It is evident that this expression can be obtained from the matrices 
A and B by a routine maniDulation. By inspection of matrix C and 
the two matrices 
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it is evident that the element in the first row and column of C can be 
obtained from A and B by multiplying the successive elements of the 
first row of A by the successive elements of the first column of B and 
adding the resulting n products. Likewise, the element in the ith row 
and kth column of C is obtained by multiplying the successive elements 
of the ith row of A by the successive elements of the kth column of B 
and adding the n products. 

The matrix C is defined to be the product of A and B. This product 
will be written A-B. 

Finally, we have the important theorem that a linear transforma- 
tion (Eqs. 4) with matrix B replaces a set of linear forms (Eqs. 3) 
with matrix A by a set of linear forms (Eqs. 5) with matrix A-B. 

This theorem is as useful in change of reference axes both in linear 
network analysis and in the theory of vibrations as in the study of 
projective geometry. 
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EXERCISES H 

1. If 

L\ =* 2x2 + 3x2 — 4x3 + 7x4, 

L 2 = —2x1 + 7x2 — *3 + 3x4, 

z #3 = 7xi -f* 5x2 — 9X3 + X 4 , 

La = ll*i + *2 - #3 + 3x 4 , 

and 

*i = yi - yi + 2y 3 + y4, 

Xi = -yi - y 2 + 7y 3 + 3y 4 , 

*3 = 2yi - 3y 2 + Syz + 7 y 4 , 

*4 = 3yi 4- 5^2 + yz + 5^4, 

express, by means of the theorem of §2 • 7; Li, £ 2 , £ 3 , La as functions of yi, y2, ys, y\. 

2 • 8. Multiplication of Matrices. The product A • B of two matrices 
A and B was defined in §2*7. If the positions of A and B are inter- 
changed above and the multiplication indicated by the product B* A 
is performed, then it is evident that A-B^B-A. Thus the multipli- 
cation of matrices is, in general, not commutative. 

The multiplication of matrices is associative. Let A = (a#), B = 
( 1 bij ), C = (cij) be any m Xn, n X s, s X t matrices respectively. To 
see that multiplication is associative it is sufficient to show that a 
general element of (A • B) • C is identical to the same element of A • (B • C). 
By the rule for the product of two matrices (Eq. 6) the element il of 
(A-B)-Cis 

&tj c kl» 

The element jl of B-C is 

bjk c kl) 

and the element il of A* (B-C) is 

4 

Since the finite sums (7) and (8) are identical (A«B)*C = A* (B-C). 
The arrangements of the rows and columns, i.e., mXn t nXs,sXt 
should be noted. (See Ex. 4, problem set III.) 

The reasoning above can be applied to any finite number of ma- 
trices, as long as the order of the matrices is preserved. 




[ 7 ] 


[ 8 ] 
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The multiplication of matrices is distributive. To show that 
A*(B + C) = A-B + A-C it is sufficient to show that a general ele- 
ment of the matrix A*(B + C) is equal to the corresponding element 
of the matrix A*B + A*C. (The sum of matrices is defined in §2-6. 
The ik element of A* (B + C) is 

ft 

yi Pij(bjk + Cjk). 

The ik element of A-B + B-C is 



O'ij Cjk)- 


In the same manner it is shown that 


(B + C)-A = B-A + C-A 

and the proofs are extensible to any number of matrices. 

2*9. Division. Division by a non -singular (two 8 ) matrix A is de- 
fined to be multiplication by A” 1 . The product of A"" 1 - A and A* A"" 1 
is the unit matrix I. 

2 • 10. Differentiation and Integration. The derivative and integral 
of a matrix are defined as follows. The derivative with respect to a 
single variable t of a matrix is found by differentiating each component 
separately. For example, 


- t 

2 

sin t 


■ i 

0 

cos t 

e 

t 

cos t 

= 

it 

1 

—sin / 

_sin t 

4 

cos t_ 


_cos t 

0 

—sin L 


The derivative of a matrix is, of course, a matrix. 

A matrix is integrated with respect to a single variable by integrat- 
ing each of its components separately. The integral of a matrix is a 
matrix. 


EXERCISES m 


1. Compute the product A-B-C, where 


” 2 4 6 -3“ 



-7 8 9 2 

, B = 

7 

0 

6 3 10 


2 

4 

_ 11 9 7 3_ 


3 

3. 


6 3 9 111 

7 2 1 -1 I 


6 Division for more general matrices is not defined. 
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2. Verify that: 

(a) (A-B), = (Bj)-(Aj), 

(i) (A-B)-‘ = (B-^-fA- 1 ), 

to (A-B-C), = (Cj) ■ (Bj) • (At), 

(d) (AB • C)- 1 = (C- 1 ) • (B- 1 ) • (A" 1 ). 

3. Prove that scalar matrices are the only matrices commutative with every 
n X n matrix. 

4. The proof given in §2-8 for the validity of the associative law in matrix 
multiplication was for the three matrices A, B, and C of dimensions respectively 
m X n, n X s, s X /. Show that 

A-(e-B) 5* (A-e)-B 

if A and B are n X n and e is l X n matrix. 

5. Prove that, for in a scalar, 


man maw • • ■ ma\ n 


mA = 


ma 2i wfl22 * • • mazn 


6. The equation 


ma 9 \ maw * • • ma an 


<pM = I X/ - [o] I = 0; 


where [fl] is an »-rowed square matrix whose elements a,/ are constant, 7 is a unit 
matrix, X is a parameter, and | X7 — [a] | is a determinant, is called the character- 
istic equation of [a]. If [a] is a square matrix and ^>(X) =0 is its characteristic 
equation then #>([o]) = 0. Verify this theorem for [a] a square matrix of order 
three. 

7. Compute the derivative of the matrix 

~ 1 2 sin x 

2 2e sin 2x • 

sin x sin 2x 3e 


8. Compute the derivative of the determinant 

1 2 sin x 

2 2e sin 2x * 

sin x sin 2 jc 3e 


9. Compute the reciprocal, in terms of the determinant, of the determinant itself 
in Ex. 8. 


2*11. Three-matrices. The matrices of §§2 -5-2 10 are 2- or 1- 
matrices, i.e., the number of elements in such matrices is m X n or 
1 X n and the elements are arranged in either a rectangle or line. In 
the applications which follow the elements of a matrix are parameters 
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belonging to some circuit or physical system. It is necessary to iden- 
tify these elements with the physical system. For example, if i is the 
current written 



a 

b 

C 


k 

i = 

ia 

FI 

FI 


3 


then i a may signify the component of i or the current associated with 
the a component or a mesh of the circuit. Likewise, if z is a matrix of 
impedances and is written 



a 

b 

c 


n 

a 

Z a a 

Zab 

Zac 


Zan 

b 

%ba 

Zbb 

Zbc 


Zbn 

z = c 

Zca 

z cb 

z cc 


z cn 

. 












m 

%ma 

z mb 

z mc 


z mn 


then Zbc may denote the mutual impedance between mesh b and mesn c. 

A 3-matrix possesses m X n X r elements. These may be arranged 
in a box. The symbol A a b c , for example, denotes a specific component 




B3 




EH 



m 

Bfll 

1 

m 

Wfi. 1 

123 



m 

m 

m 


m 

n 

n 



Hi 




■ M 



Fig. 2*4. Two-matrix. 



or element of A, namely, that component located in the shaded volume 
of Fig. 2-5. 

2 • 12. Index Notation. Evidently, for higher dimensional matrices 
a more convenient notation is imperative. Accordingly, the symbol 
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Aafi will denote a 2-matrix such as shown in Fig. 2-4. The Greek 
letters a and are known as variable indices. It is understood that 
they assume all values a, b,c, •••. Thus A denotes all the m X n 
components of a 2-matrix and these are arranged in a rectangle, i.e., 
the matrix itself. On the other hand, A^c denotes one definite element 
of Aa 0 , namely, the element shaded in Fig. 2*4. The Roman letters 
a, b,c , • • • are fixed indices. The symbol A a b contains one variable 
and one fixed index. This symbol denotes the m elements of the b 
column of the matrix of Fig. 2*4. 

The symbol A, denotes the 3-matrix of Fig. 2*5. The symbol 
Aafia denotes the 2-matrix forming the face, nearest the reader, of the 
cube in Fig. 2*5. A 3-matrix can be represented on paper as a set 
of 2-matrices. For example, the 3-matrix of Fig. 2*5 can be repre- 
sented as the set of r matrices 

Aafia f Aafib , *, Aafi r . 

EXERCISES IV 

1. Represent, geometrically, i.e., by drawing rectangles and labeling with proper 
notations, the 4-matrix A a 06y (a =* a, b, c, •••, nt; 1 3 = a, 6, c, • • •, n; 6 = a, b, c, • • *, 
r; y = a, b, c, • • •, s) as a set of (5 X r) 2-matrices. 

2. Represent, geometrically, i.e., by drawing cubes and labeling with proper 
notations, the 5-matrix A a fi y s « (a = a, b, c , • • •, m; 0 = a, b , c, •••,»; y = a, 5, 
c , • • •, r; 5 = a, b, c, •••, s; e — a, b, c, •••, t) a . s a set of (/ X s ) 3-matrices. 

3. Represent, geometrically, i.e., by drawing rectangles and labeling with proper 
notations, the 5-matrix of Ex. 2 as a set of (l X s X r) 2 -matrices. 

2*13. Applications of Matrix Notation, (a) Solution of linear , 
non-homogeneous, algebraic equations . The system of equations 

011*1 + 012*2 + • • • + 0in*» = Ci, 

021*1 + 022*2 + • • • + #2n*n = C 2 , [9] 


0nl*l + 0n2*2 + * * * + 0nn*n = C n , 

can be written 

A-i - e [10] 

where 


~*r 


~«r 

. 



*2 


C2 

• 

, e = 

• 

Jn_ 


• 


Jn_ 


A = ( 0 *;), i = 
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Multiplying both sides of Eqs. (10) by A” 1 we have 

i = A _1 -e, 

which is the complete solution of Eqs. (9) for the variables i\> • • • » *»• 

( b ) Stationary circuit equations. Equations (1) can be written 

Zi = e. [11] 

This equation is of the form of Eq. (10). 

(c) Differential equations of vibrations . The potential and kinetic 
energies of a discrete dynamical system are given by Eqs. (54-55) 
Chap. I. Lagrange’s equations (§1*12) for such a system are 

n 

2« 4" b r8 2®) == 0 (r = 1, 2, • • •, n). [12] 

s=* 1 

These equations are written as the single matrix equation 

MGfl + MM = 0- [12a] 

EXERCISES V 

1 . Solve, by the method of this article, the equations 

i i + 2*2 4- 3*3 + 4*4 = 34, 

— *i -f- 3*2 4“ 7*3 4~ 2*4 = 36, 

4*i 4" 8*2 4" 5*3 4~ 6*4 = 69, 

4*i 4* 7*2 4" 3*3 4" 4*4 = 39. 

2. Express Eq. (49) Chap. I in the form of Eqs. (12) of this chapter. 

2 • 14. Solutions by Matrices. Sec. 4, Chap. Ill is devoted to the 
solution of systems of linear differential equations by means of matrices. 
Further theory of matrices such as raising of matrices to high powers 
and the expansion of analytic real functions in matrix form is found 
in the above section. 

The solution, by Cramer's rule, of many linear equations in equally 
many unknowns is often cumbersome. A method of Kron, employing 
compound tensors, 7 reduces both the complexity and the probability of 
errors. 

7 Gabriel Kron, Tensor Analysis of Networks f Chap. IX. John Wiley and Sons, 
1939. 
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(3) 


Preliminary Concepts of Tensor Analysis 

We shall need in Sec. 4 a preliminary knowledge of : (a) Definitions 
of tensors, ( b ) algebra of tensors, (c) inner multiplication and contrac- 
tion, and (d) quotient law of tensors. 

2-15. The Summation Convention. In sums, such as 

n n n n 

^ 1 ^ Za&ip, y ^ y ^ 

a - 1 0-1 0-1 7-1 

the summation signs may be omitted and the expressions written 
e ai ar Za&ip, r aPyity 

if it is understood that whenever an index (subscript or superscript) 
appears twice in a term that term is to be summed for certain definite 
values (usually n) of the index. Thus 


e a i a = &\i\ + ^ 2*2 + • • ■ + e n i n , 

— Z a \i\ + Z a 2l2 + * • * + Z an in- 

The index which appears twice is called a dummy index. A dummy 
index may be denoted by a different letter even in the same equation, 
e.g., Zapift = Zayiy. The remaining indices of the equation are called 
free indices. In Z a pip t 0 is the dummy index and a is a free index. 

The convention is not a mere abbreviation, but a valuable tool 
indicating and performing automatically certain operations in the 
analysis. 

2*16. Definitions. Matrices of dimensions 1, 2, • • •, n have been 
defined in Sec. 2 of this chapter. Suppose henceforth that the elements 
of the matrices are functions of general independent coordinates 8 
x 1 , x 2 , • • • , x n * Let there be a change from the coordinate system 
x l ,x 2 , ••• i x n to the system x l ' f x 2 ', • • • , x n \ where the x % ' are defined 
by the equations 

x 2 , • • •, x n ) (i = 1, 2, • • •, n) [13] 

and where the n functions tp 1 are independent real functions of x 1 , x 2 , 
• • •, x n . Equations (13) define a transformation of coordinates of an 

8 The superscript n in x n is not to be confused with an exponent. The symbol x n 
is an abbreviation for x (n \ 
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n-dimensional space. Since the n functions <p % are independent, the 
x's are expressible in terms of x l '*s as 

x i - •••,*"') (*=» 1,2, •••,»). [14] 

A tensor is sometimes defined as a matrix A plus a definite law of 
transformation for the components of the matrix when the coordinate 
system or reference frame is subjected to very general transformations. 
We shall see presently these definite laws of transformation whereby 
the components A a , of the matrix A are changed to the components 
A a> of a new matrix when the independent variables are changed from 
x l , x 2 , • • • , x n to x 1 ', x 2 ', • • • , x 11 ' by means of Eqs. (14). In the follow- 
ing, the change of coordinates from x l f x 2 , • • •, x n to x 1 ', x 2 \ • • •, x n ' 
is understood to be by the general transformation of Eqs. (14). 

2 17. Tensors of Valence One. If under change of coordinates 
from x\ x 2 , • • *, x n to x v , x 2 ' , • • •, x 11 ' the components of the 1-matrix 
A m (m = 1, 2, •••,«) are changed from A m to A m ' according to the 
law 9 

A m ’ = ~^ Am > («' = 1.2, •••,») [15] 

then the 1 -matrix is called a contra variant tensor of valence one, or a 
contravariant vector. 

If under change of coordinates from x 1 , x 2 , • • •, x n to x v , x 2 ' , 
the components of a 1-matrix A m (m = 1,2, •••,«) are changed from 
A m to A m > according to the law 

A m > = A m , (m « 1, 2, • • •, n) [16] 

then the 1-matrix is called a covariant tensor of valence one, or a 
co variant vector. The definitions of vectors just given are those re- 
ferred to in § 2 • 3. From these definitions it is to be noted that a vector 
does not necessarily possess either magnitude or direction. A vector is 
merely a matrix whose components obey, under change of reference 
system, one of the laws of transformation (15) or (16). Vectors of 
vector analysis possess physical significance, but their components are 
fictitious quantities. The vectors now considered are, in general, fic- 
titious quantities but their components possess physical significance. 
However, the vectors of conventional vector analysis satisfy Eqs. (15) 
and (16) and occur as exceptional and special cases of the more general 
definitions of vectors here given. The restriction that a vector possess 
magnitude and direction is no longer imposed. 


9 For a clearer and more useful expression of this law see Sec. 4, §2*25. 
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Example 1. The components of the vector A are A 1 and A 2 or 
A 1 ' and A 2 ' according as the reference axes are (**, jc 2 ) or ( x v , x 2 ’). 
(See Fig. 2*6 a.) It is shown in this example that the new components 
A l \ A 2 ' of A, under a particular change of coordinates, are computed 
from the components A 1 , A 2 of A by Eqs. (IS). The equations of the 



particular transformation of coordinates under consideration are, from 
Fig. 2*66, 

x 1 = Oc — be = x v cos 0 — x 2 ' sin 0 , 

x 2 = cd + ep = x 1 ' sin 0 + cos 0, 

or 

x v = x 1 cos 0 + x 2 sin 0, 
x 2 ' = — x l sin 0 + x 2 cos 0 . 

From Eqs. (15) 

A 1 ' = ^ = ^ + TTT = A 1 cos 0 + <4 2 sin 0, 

3*0 3* 1 3* 2 

A* A' A' + sht)+A> cos*. 

By inspection of Fig. 2 • 66 it is evident that the components of A m ' of 
the vector A in terms of the components A m are given by the last 
equations. 

If the new components of A 1 ’, A 2 ' can be computed, by means of 
Eqs. (15), from A \ A 2 , not merely for the particular transformation 

x v = x l cos 0 + x 2 sin 0, 

x 2f = —x 1 sin 0 + a 2 cos 0, 

but for all changes of coordinates x %t = (*\ * 2 , • • • , x n ) possible rela- 

tive to A then the vector A is a tensor of valence one. 

Example 2. The concept of covariant vector does not lend itself 
so easily to graphical illustration. Let Fix 1 , a 2 , • • •, x n ) be a scalar 
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function of position such that its value remains unchanged at a fixed 
point of space regardless of the coordinate system employed. Then 
the n quantities 

dF QF QF 

a* 1 ’ a* 2 ’ a*"’ 

under transformation (14), are transformed according to Eqs. (16) and 
constitute the n components of a covariant vector or tensor of valence 
one. (See example 2 §2 • 18 for an illustration possessing more obvious 
physical significance.) 

2 * 18 . Tensors of Valence Two. If under change of coordinates 
from x 1 , x 2 , • • •, x n to x 1 ', x 2 \ • • •, x n ' the components of a 2-matrix 
are changed from Y a ^ to according to the law 

Y a '< 3 ' = y mn ~ l ^r [17] 

a ** 1 dx n 1 


then the set Y 0 # is a contravariant tensor of valence two. The varia- 
bles in on the right side of Eqs. (17) are changed from x l , x 2 , • • • , x n 
to x l \ X 2 ', • • *, x n ' by means of Eqs. (14). 

If under change of coordinates from x 1 , x 2 , ■ • • , x n to x v , x 2 ’ , • • • , x n ' 
the components of a 2-matrix are changed from Z a p to Z a ^> according 
to the law 



r dx m dx n 

,mn d**' a # 


[18] 


then the set Z a p is a covariant tensor of valence two. 

Example 1. Covariant tensor , valence 2 . A rereading of the par- 
agraph on stationary networks in §2-3 will be of aid in the following 
example. 

Consider the circuit of Fig. 2*7. If i 1 and i 2 are the mesh currents 
of the network shown in Fig. 2 • 7a, then by KirchhofTs second law the 
differential equations of performance are 


Z\\i 1 + Z\tf? = eu 

Or Zmnin “* Or Z* 1 = 0, 

Zsii 1 + Z22 i^ = 62 » 

where 

Z\\ = (£n + L\z)p + 2 ?n, Z12 = —Li2p t 

Z21 = — L21pt Z22 = (L22 + Ll 2)p + R22 + 


[19] 


1 

C 22 P 



118 PRELIMINARY CONCEPTS OF TENSOR ANALYSIS 

Let us again write the differential equations of performance by using 
branch currents i 1 ', i 2 ' where, from Fig. 2-76 

/ ji = ji' ( 

v ’ or i = Ci\ [20] 



(a) (b) 

Fig. 2 -7. Two Reference Frames. 


The differential equations, by Kirchhoffs second law are 

Zyyi 1 + Zi'2'i 2 = 6y f 
Z 2 'l'i 1 Z 2 ' 2 ri 2 = ^ 2 ' 

where 

Zw — (^n + ^22)P + CR11 + R22) + 7 7“7 » Z\' 2 * = 

C22P 

~(l 22 p + r 22 + ^;). 

Z 2 'V = — (l*22p + R22 + l Z 2' 2 ' = ^ 


(L 22 + L 12 )p + R22 + 7 7“7 » 
c 22 p 


; , 9 

Ci = e\ e 2t &2 = — ^2* 


Consider the matrices 


~Z n i l Z 12 i 2 l I" Z vv i v Z vr i 2 '' 

and 

Z 2 \i^ Z 22 i 2 _Z 2 t\ri^ ^2'2 '^ 2 


Equations ( 20 ) are a special case of Eqs. ( 14 ). The quantities Zu 
and Zin f , for example, correspond to Z\ \ and Z vv of Eqs. ( 18 ). We 
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shall compute Z vv by means of Eqs. (18) and compare the values 
obtained with those of Eqs. (21-22). We have 


Zv 


~ di 1 d#_.„ 9 i 1 di 2 
11 3 i l 'di v+Zl2 di 1 ' 3i v 

, „ 3 i 2 di 1 . „ di 2 di 2 
+ Z21 di 1 ' di 1 ' + 22 di 1 ' di 1 ' 

Z n + Z \2 + Z21 + Z22 

(L n + L\2)p + 2?n — Lnp — L 2 ip 

1 


+ (L 22 + £12 )P + R 22 + 


= (£11 + ^22)^ + -R11 + -R22 + 


C 22 P 

1 


C 22 P 


This is the same value for Zyy as that obtained from Eqs. (21-22). 

By the same procedure it is easily shown that Z^i, Zi 2 , and Z^ 2 , 
for the particular equations of transformation given by Eqs. (20), are 
computed by Eqs. (18). 

It must be pointed out that Eqs. (20) are only one special case of 
Eqs. (14) relative to Figs. 2-7. In Figs. 2 • 7 only two reference frames 
are shown. Many others exist. Twelve of these are shown in Fig. 2*8. 


t‘‘ 

<J t 


1“ 

1 



1 


t*‘ 

n 


1“ 

n 


*1 

1 


f ‘i 

■ 



■ 


1 

1 


f 1 

■ 


I" -1 

■ 


1 

1 


Fig. 2-8. Additional Reference Frames. 


The remaining twelve are obtained by interchanging i l and i 2 on the 
diagrams of Fig. 2-8. 

Example 2. Covariant tensor , valence one. It is evident from 
Eqs. (21-22) that the 1-matrices [e\ f e 2 ] and [ey f e 2 >] can be viewed as 
functions of i 1 , i 2 , i 1 ', and i 2 '. Let the components of ey and ey be 
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computed by Eqs. (16) where the equations of transformation ol 
coordinates are Eqs. (20). We have 

3* 1 , 3 it 8 , 

e v = ^17 e 2 = ei + e 2 , 

3 i 1 , 3 i 2 

e 2 > = ^ 2 '- + ^27 «2 « 2 . 

These values agree precisely with the values of e v and e 2 t given by the 
last of Eqs. (22). 

2 * 19. Mixed Tensors and Tensors of Higher Valence. If under 
change of coordinates from x l , x 2 , • • •, x n to x 1 ', x 2 ', • • •, x n ' the com- 
ponents A ^ of A are changed to A%, by the law 


A& _ 3°^ d*™ An 

A a* ~ n ^ .a* "»i 


[23] 


dx n dx 

then A% is a mixed tensor of valence two. 

The concept of tensor is generalized to those of higher valence. For 
example, 

SW7 SW T ' 

[24] 


— i? I ? — „/ « X “ad 


a** a? a^' a* 3 

is the law of transformation for a tensor, contravariant of valence one 
and covariant of valence three. 

2-20. Collection of Laws of Transformation. The classification of 
the formulas of §§ 2 -17-2 • 19 are as follows : 

Contravariant tensor, valence one^4 m# 

Covariant tensor, valence one 
Contravariant tensor, valence 
Covariant tensor, valence two 
Mixed tensor, valence two 
Mixed tensor, valence four 

OX OX ox ( 

[ 30 ] 


: A m> 

dx Jm 
= A 

dx 

[25] 

A m > 

dxT 

dx n ' Am 

[26] 

, ya'(3' 

a^a*" 

[27] 

Z a >y 

„ 3* m ax" 

~ Amn d*?'d*? 

[28] 


_ 

m a*" a*“' 

[29] 

At' 

4 a*“ a^a^ a* r ' 


dx? dx? dx"' dx* ‘ 
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In formulas (25-30) x x f x 2 f •••, x n are old coordinates, whereas 
x x \ x 2 \ • • • , x n ' always denote new coordinates. By inspection of the 
above formulas we have 

. J below 

When the indices are j on the left side of the equation of trans - 
l above 


formation of components the new coordinates 



below 

above 


on the right 


side of the equation . 


EXERCISES VI 


1. Write down the 24 matrices referred to in example 1, §2-18. Show that: 

(a) If A and B are any two of the 24 matrices then A-B always yields a third 
matrix of the set. 

(b) If A, B, and D are any three of the 24 matrices then (A-B) -D * A-(B-D). 

(c) One C matrix is unit matrix, which belongs to the set. 

( d ) Each matrix of the set has an inverse which belongs to the set. 

2. The components of the matrix A form a mixed tensor contravariant of 
valence 2 and covariant of valence 3. By analogy with the law of transformation of 
Eq. (30) write the law of transformation for the above tensor. If m, n , r, j, / each 
range over the integers 1, 2, 3, 4, how many components has the above tensor? 

3. Express the rule for the multiplication of two 2-matrices in index notation. 

4. A 3-matrix A a py can be split up into 2-matrices A a / 3 1 , A a p 2 , • • •, one for each 
fixed value of y. The product of A a p y times A s t is a 3 -matrix. This product can be 
formed by multiplying A a pi, A a p 2 , • • • sequentially by At t and arranging the result- 
ing product in a cube. Indicate these operations in index notation. 

5. In example 1 of § 2 • 17 let A be a vector (sense of conventional vector analysis) 
in 3-dimensional space. Let the transformation be from rectangular coordinates 
x , y, z to polar coordinates r, 0 , <p , where the equations of transformation of coordi- 
nates are 

x 1 - x 1 ' sin x* cos x*, x v - [(.ic 1 ) 2 + (x 2 ) 2 + (x 8 ) 2 ]*, 

* 2 = x 1 ’ sin x 2 " sin x 8 *, * 2 ' = tan’* 

x 3 = x 1 ' cos x 2 ', x 8 ' = tan"" 1 \ , 

x 1 

where x 1 = x, x 2 = y, x 3 = s, x r = r, x 2 ' = 0, x 3 ' = <p. Obtain the components A*' 
of A in the new system geometrically and by means of Eqs. (25) and establish their 
identity. 

6. Compute, by means of transformation formula (28) the components Zw, Zyy, 
£ 2 ' 2 '» (Zvv was computed in §2-18) for the circuit shown in Fig. 2*7. 

7. Matrix Y is the inverse of matrix Z. Solve Eqs. (19) and (21) for i and •' 
obtaining i = Y*e and i' = Y'*e\ Compute Y vv by means of the value Y n , 
formula (27), and the equations of transformation e[ = e\ + e 2 , ej = “ *2* Show 
that this value of Y vv is identical to that obtained in the equations i'= Y'-e'. 

8. Compute, as in Ex. 7, F 1 ' 2 ', Y 2 ' 1 ', and Y 2 ' 2 '. 

2*21. Addition and Subtraction of Tensors. Two tensors are of 
the same valence if they possess the same number of indices. They are 
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of the same kind if they possess the same covariant and contravariant 
character. 

The sum or difference of two tensors of the same kind is a tensor 
of the same kind. It will suffice to display the proof for two tensors 
each of valence four. Let the two tensors be 


A% - A™ 


dx*' dx Y dx mi dx”* 


and 




Mlm, dx ni dx nt a*“' dx? ' 

n « m 3 **' dx y ' dx m ‘ dx"* 
mi ''*3*" 1 dx»d**' dx? r 


Adding and subtracting these equations we have 

A*\y' + B S X = (A nint 4- B ni " 2 ) — d? 7 P? . 

Aat, + Bat, (A mim 4- JS mm ) dx „ t dxnt dx „, dxpt 


[31] 


Since this equation is identical in form to the equation of transforma- 
tion of each member of the sum, the sum itself is a tensor of valence 
four, covariant of valence two and contravariant of valence two. 

2*22. Inner Product and Contraction. It is recalled from §1*16 
that the scalar product 

A B = A X B X 4- AyB y 4- A z B g9 


where A = i A x 4- j A v + k A z and B = i B x + j B y + k B g . It is 
pointed out that here the product of two vectors turns out to be a 
function of lower valence than either of the multipliers, i.e., turns out 
to be a scalar. 

An analogous product exists in tensor analysis. In the last of Eqs 
(29) if 0' = a' or f = V then 


A 


if 

/ 


Ak dx* dx 1 


= Ai 


k > 


[32] 


where k is a dummy index. This simplification is due to the relation 


dx* dx 1 = dx^ dx*_ , d*? dx[ , dx dx 1 

dx* dx* ~ dx* dx 1 ' + 3** a* 2 ' + ’ " + dx * dx n> 

3a: 1 _ ( 0 if / ^ fe 
dx* 1 1 if / = ife 


[33] 


since x l and oc* are independent coordinates. If a function A (x v , X 2 ' , 
• ••,*“') is obtainable from a function A (x 1 , x 2 , • • •, x n ) by means of 
the equations of transformation Eqs. (14) without employment of par- 
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tial derivatives, the A is a scalar. Evidently, in Eq. (32) A k is a 
scalar. Since no derivatives appear in the transformation formula of 
a scalar, a scalar is also called a tensor of valence zero. 

The product of two vectors represented in Eq. (32) is called the 
inner product. This product is called also contraction because a tensor 
of valence zero is obtained from a tensor A) of valence two. The 
process of contraction is applicable not only to tensors of valence two, 
which are built as the product of two tensors of valence one, but to all 
mixed tensors of valence two. Moreover, it is applicable to all mixed 
tensors. Before establishing this fact it is convenient to introduce 
the concept of Kronecker deltas. 

From Eqs. (13) the x l ’’s are functions of the x l 's and from Eqs. (14) 
the x v s are functions of the x l,, s. It is recalled that the x % '*s and jc 1, s 
each form a set of n independent coordinates. Thus 

dx k _ dx k dx 1 ' _ g _ f 1 if k = j 

9 ? ~~ d^'d^ ~ 1 ” lo if k J±j 

and [34] 

9^ 9#*' dx 1 ^ y = 1 if = f 

dx*' ” dx 1 dx*' “ 8j ‘ ~ Id if k r j*j'. 


The deltas defined above are called Kronecker deltas. 

In the mixed tensor A k m the expression A k k is the sum of n compo- 
nents of A k m . That this sum is a tensor of valence one is shown as 
follows. From Eqs. (18) 


A*'# = Au 


k g g! dx m dx if 
lm dx*' dx?' dx k 


Ah dx 1 dx m dx if , c 


a k 0 ^ a k 0 ^^ 

= A im TTTTf h = A ik 


for m = k. 


In the two examples above it is evident that contraction has pro- 
duced in each a tensor which is two valences lower than the original 
tensor. This result is true regardless of the valence of the original 
mixed tensor. 

2*23. Quotient Rule. The physical dimensions of an unknown 
quantity occurring in a physical equation can be determined by the 
conditions that each term of the equation possess the same dimensions. 
In like manner the contravariant and covariant valence of an unknown 
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quantity entering a tensor equation can be inferred. For example, if 

(A)B a f} == C7/S 

then (A) must be a tensor of the form A*. 

In fact there exists the theorem : A quantity which, when subjected 
to inner multiplication by an arbitrary covariant (or any arbitrary 
contravariant) vector, always yields a tensor is itself a tensor. 

2 ■ 24. Summary. The results of §§ 2 • 15-2 • 23 are sufficient formal 
theory for the study of stationary networks. Additional formal parts of 
tensor analysis are developed as required in later sections. 

An important aspect of tensor analysis is the fact that if a tensor 
equation holds in one system of coordinates, it continues to hold under 
any possible change of coordinate system. Example 1, §2*18 illus- 
trates this important fact and anticipates, with a very simple and 
special example, the more general results of §2-40, Sec. 4. 

New tensors are recognized by investigating directly their trans- 
formation laws, by the fact that the sum, difference, and product of two 
tensors is a tensor and by applications of the quotient law. Use is made 
of the second generalization postulate (§2-28) in establishing the 
tensor character of a mathematical entity. 

EXERCISES VII 

1. Show that if the Kronecker deltas are taken as the components of a mixed 
tensor of valence two in one set of coordinates then they are the components of a 
tensor in any set of coordinates. 

2. Show that, by multiplication and contraction, the tensor Ai, B Jst of valence 
three can be obtained from A tJ - and B rst , 

3. Note that it is possible to have an inner product of two non-zero tensors equal 
to zero. 

4. Represent on paper, by means of cube and rectangle, the processes carried out 
in example 2. 

5. Show that, by multiplication and contraction, the scalar A%$ can be obtained 
from the tensors A a * and A y t. 

6. Show that the order of the factors in Exs. 2 and 5 is immaterial. 

(4) 

Stationary Networks 

Sections 2 and 3 contain those elements of the classical theory of 
matrices and tensors prerequisite for the study of stationary networks. 

Section 4 is an introduction to the study, by means of tensor analy- 
sis, of stationary networks. 
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(a) 

GENERAL THEORY 

2-25. Kron’s Form of the Transformation Formulas. Kron ex- 
presses the transformation formulas (Eqs. 25-30) in a very convenient 
form. Let us re-examine formulas (25-30). Equations (13) and (14), 
namely, 

x % ' = a 2 , • • •, x n ) (New in terms of old variables) [35] 

x 1 = f'ix 1 ' • • •, x 71 ') (Old in terms of new variables) [36] 


with the conditions imposed in §2-16, remain the equations of trans- 
formation of variables. In Eqs. (25) and (26), if the indices m and a 


both range from 1 to n then both sets of quantities 


dx^ 

dx a 


-] “ d [§£] 


may be defined in matrix form. The defining matrices are 


and 



~dx v dx v 

dx v ~\ 


dx 1 dx 2 

dx n 

\dx m l 

dx?' dx 2 ' 

dx?' 

La*“J 

dx 1 a * 2 

' dx n 


a* B ' a* n ' 

dx n ' 


Jdx 1 dx? 

" dx n _ 


fa * 1 dx 1 

dx 1 ' 


% 

CO 

K 

CO 

• • • ; 

dx n 

r - 

a * 2 dx? 

dx 2 

La*"'] 

dx v dx?' 

* * * dx n ' 

; 

dx n dx n 

dx n 


ldx v dx?' 

... 

dx n _ 


Cf = (T 1 


Cl 


m* 


[37] 


[38] 


The matrix of Eq. (37) is denoted by C™' (or C" 1 ) and that of Eq. (38) 
by Cl* (or C). The inverse of C is not, in general, calculated as the 
inverse of other matrices. (See Ex. 2.) 

In view of the notations above, transformation formulas (15-16) 
become respectively 
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A”* = A a Ca \ or A' = C 1 • A (Components of A being con- [39] 

travariant), 

A m ’ = A a Cm', or A' = A*C (Components of A being co- [40] 

variant), 

where the matrices [ A a ] and [ A a ] are components of contravariant and 
covariant vectors. 

In the classical theory the attention is focused on Eq. (13). In this 
theory formulas (39-40) are the formulas for transformation of vector 
components. In Kron’s work the attention is directed on Rqs . (14) and 
the equivalent 10 of (39-40) which are 

A * = Cl’A" 1 ' or i a = C a m > i m ' or i = C i' f [39a] 

Aa = Ca' Am' Or e a = e m ' or e = e'C~\ [40a] 


where A a = i a and A a = e a and i a and e a are usually components of cur- 
rent and voltage respectively . If there is a most fundamental equation , it 
is Eq. (39 a). 

In the defining of Eqs. (37-38) for C"" 1 and C the arrangement of 
old and new variables is displayed in the partial derivatives them- 
selves. It is much more convenient to display the reference frames 
or old and new variables by labeling the rows and columns of the 
tensors, i.e., 


a' b'. 


C - d - 


Cl- 

Cl 

Ci’ 

C\' 

Cl 

r b , 




ci 

Cl 

c n > 


[41] 


a b • • • n 


1 A a 

A» 

... 

A n | 



10 Attention must be given Eqs. (37, 38, 39, 40). The symbol CJ< is a more gen- 
cral symbol than • The variables in Eqs. (35, 36) denote holonomic coordinates. 


The corresponding electrical variables are charges. Since many electrical net- 
works and machines are non-holonomic dynamical systems (See Sec. 6, Chap. I and 
§2*47.), in the general case no such relations can be established between the charges. 

However, in linear stationary networks, the C tensor can be found formally by , 

where the i and «' are currents (velocities). (For quasi-coordinates see Ref. 10 at 
end of Chap. I.) 
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The n Eqs. (39a) are now written as the single equation 



[43] 


The computation of the entire set of new components (new vector) is 
accomplished by the formal process of mere matrix multiplication. 
It is emphasized that the formal manipulation is matrix multiplication, 
but the analysis is not matrix analysis. The analysis is tensor analysis. 
In the same manner formulas (27-30) are expressed 

= y»» C“' C%, Y' = (QT 1 - Y*(C(T* [44] 


= Z c c;„ Z' = CrZ C [45] 


a% = a: 


C at* /i« 

m ft' 


[46] 


at* _ At r*m 

mns v * 


Cl, 


[47] 


{ below 
above 

on the left side of the equation of transformation of components , the same 


indices are 


below 

above 


on the C’s. Whenever a dummy index appears 

f above 


below 

above 


on the components of the old tensor it appears on ^ e C’s. 

r 9 *° ,d l 

The fundamental C to keep in mind is C = C£ = [^newj » which 


is given by Eq. (37). The fundamental equation of transformation 
to keep in mind is (39a) which corresponds to Eqs. (14) of §2*16. 
Equations (13) and (14) are the equations of transformation of the 
.classical theory. The advantages of (39a) will appear in the applica- 
tions which follow. 
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Equations (45) written explicitly are 



[48] 


EXERCISES VIII 

1. Write one C for each of the illustrative examples of §§2-17-2*18, Sec. 3. 
Compute the corresponding Cj* . 

2. If the equations of transformation are linear, x 1 = a,-,'* 7 ' (*', /' = 1,2, • • - , n) 
show that C' the inverse of Cm' tan be computed by the rule for computing the 
inverse of a matrix given in §2 -6, Sec. 2. 

2-26. Geometric Objects. A mathematical concept called a geo- 
metric object is now introduced which is more general than the con- 
cepts of matrix or tensor. Following Eqs. (22) appear the two matrices 



The first results from a choice of Maxwell currents, while the second 
obtains from a choice of branch currents. 
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If reference frames different from the two introduced in Figs. 2*7 are 
chosen, additional matrices appear such as 


i 1 " 


Each of these matrices is a different representation of a single under- 
lying entity. 

Analogous matrices exist for a general linear network. The totality 
of all possible matrices (one for each possible reference frame) indicate 
the existence of a quantity called a geometric object. 

A geometric object is defined if : 

(a) A particular w-matrix is given along one reference frame. 

( b ) All axes of this particular reference frame are specified. 

( c ) All possible reference frames are defined. 

(< d ) The formula, that is, the “law of transformation” for finding the 
^-matrices along any possible reference frame is given. 

Henceforth Z M ( fi) (or any other letter, say A {a) ^)) will denote a 
2-matrix. The symbol Z a0 will stand for a geometric object having 
components in a large or possibly infinite number of reference frames. 
For example, with reference to §2-18, example, Z a0 denotes the geo- 
metric object whose representations are 24 matrices. 

In contrast then: (a) A matrix is an array of ordered components. 
(b) A tensor is a geometric object whose transformation formula, re- 
ferred to in (d) above, is one of Eqs. (25-30). (c) A geometric object is 
characterized by the four defining specifications above and its transfor- 
mation formula may be more general than those given in §2-25. The 
formula of transformation of a geometric object may be, but is not 
restricted to one of Eqs. (39, 40, 44-47). Thus a tensor is always a 
geometric object; a geometric object may, as a special case, be a tensor. 
In the study of stationary networks all geometric objects are tensors, 
but such is not true in the study of rotating machines. 

Obviously, in the mathematical representation of a geometric 
object it is usually not possible to display all the matrix representations 
of the object. Instead there is given: 

(а) An w-matrix showing the components of the geometric object in 
one specific reference frame. 

(б) The specific reference frame is given. 

(c) All possible reference frames are defined. 


Zl»tyf 

Z X »2» 

Zy’V 

£ 2 "2" 
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(d) The formula of transformation is expressed. 

The number of dimensions of the w-matrix is the same as the valence of 
the geometric object. 

In the example above Z mn is a matrix showing the components of 
Zap in one specific reference frame such as 



a b 


Z a a 

Z a b 

Zba 

Zbb 


A symbol Z aa , say, represents one component of Z mn . 

2-27. First Generalization Postulate. In Sec. 2, Chap. I, Hamil- 
ton's principle was proved for dynamical systems. It can be estab- 
lished by separate individual proofs for certain other systems. There 
exists no single general proof establishing simultaneously its validity for 
all physical systems. In new situations it is assumed to hold and its 
validity checked by experiment. When used in this manner, Hamil- 
ton’s principle is employed as a postulate. 

In the remainder of this chapter two 11 important postulates are 
employed, which are called generalization postulates. The first gen- 
eralization postulate as stated by Kron is: “ The method of analysis and 

the final equations describing the performance 
of a complex physical system {with n degrees 
of freedom) may be obtained by following step 
by step those of the simplest but most general 
unit of the system , provided each quantity is 
replaced by an appropriate n-dimensional 
matrix. The simplest unit of the system may 
have one or more degrees of freedom .” 

Example 1 . Vibrating mechanical sys- 
F IG . 2*9. One Degree of Free- tem - As an illustration of the first pos- 
dom. tulate consider vibrating mechanical dis- 

crete systems. By inspection of Fig. 2-9 
the differential equation of the motion of mass M is seen to be 

aq + c$ + b q = 0, [49] 

where a, 6, and c are respectively the mass, spring, and damping con- 
stants and q is the displacement, at time /, of M from equilibrium posi- 
tion. 



11 In all, four exist. 
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Lagrange’s equations of motion (§§1-12, 1*14, 1*25, Chap. I) of a 
vibrating dynamical system are 


d_(dT) _ZT + ‘dF 

dt dir 3 2r dir 


3V 

dqr’ 


(r = 1,2, •••,«) 


[50] 


where T and V are resiiectively the kinetic and potential energies and 
F is the Rayleigh dissipation function. The expressions for 7', V, and 
Fare 

T = £(«n 4- 2 a 12 i\i% + • • • + a nn (fa), 

V = $(6n <fl + 2^12 (Jl(j2 + • • • + b nn ql), [51] 

F = \(c\\ + 2ci2 qifa + • • • + c nn </*). 

On substituting Eqs. (51) in Eqs. (50) Lagrange’s equations can be 

written 


a-0 + C-q + b-q — 0 or d mn q-n "f" Crnn fyn ~f" b mn q n — 0, 

(tn = 1,2, • • • , n) [52] 

where 



011012 * 

* 01 * 


^ 11^12 * 

* b\ n 


C 1 l c \2 • 

* c ln 

a = 

021022 * 

’ 02 * 

, b = 

b‘2 1 ^22 ' 

■ l>2 n. 

» c — 

^ 21^22 * 

* c 2?i 


_ 0 nl 0 n 2 * 

0 * n _ 


J ) n\b, l 2 ’ 

bnn_ 


_^* 1^*2 * ' 

■ £*n _ 


The system of Fig. 2 - 9 is characterized by the constants a, b , and c 
whereas the system of Eqs. (52) is characterized by the matrices a, b, 
and c. Equation (52) is obtained from Eq. (49) by replacing a, b, c, 
and q by a, b, c, and q. 

EXERCISES IX 


1 . Reduce the differential equations of problems 5 and 7, problem set IX, Chap. I, 
to the form of Eqs. (52) of this chapter. 

2. The partial differential equations for a single-wire (ground return) transmis 
sion line are 


and 


where 


^ = -Zi, 
dx dx 


d 2 e 


9 ^ 2 • f\ — Z. 2 a 

— - m 2 1 = 0, — - m £ e = 0, 
0x 2 dx 2 


m 2 i = 0, 

Z « R + Lp, Y = G + Cp, m 2 - ZY. 


Consider a transmission system with n parallel conductors, electrostatic and elec- 
tromagnetic coupling existing between the conductors. Arrange the resistances and 
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self- and mutual inductances in the matrix Z shown below. Likewise arrange the 
leakage conductances and self- and mutual capacitances in the matrix Y. 

a b • • • n 


a 


b 

Y = 


n 


The i and e matrices are 


Zaa 

%ab 

... 

4,* 

Q 

7<bb 

... 

7bn 

H 

... 

... 

m 

B 

Znb 

... 

7.nn 


a b ••• n 


Y„a 

Y',h 

... 

Van 

Y„a 

Km, 

1 

Ybn 

... 

■ 

I 

B 

H 

K nb 

■ 




(a) Show that the partial differential equations for the current and voltage on the 
n wire system are 


— = —Z-i and 5L=-Y.e. 
dx dx 


a 2 e 


( b ) By differentiation and substitution obtain the equations — m?e = Oand 

• dx 

d 2 i 2. t .90 _ . . 9i v 

— r — mil = 0 from the equations — — — Z-i and — = — Y-e. 
dx 2 dx dx 

3 2 © 

(c) In a manner identical to that in (&) obtain the equations — 5 — Z-Y-e = 0 

dx 


0 V 

dx 2 


and g — Y-Z*i = 0 from the equations 


9e - . . 9i v 

— = — Z-i and — = — Y-e. 

dx dx 


(The results in this problem are given by G. Kron in “The Application of Tensors 
to the Analysis of Rotating Electrical Machinery,” General Electric Review , April, 
1935.) 

2 ■ 28. Second Generalization Postulate. The second postulate is a 
statement regarding the permanence of form of the tensor equations of 
physical systems. Its statement, as formulated by Kron, is: (a) 11 The 
new system {under change of coordinates or reference frame) has the same 
number and types of n-matrices as the old system ( namely f e, z, and i) 
but they now have different components . {b) The equation of the new sys- 
tem in terms of n-matrices is exactly the same as the equation of the old 
system , e.g., e = z i. (c) The n-matrices of the new system may be estab- 
lished from those of the old system by a routine transformation” That 
is, the matrix equation of a physical system is valid for an infinite 
number of analogous systems of the same type if each n-matrix is 
replaced by an appropriate geometric object having a permanent law 
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of transformation. The C's, transforming the various systems into 
each other, must be known. 

Example 1. Network . The differential equations of the two- 
mesh network of Fig. 2*7 is a very simple illustration of the second 
postulate. The equations, for two reference frames, are 

Z-i = e and Z'i' = e'. 

The equations are identical in form. The matrices Z', i', and e' are 
established from Z, i, and e respectively by the routine transformation 
formulas of Eqs. (39, 40, 45). 

Example 2. Dynamical system . In example 1, §2*27, let Eqs. (51) 
be subject to a change of variable from q lf <y 2 , • • •, q n to q\, * * * » 

q n by means of the equations of transformation 

<7i = dnq'i + d\ 2 (l 2 + ‘ ‘ + d\ n q n , 

<72 = d2\q\ + d 2 2q2 + • • • + d2nq'nt [S3] 

<Zn = dniq'i + d n 2 q2 + • • • + d nn q n , 

whose matrix is d. 

Evidently, V = \(b u q{ + 2b V2 qiq 2 + ••• + b nn ql), although a 
quadratic form, can be viewed as a special case of a bilinear form. 
Accordingly, the bilinear form V with matrix b is replaced by a bilinear 
(quadratic) form V with matrix drb-d when the q’s are subject to the 
linear transformation (53). 

The forms T and F can be transformed in a similar manner. Thus 
Eq. (52) becomes 

a', q' + c'-q' + b'-q' = 0, [54] 

where 

a' = d ( a d, c' = d,*c d, b' = drb-d [55] 

and q is the column matrix (g lf q 2 , • • •, q n ). Equations (52) and (54) 
are identical in form and Eqs. (55) furnish the routine formulas of 
transformation. 

2*29. Stationary Network. The equation of performance of the 
network of Fig. 2 * 10 is 

Z mn (,p)i n = e m (m = 1,2, — , *), [56] 

where Z mn (p)i" = L mn (p)i" + R mn i n + ~~ f i n dt, 

i 1 , f 2 , • • • , i k are k properly chosen mesh currents and e\, • • * , ej, 

are mesh voltages. 
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If the network is extremely simple and k very small and the ele- 
ments of the network merely wound coils, resistances, and capacitances 
the equation of performance can he easily written down by the direct 
application of Kirchhoff s laws. On the other hand if k is large, the 
network complex, and the elements are, in addition to the above ele- 
ments, vacuum tubes, rotating machines, or if hypothetical currents 



Fig. 2*10. Network, Sub-network, Junction-pair, Mesh. 


(symmetrical components, magnetizing and load currents, etc.) are in- 
troduced, no such simple procedure will suffice. In such a simple net- 
work as that shown in Fig. 2 • 10 it may be difficult to determine even 
the minimum number of meshes or variables to be used. 

2 • 30. Component Parts of Networks. In the networks considered 
the parameters are lumped. A network consists of two kinds of compo- 
nent parts: coils and junctions. No limitation is imposed on the 
physical nature of a coil. A coil may be a wound coil, a capacitance, 
vacuum tube, rotating machine winding, saturated reactor, etc. Elec- 
tromagnetic and electrostatic couplings may exist between some or all 
the coils of the network. With each coil is associated certain numbers 
Z aa9 Y ah % etc. No limitation is imposed upon the nature of the numbers 
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Zaat Y ab f etc. These numbers associated with the coils (most fre- 
quently an impedance or admittance) may be real or complex numbers, 
functions of the time, or operators. 

The two ends of a coil where it is joined to other coils are called 
junctions. When two or more junctions are joined with an impedance- 
less wire they are considered to be one junction. In Fig. 2*10, and 
an are one junction. The number of coils in the network of Fig. 2*10 
is 31. There are 14 junctions. 

A complete network may consist of a number of sub-networks. If 
between the pieces of a network there exist no physical connection 1 
(electrical connection) then each such piece is called a sub-network. 
However, magnetic or dielectric couplings may exist between the sub- 
networks. The network of Fig. 2-10 consists of 3 sub-networks. 

2*31. Analytical Units of Network. Any closed circuit in a network 
is called a mesh. The path a 3 a 6 a 7 is a mesh. The path a 7 a 0 a 3 is a 
mesh and it is the negative of the mesh a 3 a tt a 7 . 

Any two junctions located on the same sub-network are called a 
junction-pair. In Fig. 2 10 the junctions a 3 , a 6 or «a» constitute a 
junction-pair. The junction-pair aga 3 is the negative of the junction- 
pair a 3 ag. 

Meshes and junction-pairs constitute the analytic units of a net- 
work. There exists an important theorem by which the least number 
of meshes, and the least number of junction-pairs required in the 
analysis of a network, are obtained by the mere process of counting. 

2-32. Mesh, Junction-pair Theorem. From §§2*30-2*31 we 
have the concepts of coil, sub-network, junction; mesh and junction- 
pair. The number of each of these entities is not independent of the 
number of the others. Denote by 5, /, M, P, and N the number of 
sub-networks, junctions, meshes, junction-pairs, and coils respectively 
of a given network. There exist the following theorems. 12 

I. The least number of junction- pairs of a network is equal to the 
number of junctions minus the number of sub-networks. In symbols 

P = J - S. [57] 

II. The least number of meshes {required in the solution of a network) 
is equal to the number of coils minus the number of junction-pairs. In 
symbols 

M = N - P. [58] 

Thus 

M=N-(J-S) = N + S-J. [59] 


11 0. Veblen: “Analysis Situs,” American Mathematical Society , 1931, pp. 15-18. 
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The determination of the least number of meshes is reduced by Eq. 
(59) to the process of mere counting. 

Example. In the network of Fig. 2.10 

M = 31 + 3 — 14 = 20 meshes. 

2-33. Types of Stationary Networks; Variables in Networks. It 
has been pointed out in § 2 • 3 and also in Table I that the most general 
type of stationary networks, subject to the most general operating 
conditions, are orthogonal networks. However, a large class of elec- 
trical networks, subject to very general operating conditions, can be 
analyzed as mesh networks. The analyses of mesh, junction, 13 and 
orthogonal 14 networks are not unrelated. If the analysis of either of 
the first two is understood, a knowledge of the other is acquired without 
difficulty. 

In example 1, §2-18, the variables of the simple network were 
taken first as mesh currents. Next branch currents were taken as vari- 
ables. This is partially indicative of the choice of variables in complex 
networks. Either mesh currents, branch currents, or a combination of 
mesh and currents or hypothetical currents or differences of potential 
existing across coils of the network, or a combination of all of these 
quantities, may be taken as variables or coordinates in a network. 

A network may be viewed as a configuration or arrangement of 
meshes. A network may be viewed also as a collection of junction- 
pairs. In the last case the variables are the differences of potential 
existing between the two junctions of the junction-pair. 

In the most general network operating under the most general con- 
ditions a network must be viewed as both a collection of meshes and 
junction-pairs. The variables thence consist of the currents flowing in 
the meshes and the differences of potential existing across the junction- 
pairs. 

Simple passive networks, multi-winding transformers, transmission 
lines, and rotating machines are primarily mesh networks. Multi- 
electrode vacuum tubes 16 are primarily junction pair networks. A 
combination of vacuum-tube and transformer networks would produce 
a complete or orthogonal network. 

2*34. Sign Conventions for Mutual Inductance. Two coils, with 
mutual inductance between them, can be connected in series in two dif- 
ferent ways. If the connection is such that the flux coming from the 

18 Gabriel Kron, Tensor Analysis of Networks, Chap. XIV. 

18 Ibid., Chap. XVI. 

18 Gabriel Kron, “Tensor Analysis of Multielectrode-Tube Circuits,” Electrical 
Engineering, November, 1936. Also Tensor Analysis of Networks, Chap. XV. 
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first coil links the second in the same direction, then the connection is 
called series aiding. In going around a closed circuit in any direction 
the ends of the two coils are numbered 1-2 and 1-2 or 2-1 and 2-1 if 
the connection of the two coils is series aiding as shown in Fig. 2 • 1 la. 

If the connection is such that the flux coming from the first coil 
links the second in a direction opposite to the linkage in the first coil, 
then the connection is called series opposing. In going around a closed 
circuit in any direction the ends of the two coils are numbered 1-2 and 


1 2 1 2 1 2 2 1 

or 2 1 2 1 or 2 I 1 2 

(a) (b) 

Fig. 2-11. Series-aiding and Series-opposing Connections. 

2-1 or 2-1 and 1-2 if their connection is series opposing as shown in 
Fig. 2-116. (See §2-39.) 

(» 

ALL-MESH NETWORKS 

An all-mesh network is one having the same number of coils as 
meshes. 

2 *35. Interconnection of Coils in All-mesh Networks. The net- 
work of Fig. 2 • 13a, §2 -39, is an all-mesh network. Each coil of an all- 
mesh network is short-circuited upon itself, the ends of the coils being 
joined through a source of impressed voltage with the remainder of 
the network by means of impedanceless wires. With each coil is joined 
in series an impressed voltage. There are n coils, n impressed volt- 
ages, and n meshes. Some of the impressed voltages may be zero. 

Imagine the all-mesh network broken up into n individual circuits, 
there being no electrical connections between the n simple circuits. 
Each simple circuit consists of a coil and an impressed voltage. (See 
Fig. 2 • 136, § 2 • 39.) A fact of great importance in the theory following 
is: The same currents flow through each of the n coils whether existing 
as a set of n individual coils or whether connected into an all-mesh net- 
work. The reason for this is that in either case the same voltage is in 
series with the coil and the circuit is then short-circuited upon itself 
by means of an impedanceless conductor. For example, the current 
through the coil Z M (Fig. 2 • 13a) is identical to the current through 
the coil Z a a (Fig, 2*136). Moreover, since the same value of current 
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flows, since the same voltage is impressed, and since the same imped- 
ance exists in both, the total instantaneous power input is identical. 

All-mesh networks are not the practical networks of engineering. 
Practical networks, in general, contain more coils than meshes. Such 
networks are called mesh networks. However, the theory of the all- 
mesh network is first developed. This theory is then modified and ex- 
tended so as to be applicable to mesh networks. 

2*36. Primitive System of Mesh Networks. To establish the 
equation of performance of a given network the following procedure is 
used: 

(a) Establish first the equations of another network, whose analysis 
is simple. 

(b) Next change these equations into the equations of the given 
(hereafter called the derived) network by a routine transformation. 



The network, whose equations are the simplest to establish and 
which serves as a standard reference network, is called the p rimi tive 
network. A given network, whose equation of performance is required, 
will be called the derived network. The derived network will consist of 
n coils and k meshes where, in general, n 5* k. Figures 2 -13a and 
2 -14a represent derived networks. 

The primitive network consists of the following objects and rela- 
tions: (a) n physically separate coils, each short-circuited upon itself. 
Figures 2 • 136 and 2 • 14 b represent primitive networks, (b) In series 
with each coil is an applied voltage. Some of these voltages may be 
zero, (c) Each of the n coils is labeled (an ordered set) so that it may 
be identified in the new network. (< d ) The ends of each coil of the 
primitive network are numbered 1 or 2. The positive direction of cur- 
rent and the positive direction of voltage in the primitive network is 
taken to be from 1 to 2. (e) If mutual impedances exist between k^n 
of the n coils of the new network this fact is indicated by arrows on 
the diagram of the primitive network. In the general case Za Z 3i . 

By virtue of the first generalization postulate §2-27 the definition 
of the primitive network is a natural one. The simplest unit of a k mesh 
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network is one isolated mesh with impedance and impressed voltage. 
The equation of performance of this simplest unit is Z(p)i = e. In view 
of the first generalization postulate the equation of performance of the 
primitive network is Z«i = e or Z mn i n = e mt where i, e, and Z are 
properly chosen matrices. 

The properly chosen geometric objects of the primitive network are 
as follows. The n real currents i°, i b ) • • • , i n in the coils of the primi- 
tive network will be considered the real components of a fictitious 16 
current vector i. Its mathematical expression is 



a 

b 

... 

n 

i = 

7 ° 

i b 


i n 


The n impressed voltages e a , • • • , e n in series with the coils repre- 
sented in Fig. 2-12 will be considered the real components of the 
fictitious vector e. Its mathematical expression is 



a 

b 


n 

e = j 


eb 


e n 

The geometric object 

a 

b 

. • • 

n 

a 

%aa 

%ab 


Z a n 

b 

7 _ 

%ba 

Zbb 


Zbn 

id — 



... 


n 

Z na 

Z n b 


Z n n 


[61] 


[62] 


The equation of performance is 

Z • l = e or Z mn i n — c m . [63] 

2*37. Derivation of the Differential Equations of All-mesh and 
Mesh Networks. In §2-41 it will be shown that e, i, Z; e', i', Z', the 
geometric objects of the primitive and new networks respectively, are 
tensors. However, in this section we shall assume the tensor character 

u More advanced concepts of tensor analysis show that the vector i is not fictitious 
but it represents the instantaneous stored magnetic energy in the whole system. 
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of the above objects and explain the procedure for the setup of the dif- 
ferential equations of performance of the systems. Moreover, since the 
mere rules for obtaining the equations of performance of all-mesh and 
mesh networks differ in only a few details we shall reduce the procedure 
to one set of rules applicable to both types of networks. 

The setting up of the differential equations of the derived network 
consists of three steps: (a) Establish correctly labeled diagrams of the 
derived network and its primitive. This is a purely descriptive step. 
{b) Obtain the transformation matrix C showing the difference between 
the two networks. This is the only analytical step involved. The step 
employs Kirchhoff s laws. ( c ) Establish the equations of the derived 
network from that of the primitive network with the aid of C. This 
step involves only routine calculations. 

Step (a). Before the analysis may begin it is necessary to draw a 
correctly labeled diagram of the given network. This step is necessary 
in any method of analysis. The rules for this step are as follows: 

(1) Draw a diagram of the derived network and label the separate 
coils Z 00 1 Z& 5 , ■ • • , Z nn - (See Figs. 2 ■ 13a-2 • 14a.) 

(2) Examine the derived network for mutual impedances. Number 
the ends of a coil, selected at random, in the derived network with the 
numerals 1-2. If the next coil, in tracing out a closed circuit in the 
derived network, is connected series aiding (see §2-34), number its 
ends 1-2. If it is connected series opposing, label it 2-1. If no mutual 
inductance exists between the two coils they may be labeled arbitrarily 
1-2 or 2-1. Label the ends of all coils. 

(3) Indicate one impressed voltage in series with each of the n coils. 
Some of these voltages e a , e*,, • • • , e n may be zero. Indicate by means 
of arrows the direction in which these impressed voltages (battery, gen- 
erator, etc.) act. If these arrows are from 1 to 2 of the respective coils, 
the numerical voltage is positive, otherwise negative. (See examples 
§2-39.) 

(4) Count the junctions, coils, and sub-networks and apply Eq. 
(59). By means of Eq. (59) the least number of meshes in the networks 
of Figs. 2* 13a-2- 14a are respectively 5 and 3. 

(5) New variables . Introduce as many new variables i a \ i b \ • • • , i n ' 
as there are least number of meshes by drawing as many arrows. These 
arrows may be drawn along a coil or along an impedanceless branch. 
The direction of each arrow is arbitrary. Label the arrows i a \ i b \ 
• • •, i n \ The only restriction on the assignment of i°\ i b \ • • •, i n ' is 
that they be independent, i.e., they must be sufficient to determine 
all the currents flowing in the remaining branches. In a mesh network 
»' - k ^ n. 



DERIVATION OF THE DIFFERENTIAL EQUATIONS 141 

(6) Old variables . It is helpful (though not necessary) to draw a 
diagram of the primitive mesh network having n coils Z 00 , Z&6, • • • , Z nn 
with mutual impedances between some of them, n currents i°, i b , • • • , i n 
and n impressed voltages e a , e bt • • e n . The positive direction of the 
voltages is always from 1 to 2. 

When in the derived network no impedance appears in series with 
an impressed voltage, the primitive network assumes an impedance Z 
with zero value in series with it. Similarly when in the derived net- 
work no voltage appears in scries with an impedance, the primitive 
network assumes a voltage e with zero value in series with it. 

Step ( b ). To establish the connection tensor C the steps are as 
follows : 

(1) On the diagram of the derived network write along each coil the 
new current that flows in it. To do this apply KirchhofTs first law, 
which states that the sum of all currents entering a junction is zero. 
(See Eqs. 64a, §2-39.) 

(2) Relations between the old and new variables. On the two dia- 
grams there now exist two expressions in terms of different variables 
for the current through each coil. Equate the two expressions (that is, 
the two currents flowing in each coil) giving n equations in k unknowns, 
i = f(i'). It must be remembered that the positive old currents 
i°, i b j • • • , i n flow from 1 to 2. For the all-mesh network of Fig. 2 • 13a 
examine Eqs. (64a-646), §2-39. For the mesh network of Fig. 2 -14a 
examine Eqs. (64 h), §2-40. 

(3) The C matrix. The matrix composed of the coefficients of the 
new variables is called the connection matrix or the C matrix or C- 
matrix. The C matrix for the networks of Figs. 2 • 13a-2 • 14a are given 
by Eqs. (64 c) and (64 i), §§2-39 and 2-40 respectively. 

With the establishment of the C matrix the set of equations f* = 
/(i" 1 ') may be written as 

i = C-i' or iT = C% ^ 

representing the relations between the old components i and the new 
components i' of the current vector. These relations for the networks 
of Figs. 2 • 13a-2 • 14a are given respectively by Eqs. (64 b) and (64 h). 

Step ( c ). To establish the equations of the given system the steps 
are as follows: 

(1) Geometric objects of the primitive network. The three geometric 
objects e, Z, and i of the general primitive mesh network are given in 
§2-36. For illustrative examples represented in Figs. 2-13a-2*14a 
the geometric objects of the primitive network are given by Eqs. (64 d) 
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and (64 j), §§2 -39 and 2-40 respectively. The equations of the primi- 
tive network are 

Z i = e or Z mn i n = 

(2) The impedance tensor Z' or Z m * n > of the derived network is 
found by the formula 

Z' - C r Z C or Z m t n > = Z^C^C*/. 

These relations for the networks of Figs. 2«13a-2*14a are given by 
Eqs. (64c) and (64&). 

(3) The impressed voltage vector e' or e m f of the derived network is 

e' = C t e or e m , = C%,e m . 

These relations for Figs. 2-13a-2*14a are Eqs. (64 /) and (64/). 

(4) The equation of voltage or equation of performance or differ- 
ential equations of the derived system are 

Z'i' = e' or Z m , n , i n ' = e m >. 

This set of differential equations may be subjected to various manipu- 
lations depending on the problem at hand. 

2 • 38. Solution of Equations of Performance. If the components of 
e' are known, the unknown currents are found by i' = (Z') _1 -e'. 
Once the components of i' have been found then : (a) The currents in 
each coil are found by i c = C-i'. ( [b ) The differences of potential 

appearing across each coil are e c = Z- C*i', where Z-C has already 
been calculated as a step in finding Z'. 

2 • 39. Illustrative Example : All-mesh Network. Obtain the equa- 
tion of performance of the network represented and described in Figs. 
2*13. The explanation of the solution is given in the rules of pro- 
cedure in §2*37. The mutual inductances are: Z aa and Z&& series 
aiding, Zbb and Z cc series opposing, Z aa and Zaa series aiding. The 
absolute values of the impressed voltages e a , eb , e e , ey are 3, 4, 7, 
sin /, cos /. Their directions are indicated on Fig. 2* 13a. e a = — 3, 
eb — — 4, e c = 7, ea = — sin /,£/=— cos /. 

In three of the coils of Fig. 2 • 13a new variables have been assumed. 
KirchhofTs first law applied to Fig. 2* 13a yields Fig. 2 -13c. From 
Fig. 2 • 13c the current in coil 

Zaa is i a ' — i h ' — i ff , 

Zss is S' - i‘ f - i*\ 

Z hh is i bf + i d ' + i e '. 


[64 a] 
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Remembering that i a , i b , i e , i d , and i f flow from 1 to 2 and equating 
the currents flowing in each coil (compare Figs. 2*136 and 2* 13c and 
use Eqs. 64a), we find that the current in coil 


Zaa is i a = »°' - i b ' + 0 +0 - i f ', 

Z bb is i b — 0 - i v - i°' - i d ' + 0, 

Z e e is i e — 0 +0 + i c + 0 — |— 0, [646] 

Z id is i d = 0 + 0 + 0 - i d ' + 0, 

Zff is i f = 0 4- 0 — i c> — i d ' + i f> . 





Fig. 2*13. All- mesh Network. 


The C-transformation tensor is found by taking the coefficients of the 
new currents. It is 



a' 

b' 

c' 

d' 

r 

a 

1 

-1 

0 

0 

-1 

b 

0 

-1 

-1 

-1 

0 

C = c 

0 

0 

1 

0 

0 

d 

0 

0 

0 

-1 

0 

f 

0 

0 

-1 

-1 

1 


[64c] 
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The current, voltage, and impedance tensors of the primitive net- 
work are 



a b c d f 



[64d] 


The impedance tensor Z' = Cr Z • C = Z mn of the new net 

work is 
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The voltage vector of the new network is 



The differential equations of performance are 

Z'-i' = e' or Z m . n ,i n ' = t*. [64 g] 

(c) 


MESH NETWORKS 

2 ■ 40. Constraints. In § 2 • 35 it was mentioned that most practical 
networks contain more coils than meshes. A network possessing more 
coils than meshes is called a mesh network. Mesh networks can be 
viewed as special cases of all-mesh networks. A mesh network can be 
considered as an all-mesh network with certain meshes open-circuited 
(frictionless constraints). The theory is introduced by means of an 
example. Obtain the equation of performance of the mesh network 
represented and described in Fig. 2-14. The explanation of the solu- 
tion is given in the rules of procedure in § 2-37. The coils Z mm and 
Z nn are wound such that and i n produce additive values of the 
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flux. The absolute values of the impressed voltages e m , e ni e p , e q are 
7, 1, 2, 4. Their directions are indicated on the figure. 

By KirchhofTs first law and Fig. 2 • 14a we have 


+ 0 + 0 , 

i n = 0 + i p ' + i 9 \ 

i p = 0 + i p ' + 0, 

i q = 0 +0 - * 9 ', 


[64 h] 


where it is remembered that i™, i n , i 9 flow from 1 to 2. 



Fig. 2*14. Mesh Network with Sub-network. 


The C tensor is 


m 

n 


C = = 


m' 

p' 

q' 

1 

0 

0 

0 

1 

1 

0 

1 

0 

0 

0 

-1 


[64*] 


The current, voltage, and impedance tensors of the primitive net- 
work are respectively 
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e m 
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m 

n 

p 

q 

Zmm 

Xmn 

0 

0 

X nm 

Znn 

0 

0 

0 

0 

Zpv 

0 

0 

0 

0 

Z qq 


[64 j] 


The impedance tensor Z' = CfZ-C or Z a 'p = Z! mn C™ Cp of the 
new network is 



m' 

p' 

q' 

m' 

Zmm 

X m n 

X mn 

'ca- 

ll 

5a. 

N* 

II 

N 

Xnm 

Znn “h Zp p 

Z n n 

q' 

X m n 

Znn 

Z nn + Z qq 


[64ft] 


The voltage vector e' = C*-e or e a > = C°^e a of the new network is 


[64/] 


The differential equation of performance or the equation of per- 
formance is 

Z'i' = e' or = e*. [64 m] 



e' = C t e = e a > = 
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EXERCISES X 

1. Obtain the differential equations of performance of the network shown in 
Fig. 2-15. 

The mutual inductances are: 

Z aa and Zbb series aiding, 

Zbb and Z ee series opposing, 

Zaa and Zdd series aiding. 

The absolute values of the impressed voltages are e a =* 1, «6= /(/), e c =* Esin/, 
ed *= 0, e/ = — 4. Their directions are indicated on the figure. 
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2. In the example of §2*40 let the values of the coil impedances be 

Zmn = LnmP = Pi Zpp ■* Rpp = 0.2, X mn = MmnP == 0.5p, 

2,«-W = 2/., ^ = 0^008^' 

Obtain the matrix solution for i' of 
Z'*i' = e # , i.e., Eqs. (64m). 

3. The voltages induced in the indi- 
vidual coils of the network are given 
by Z-i = Z*C*i'. This matrix giving 
these voltages is denoted by e. Com- 
pute e for the network of §2*40. 

4. In the illustrative example of 

Fig. 2-15. All-mesh Network. 52 39 ,et the values of the coil im P^- 

ances be 


© © © © © 


jZbb g^dd 


Zaa — Laa p — P, 
Zbb = LbbP = 2/), 
Z C c ~ Lee P ~ 3/), 

Zdd = idd /> = 0.4/>, 


z // = L // P = 0.5/), 
X ah = Mab P == 0.2/), 
Xbc = -Mbc p = 0.3/), 
Xorf = Mad P ~ 0.1 p. 


Obtain the values of the voltages induced in each coil of the network. 

5. Set up the differential equations of performance for the network of Fig. 2-16. 

6. Obtain the differential equations of performance of the network of Fig. 2*17. 



The mutual impedance relations are as follows: The pairs of coils Zaa — Zbb t 
Zee — Zdd i Zdd — Zkhi Zhh — Zu, Zkk — Z gg are connected series opposing. The 
coils Z/f — Zgg are connected series aiding. The absolute value of e a is unity. All 
other voltages are zero. 

7. If no mutual impedance exists between any of the coils of the network of Ex. 6, 
write the differential equations of performance. The direction of the impressed 
voltages are shown in the figure. The absolute values of the voltages are e a = 1. 
The remaining voltages are zero. 

2 • 41. Transformation Formulas for i, e, Z. The geometric objects 
i, e, Z are now shown to be tensors. In § 2 • 35 it has been pointed out 
that the instantaneous power input P of the primitive network has 
the same value as the instantaneous power input P' of the new all- 
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mesh network. This fact gives the relation e-i = e'-i' or e m i^ = 

6 m tt . 

To prove that i, e and Z are tensors we have the following relations: 

1. i = C-i' or i m = [65] 

2. e-i = e'-i' or «* *" - «* f"', [66] 

3. Second generalization postulate. 

We now readily obtain : 

(a) Current transformation formula. Equation (65) is the transfor- 
mation formula for the current. For an all-mesh network C is non- 
singular and we have 

i = C-i' or i m = [67] 

( b ) Voltage transformation formula . Substituting the value of i 
from Eq. (65) in Eq. (66) we have 

e-C-i' = e'-i' or <%,** = e m ,i m \ 
or 

e-C = e' or e m CJJJ/ = e m >. [68] 

(c) Transformation formula of Z mn . The equation of performance 
of the primitive network is 

e = Z-i'. 

Substitution of the values of i and e from Eqs. (67) and (68) in the 
above equation yields 

C r 1 -®' = Z C-i. 

Multiplying the equation by C* we have 

e' = CrZ-C-i'. 

By the second generalization postulate e' = Z'-i'. From this equation 
and the expression for e' above it follows that 

Z' = CrZ-C or Z m / n / = C m > G n * [69] 

This is the transformation formula for Z mn . '• 

id) 

INTERCONNECTION OF NETWORKS 

The methods, thus far developed, are of outstanding value in the 
interconnection of networks. If a large network is composed of a finite 
number of simple or complicated networks each of the smaller networks 
may be analyzed separately and use of these analyses made after the 
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smaller networks are interconnected into the super-network. This is 
especially advantageous if the network can be divided up functionally, 
i.e., in such a manner that all circuits performing similar functions can 
be grouped together. 

It is emphasized that if each of the smaller networks have been 
analyzed it is not necessary, by the present methods, to start ab initio 



in the analysis of the super-network. All analyses of the smaller net- 
works can be employed without change. 

The procedure is evident from the solution of an example. 

2-42. Description of Illustrative Example. It is required to set up 
the equation of performance of the network of Fig. 2 • 1 7a. The compo- 
nent parts of this network are the two networks shown in Figs. 2* 13a- 



Fig. 2 - 176. Primitive Network for Interconnected Networks. 


2* 14a. The interconnections are as shown in the figure. The mutual 
impedances in Fig. 2* 17a are the same as in the networks of Figs. 
2* 13a-2* 14a. The same statement holds regarding the voltages. 

The primitive network of Fig. 2- 17a is shown in Fig. 2*176 con- 
sisting of the two original networks (Figs. 2*13a-2*14a) placed side 
by side. 
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2*43. Geometric Objects of Primitive Network. The impedance 
tensor of the network of Fig. 2 • 13a is given by Eq. (64e). The imped- 
ance tensor of the network of Fig. 2 -14a is given by Eq. (64&). 
Denote these two tensors by Z\ and Z 2 respectively. The impedance 
tensor of the primitive network (Fig. 2-176) is the sum of these two 
tensors. 



The value of the components of Z' in terms of the components of the 
individual networks is found by comparison of Eq. (70) with Eqs. 
(64e-64k). For example 

Zta'b' = ^ao X a b and Zp'pt = Z nn “f" Zppm 

The voltage vectors of networks (2 • 13a-2 • 14a) are given by Eqs. 
(64/-64Z). Denote these by ej and e 2 respectively. The voltage vector 
of their primitive is their sum, 


a' b' c' d' i f m' p' q' 



where, for example, e p is identified by means of Eq. (64/) to be e n + e p . 
Likewise the current vector is 
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2*44. The Transformation Tensor. We are now ready to inter- 
connect the two networks as indicated in Fig*. 2 • 1 7a. Introduce five 
new currents i b " , i c ", i r '\ i 8 ", i v> shown in the figure as there are only 
five meshes. From the figure it is clear that 

in coils where formerly i f ' and i qf flowed, now i r " flows, 

in coils where formerly i a ' and i mf flowed, now i 8 " flows, [73] 
and 

in coils where formerly i d ' and i p ' flowed, now i l " flows. 

It is evident from Eq. (73) that the nine currents i n \ i b \ i c \ i e ', i f ', 
i m/ , i n \ i qf can be expressed in terms of five new currents. Relations (73) 
and the figure yield the relations of Eq. (74) from which the C trans- 
formation tensor is found 



h" c" r" s" t" 


b" 

c" 

r" 

s" 

t" 


= 0 + 0 + 0 + i'" + o 

a' 

0 

0 

0 

1 

0 

i v 

= i b " + 0 + 0 + 0 + 0 

b' 

1 

0 

0 

0 

0 

i°' 

= 0 + i°" + 0+0+0 

c' 

0 

1 

0 

0 

0 

i* 

= 0+ 0+ 0 + 0+ **" 

[74] 

= 0 + 0 + i r " +0+0 

d' 

C" — 

0 

0 

0 

0 

1 

if' 

V/ — 

f' 

0 

0 

1 

0 

0 

j*»' 

= 0 + 0 + 0 - i‘" + 0 

m' 

0 

0 

0 

-1 

0 

i p ' 

= 0+ 0+ 0+ 0- i l " 

P' 

0 

0 

0 

0 

-1 

i v 

= 0 + 0 + i T " + 0+0 

q' 

0 

0 

1 

0 

0 


2-45. Geometric Objects of New Network. The voltage vector 
of the new network is 

e a n = C a a : e a > = Cj'-e', 

where C %'* and e a * are given respectively by Eqs. (75-71). (See Ex. 1.) 
The impedance tensor Z a "$" is given by 

C% C%, = C;'.Z'.C". [76] 

The equation of performance is 

a , '&" * 


= e a ff . 


[76a] 
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The solution of Eq. (76a) yields i b " , i c '\ i r '\ i*" , i l ". These values 
substituted in Eq. (74) give t°\ i h \ i e \ i d \ i m \ i v \ i 9 ’. Finally, these 
currents when substituted in Eq. (646) and Eq. (64A) yield the currents 
passing through the individual coils of the network. 

EXERCISES XI 

1. Compute e a " by carrying out the multiplications indicated in =» C%" e a *» 

2. Compute Z a "tt " by carrying out the operations indicated in Eq. (76). 

3. Solve Eq. (76 a) for i ?. 


PART (B) 

INTRODUCTION 

TO 

TENSOR ANALYSIS OF ROTATING ELECTRICAL 
MACHINERY 

Sections (1-4) of the present chapter consist of an introduction to 
certain parts of tensor analysis of general linear networks where the 
nature of the coils has not been considered. They may have been sta- 
tionary or rotating coils. Sections (5-10) of this chapter are devoted 
to a brief introduction to certain portions of tensor analysis of rotating 
electrical machinery. 


(5) 

N on-mathematical Outline of the Nature of the Theory of 
Rotating Electrical Machinery 

Physically, a rotating electrical machine is but two electromag- 
netic-mechanical configurations composed of non-magnetic and mag- 
netic materials and mesh networks (with their coexisting magnetic 
fields) such that relative rotary motion of various velocities is possible 
between the configurations. The configurations differ in many details 
and consequently there are many different types of machines. Exam- 
ples of types of machines are: shunt direct-current motors, synchronous 
generators, induction motors, repulsion motors, etc. However, when 
analyzed from the proper point of view (tensor viewpoint) the many 
different types of machines (called derived machines in this chapter) 
are strikingly similar and may be considered mere aspects of one primi- 
tive machine. 
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2 * 46 . Scope. Tensor analysis of rotating electrical machinery is a 
large field. The published work in this field is very extensive. In Secs. 
(5-9) the motion of the rotor is assumed to be known and the analysis 
is for purely electrodynamic systems. The amount of tensor analysis 
required in these sections is restricted to definitions, tensor transforma- 
tion formulas, certain properties of transformations, tensor addition, 
subtraction, inner product. The theory is applied to a number of 
derived machines. 

The theory in Sec. 10 is more condensed than the work in the pre- 
ceding sections, but many references to the original papers of Kron are 
given. In this section the motion of the rotor is, in general, unknown. 
The system (or systems) is an electrodynamic-mechanical one and ad- 
vanced tensor analysis and advanced geometrical concepts are em- 
ployed. The most general equation of performance of rotating elec- 
trical machinery is developed. This equation is valid for the most 
general situation possible in the analysis of one or a system of rotating 
electrical machines. One of the purposes of the development of the 
general equation of motion is the study of acceleration in all types of 
rotating electrical machines. Another use of the general equation is the 
analysis of hunting of machines. Closely associated with the last 
analysis is the study of stability of machine systems. 

2 • 47. Preliminary Description of Primitive Machines. It has been 
noted in Sec. 4 that every mesh network consists of n coils intercon- 
nected. The connections may be electromagnetic or conductive. No 
matter how complex the mesh network, it has been made to depend 
upon the primitive network of § 2 • 36 consisting of n distinct coils pos- 
sessing no electrical connections between them. They may have mag- 
netic or dielectric connections between them. Any particular network 
(called a derived network) can be built physically from the n coils of 
the primitive network and the equation of performance of the derived 
network can be obtained from the tensor concepts and the C connection 
or transformation tensor. The number of types of mesh networks is 
very large. A classification of such according to function, characteris- 
tics, or application would be a tedious task. Examples are: bridge cir- 
cuits, two- and multiple-winding transformers, auto-transformers, 
transmission and filter networks, and armature windings. From a ten- 
sor viewpoint all these are but aspects of one primitive network. 

It is then anticipated that Kron’s tensor analysis of rotating ma- 
chines will proceed along similar lines. As reasonably expected the 
analysis is much more complicated than that of stationary mesh net- 
works because there enters the complexities introduced by various 
relative motions between magnetically coupled circuits. There are two 
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sets of axes: one pertaining to the stator of the machine, the other be- 
longing to the rotor. At least one primitive machine is expected. In 
fact because of computational exigencies there are two primitive ma- 
chines. The distinction between them is one of difference of preferred 
reference frames and the consequences resulting therefrom. 

The first primitive machine is called the primitive machine with 
stationary reference axes. The reference axes on both stator and rotor 
of this machine are stationary in space, i.e., fixed relative to the base 
of the machine. For reasons later evident, this machine will be called 
also the non-holonomic (or rather quasi-holonomic) machine. (See 
Chap. I, Sec. 6, for non-holonomic dynamical systems and coordinates.) 
There are associated with this primitive machine, as for the primitive 
mesh network, certain fundamental tensors called the resistance, in- 
ductance, and torque tensors. The components of these tensors for the 
quasi-holonomic machine are constants . This fact reduces many analyses 
of many rotating machines to the simplicity of linear stationary net- 
work analyses. It is possible to base the derivation of the equations of 
performance of the non-holonomic machine on Maxwell's field equa- 
tions. It is also possible to establish its equations of performance by 
means of ingenious physical concepts of Kron. The latter method will 
be followed here. 

The holonomic primitive machine or second primitive machine dif- 
fers from the non-holonomic machine in the following respects: The 
reference axes on the stator remain fixed, but the reference axes on the 
rotor are rotating axes. The speed of rotation of the rotor and axes are 
identical. The components of the fundamental tensors associated with 
this machine are, in general, no longer constants but functions of 0 , 
the angular displacement of the rotor. The equations of performance 
of the holonomic machine can be derived directly from the equations of 
Lagrange, provided the rotating axes move at the same speed as the 
rotor. 

The equations of performance of either primitive machine are de- 
rivable from the equations of performance of the other primitive 
machine by change of reference systems. 

2*48. Derived Machines. Derived rotating electrical machines 
are classes or types of rotating machines such as: salient-pole synchro- 
nous motors or generators, direct-current motors or generators, repul- 
sion motors, squirrel-cage motors, and Schrage motors. Derived ma- 
chines are analogous to derived stationary linear mesh networks of 
Sec. 4. The equations of performance of a derived machine are ob- 
tained from the equations of performance of one or the other (some- 
times both) of the primitive machines by routine manipulations (ma- 
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trlx multiplications) involving the use of a transformation or connection 
tensor, called the C tensor. The C tensor is determined by an inspec- 
tion of and a comparison of the windings of the derived machine with 
the windings of a primitive machine. There are at least as many C 
tensors as there are derived machines. When the derived machine is 
obtainable from both the non-holonomic and holonomic machines, then 
there are two C tensors for each derived machine. For each machine 
also as many additional C tensors may be introduced as there are types 
of artificial or hypothetical reference frames employed. Hypothetical 
reference frames appear with the use of symmetrical components, 
magnetizing and load currents, and with other labor-saving con- 
cepts. 

The old theory or theories of rotating electrical machinery consists 
of a large number of individual and largely mutually independent theo- 
ries of each machine based on some original physical picture invented 
by a specialist in the theory of one derived machine. In general, more 
than one theory exists for each derived machine, so that the total num- 
ber of theories closely approximates the total number of specialists. 
All these piecemeal theories are replaceable by Kron’s tensor theory of 
rotating electrical machinery. Clearly, only a brief introduction to 
this theory and its application to but few machines can be attained in a 
single chapter. 


( 6 ) 

Primitive Machine with Stationary Reference Axes 

In this section the general equations of performance of the non- 
holonomic or quasi-holonomic machine are derived from the physical 
pictures of Kron. The material is analogous to that of §2-36 on the 
primitive system of mesh networks. 

2*49. The Primitive Machine with Stationary Reference Axes. 
The first primitive machine has the following characteristics: 

(а) The stator has two salient-poles. (See Figs. 2 * 18a and 2*186.) 

(б) The rotor is smooth. 

(c) All slip-rings, commutators, and electrical connections between 
any windings of the machine are considered removed. (Compare primi- 
tive network § 2 • 36.) 

(d) The rotor windings are symmetrically distributed around the 
circumference. There may be any number of them arranged in layers 
and each winding may have different constants. 

(e) On the stator, windings exist in the axes of the salient poles and 
in axes midway between the salient poles. There may be any number 
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of windings in each of these axes and each winding may have different 
constants. 

(/) Along each winding of the stator and of the rotor are two refer- 
ence axes. One is called the direct axis, denoted by d; the other the 
quadrature axis, denoted by q. (A description of direct and quadrature 
axes as applied to the special case of a synchronous machine is given in 
§2*50. The d and q axes on both rotor and stator are fixed in space, 
i.e., their origin and directions are fixed relative to the base of the 
machine. 

(g) Associated with each winding of the rotor are two unit vectors 
dj and q j. These unit vectors on the stator windings are denoted by 




Fig. 2*18. Generalized Rotating Machine. 


d,i, d a2 , • • •, d an and q*i, q s2 , • ■ q*n, where d*i and q al belong to the 
stator winding nearest the air gap of the machine. The unit vectors 
on the rotor windings are denoted by d r i, d r2 , • • •, d rn and q r i, q r2 , • • •, 
q rn , where d r i and q r i belong to the rotor winding nearest the stator. 
(See Fig. 2-186.) 

( h ) In the theory saturation and iron losses are neglected. It is 
assumed that the inductance between a stator and rotor coil is a sinus- 
oidal function of the position of the rotor. However , all formulas 
developed are valid for any number of harmonics provided only that the 
tensors and geometric objects are enlarged by the addition of proper com- 
ponents , i.e ., by the addition of rows and columns. 

2 - 50. Two-reaction Coordinates. (A Digression from the Tensor 
Theory to Direct and Quadrature Quantities Relative to Synchronous 
Machine Analysis.) The reason for the choice of direct and quadrature 
coordinates is evident from their application to a salient-pole synchro- 
nous machine. Various m.m.f.’s of armature and exciting windings of a 
machine can be combined vectorially only in case they act upon the 
same magnetic circuits. It is obvious (Fig. 2 -19a) that the magnetic 
circuit formed by armature phase A and by the rotor when it is in posi- 
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tion 6 = 0 is much different from that formed by the same circuit and 
by the rotor when it is in position 9 = ir/2. For vectorial addition 
(and for other reasons) it is advantageous to choose a reference axis 
pointing from the center of the rotor along the central line of a field 
pole. This is called the direct axis d. At right angles (90 electrical 
degrees) ahead of the direct axis is the quadrature axis q. In the holo- 
nomic approach to synchronous machine theory these axes are moving 
axes, they being attached or fixed to the field or moving rotor. Of 
course, due to symmetry existing in all machines it is sufficient to con- 
sider the machine to be a two-pole machine. The armature windings of 
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Fig. 2-181. Direct and Quadrature Quantities. 


a three-phase winding arc represented in Fig. 2 -181a. Denote the 
three-phase currents and the three-phase voltages of the machine by 
ia> ibi i c and e ai e 6, e c respectively. Denote the magnetic linkages (self- 
and mutual) in phases A , B , and C by \[/ (l1 and ^ c . The nine variables 
iat ibt ici &at ebt e c , &z, tb, tc are not fictitious quantities, but actual 
physical quantities existing in the machine. However, for the reason 
already stated and for greater mathematical simplicity, which is a 
consequence of the previous reason, it is convenient to employ nine new 
variables 

idi Cdi td direct-axis current, voltage, linkage 

tqy $q quadrature-axis current, voltage, linkage 

io» eo , zero-axis current, voltage, linkage. 

These nine new variables are defined in terms of the old by the equa- 
tions: 

id = %[ia cos ip + ib cos {p — 120°) + i c cos (<p + 120°)]. 

iq = —f [i a sin ip + ib sin {ip — 120°) + i c sin {ip + 120°)]. [77] 
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*o = i[*’o + *6 + id 

e i = f [e„ cos <p + e b cos (<p — 120°) + e c cos (<p + 120°)]. 

e q = — §-[e 0 sin + ej sin (p — 120°) + e c sin (<p + 120°)]. [78] 

«o = li e a + + cj. 

td = § [ta cos #> + cos (p — 120°) + to cos (v> + 120°)]. 

tq = ~ § [&, sin v + ^6 sin — 120°) + te sin (<p + 120°)]. [79] 

to = lit a + tb + td 

The values ±%, in Eqs. (77, 78, 79) need not concern us here. 

Equations (77) can be solved for i a , ib, i c in terms of i q , fo. Like- 
wise Eqs. (78) and (79) can be solved respectively for e a , e c and 

ia> ib, ic- 

The performance of the machine can be described by means of a 
system 17 of differential equations some of whose dependent variables 
are u t i q , ea, e q , eo, to. When these differential equations can be solved 
for the direct-, quadrature-, and zero-axis quantities, then the actual 
physical quantities, phase voltages, currents, and linkages, are imme- 
diately obtained from the inverses of Eqs. (77, 78, 79). 

In general, the direct and quadrature quantities are not actual 
physical quantities. Yet under certain modes of operation and in ma- 
chines of certain design they may be physical quantities. For example, 
if the only winding in the field of a synchronous machine is the main 
field winding then Id = 1 , the field current of the machine. 

2 51. (Tensor Theory Resumed) Equations of a Moving Winding. 
Let an instantaneous voltage e be impressed on a closed winding moving 
with instantaneous velocity pO in a magnetic field which is produced by 
an outside current flowing in a stationary winding. At time t all cur- 
rents vary and the moving winding is accelerated. 

It is desired to obtain a differential equation relating to the physical 
phenomena present in the moving winding. It is necessary to select 
a space- time reference frame in order to specify the quantities which 
are to be measured. In the reference frame chosen the observer (meas- 
urer) is electrically stationary relative to the moving coil. If a volt- 
meter is connected to a moving coil through slip-rings R\ and R 2 then 

17 R. H. Park, “Definition of an Ideal Synchronous Machine and Formula for the 
Armature Flux Linkages,” General Electric Review , 31 (1928); R. H. Park, “Two- 
Reaction Theory of Synchronous Machines, Part I, Generalized Method of Analysis,” 
Trans. A.I.E.E., 4A (1929); B. R. Prentice, “Fundamental Concepts of Synchronous 
Machine Reactances,” Trans. A.I.E.E. , 56 (1937); P. L. Alger, “Calculation of 
Armature Reactances of Synchronous Machines,” Trans. A.I.E.E., 47 (1928). 
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the observer reading the meter is electrically stationary relative to the 
winding or moving coil. 

Consider the difference of potential measured between two points 
Pi and P 2 fixed in space and such that Pi and P 2 are in contact with Ri 
and R 2 respectively. At any instant four voltages are measurable be- 
tween Pi and P 2 . These are the (a) impressed voltage e, (b) resistance 


dtp 

drop Ri , (c) voltage — , 
dt 


induced in the winding due to change of flux 


linkages ip, ( d ) voltage p pd, generated by the moving winding, as if all 
currents were steady and the winding moving with velocity pd . 

The differential equation expressing the relation between these four 
voltages is 

e = Ri + -j + (pd)P- [80] 

at 


Equation (80) is the equation of voltage of a moving winding. If Eq. 
(80) is multiplied by i, the resulting equation 

ei = Ri* + ^i + (pe)*i [81] 


is the equation of power flow, where, 

dip . . . _ 

ei = instantaneous power input, — i = rate of increase of 

dt 

stored magnetic energy, 

Ri 2 = power heat loss, (pd)p i = mechanical power output 
(torque X velocity). 

The torque upon the coil is ip. 

By the first generalization postulate §2*27 it has been shown that 
the equation of performance, Z - i = e, of a network of n meshes can be 
obtained as a generalization of the equation of performance, Zi = e, of a 
single mesh. In an analogous manner, the method of procedure is to 
modify Eqs. (80-81) (equations of voltage and power flow) for a moving 
winding so that these equations become the equation of voltage and 
equation of power-flow of a rotating machine. The final equations, 
which will be developed in §§ 2 - 52-2 • 56, for the performance of the 
first primitive machine are 

di 

e = R*i + — + pOV (Equation of voltage) [82] 

dt 

e = R*i + L p'i + pd G *i = (R + L p + p$ G) *i 

(Equation of voltage) [83] 
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i-e = i-R*i + i- L + pd i-G-i (Equation of power) [84] 


f = i.¥ = i-G-i (Equation of torque), 

[85] 

or in index notation 


di n 

&m — Rmni n H" ^mn ^ "1“ P® 

[86] 

di n 

e m =Rmni n + L mn — + pe G mn i n , 

[87] 

ejr = JWf + W — + po i 

at 

[88] 

f = = G mn i™i n . 

[89] 


The tensors to be developed for the primitive machine are: e, R, i, 
L, and G or in index notation e m , R rnn , i m , <p m , Pm, L mn , and G mn . 
The constructions of these tensors are based on Kron’s physical con- 
cepts and pictures explained in §§2-52-2-56, although they can be 
derived from purely dynamical considerations. 

2 -52. Replacement of Rotor (Armature) by Two Sets of Coils at 
Right Angles. A stationary reference axis on a rotor winding can be 
replaced by a set of stationary brushes, which may be real or fictitious. 
The line joining the brushes (Fig. 2 ■ 19c) is a brush axis. Since the cur- 
rent flows in through one brush and out through the other the current 
flows in only one direction AB on one side of the brush axis and in 
the opposite direction CD on the other side of the same axis (Figs. 
2- 19a, a'). Evidently, the flux produced by the q axis current extends 
in the direction of the q axis. Thus a set of brushes and consequently 
a set of reference axes may be considered as a coil (Fig. 2 • 196). Figure 
2 -19c represents the brush axis. Since each rotor layer has both a d 
and q axis the two reference axes are replaced by two sets of 
brushes and these in turn by two coils at right angles. (Figs. 2 • 19a', 

A final diagram of a primitive machine having two layers of wind- 
ings on both the stator and rotor is represented in Fig. 2 • 186. A four- 
layer primitive machine thus consists of four sets of coils. The first two 
sets belong to the stator and these two sets are arranged at right angles 
as shown in the figure. As many coils exist in each set as there are 
separate layers of winding on the stator. The stator coils are stationary 
in space. The second two sets of coils belong to the rotor and they also 
are arranged at right angles shown in the figure. As many coils be- 
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long to each rotor set as there are layers of windings on the rotor. The 
rotor windings have instantaneous velocity pO relative to the stator coils. 
It may be pointed out that although the physical windings of the rotor 
have velocity relative to the stator the rotor reference axes remain 
fixed in space since it is evident from Figs. 2 • 19a, a' that the flux of the 
rotor remains constant in direction. Again it is stated that the brushes 
may be real or they may be fictitious, depending upon the derived ma- 
chine. There may be no brushes on the derived machine. The con- 
cept of a brush merely furnishes a reference axis. 



(a') <*'> (o') 


Fig. 2-19. Representations of a Rotor Axis and a Rotor Winding. 

2 • 53. Current, Voltage, Resistance, and Inductance Tensors of the 
First Primitive Machine. In the theory of stationary networks (Sec. 4) 
there was only one current and it possessed n components. In the 
primitive rotating machine there is only one current and it possesses 
2m + 2 n components, where m is the number of layers of winding on 
the stator and n is the number of layers of windings on the rotor. For 
simplicity in writing tensors it is assumed in §§2*53-2 *58 that m = 
n - 1. 

The generalized current is the contravariant vector 
i a = i = i d * d. + i dT d r + i 9 \ r + i 9 %, 


d r q r q« 
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The generalized voltage is the covariant vector 

6a = © — tfcfcda + edAr + e qr q r + e ga q 8 , 



d. 

d r 

Qr 

q. 

e = 

2da 

Cdr 

V 



[91] 


whose four components are the terminal voltages of the machine, some 
of which may be zero. 

The resistance and inductance tensors representing respectively the 
resistances and the self- and mutual inductances of the four windings 
are 



d. 

dr 

qr 

q# 


d. 

dr 

qr 

q. 

d. 

r d8 

0 

0 

0 

d. 


M d 

0 

0 

dr 

0 

r r 

0 

0 

dr 

M d 

L dr 

0 

0 

II 

►a 

■** 

0 

0 

r T 

0 

[92], L = 

qr 

0 

0 

Lqr 

Mg 


0 

0 

0 


q. 

0 

0 

M q 

Lqs 


[93] 


The resistance drop is R i. Each rotor winding is symmetrical and 
consequently ra r = r qr = t r for each rotor layer. 

2-54. Induced Voltages; Flux Linkage Vector The linkage 
vector $ is given by the equation 


* - L i = * da d s + * d Ar + *vqr + [94] 



d. 

dr 

qr 

q* 

= 

<t>da 

<t>dr 

<t>qr 

$q8 


where 

= i da L da + i dr M d + 0 + 0, 

**■ = &M d + #'L dr + 0 + 0, 

[95] 

- 0 + 0 + i qr L qT + i q, M q , 

* q , = 0 + 0 + t v M q + i q! L q> . 

The component $ d8 is the numerical value of the linkages in the d a 
axis due to currents in all axes except those at right angles to d 8 . The 
unit vectors in the column at the left of L indicate the axis in which the 
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linkages are taken. Of the four components of 4 two are linkages in 
the stator and two are linkages in the rotor axes. Consequently 4 can 
be written 

i = Li = L.i + L r i, [96] 

and 

§ = L*i = (L* + L r )-i, [97] 

where 

d, d r q r q« d a d r q r q, 

d s 0 0 0 0 

d r AT(i Ldr 0 0 

[98] L r = [99] 

q r 0 0 L qr Alq 

q 8 0 0 0 0 

The construction of the tensors for the first three terms of each of 
Eqs. (82-84) or (86-88) are now complete. It remains only to obtain 
the tensors for the last term of these equations. 

2-55. Generated Voltages; Rotor Flux-Density Vector The 
vector SP represents the resultant (due to all currents of the machine) 
flux density cut by the rotor conductors. In §2 -54 the linkage vector 
4 represents the resultant flux linkages of all windings of the machine. 

First it is desired to derive relations between W and 4 r . In this 
derivation, by means of physical concepts, it is assumed that the flux- 
density waves are sinusoidally distributed around the circumference in 
each rotor layer. In order to specify vector directions it is assumed 
that: (a) the primitive machine is a motor; ( b ) the rotor rotates clock- 
wise ; ( c ) negative values of the induced and generated voltages appear 
in Eqs. (82-85). Suppose (Fig. 2 • 20a) that the rotor is stationary and 
that the resultant flux due to all windings alternates in time. Consider 
first the direction of 4 in a single layer winding of the winding of the rotor . 
Now a two-pole sinusoidal wave in a winding can be represented by a 
vector drawn from the axis of the rotor to the positive maximum value 
of the wave. The maximum induced voltage results in coil AB since 
this loop links the maximum number of lines. Consequently, the vector 

di 

OL (Fig. 2 • 20a) represents 4. The directions of 4 and — are the same. 

at 

The direction of ¥ in a single layer winding of the rotor is next con- 
sidered. Suppose that the rotor moves at speed pd and that the flux 
is stationary and constant in time. The maximum voltage is generated 
in the coil CD (Fig. 2*20 b). The vector OF represents ¥. The indi- 





TORQUE TENSOR 


165 


cated relations (Fig. 2 • 206) between the direction of ¥ and the direc- 
tion of the generated voltages in the rotor conductors arc correct be- 
cause the negative of the generated voltages are required for Eqs. 
(83-84). 

It is evident (Figs. 2 • 20) that the vectors ¥ and $ r in a single layer 
winding are perpendicular. Moreover, their magnitudes are equal. 
From these two relations S& is obtainable from $ r . It is evident from 
Figs. (2 • 20) that to obtain ¥ from $ r it is necessary only to replace the 



Fig. 2-20. Direction of Waves Inside Machine, 
(a) Direction of # and d$/dt. 

(i b ) Direction of ^ and W pd. 


q axis of $ r by d and the d axis of § r by — q. For comparison, in a 
single layer, 

* r = (i d ‘M d + i dr L dr ) d r + (i qr L qr + i«'M q ) q r , [100] 

¥ = (i d ‘M d + i* r L dr )(-q) + (i* r L gr + d. [101] 

The orthogonality of # r and W is verified by $ r ^ = 0. 

2 -56. Torque Tensar. The vector § is expressible as the product 
L-i. It is desirable to express ^ as a similar product. Accordingly, 
define G, the torque tensor, by the relation 



[ 102 ] 
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The above tensor represents the mutual inductances between windings 
on axis d and those on axis q due to the existence of rotation. The 
extension (scarcely a generalization) of this definition to a machine 
with any number of layers is obvious. (See Ex. 2, problem set XII.) 
From Eq. (101) it is clear that 

¥ = Gi and (pd)V = pO Gi. [103] 

In the general case, when the flux-density wave is not sinusoidal in 
space, the components of G differ from those of L. The derivation of 
Eqs. (82-85) or (86-89) is thus concluded. 

2*57. Transient Impedance Tensor. Equation (83) has been 
written 

e = (R + L p + pe G)-L [104] 

Denote R + Lp + pOG by Z. The matrix Z is called the transient 
impedance tensor of the first primitive machine. It is of central im- 
portance in the sections which follow. For a two-layer machine it is 



2 • 58. Direction of Rotation. Since only the relative rotation of the 
stator and rotor members determine the equation of voltage, all the 




above tensors are valid without any 
change if the salient pole rotates 
in the opposite direction and the 
smooth member is stationary, as 
shown in Fig. 2*201. The reference 
frames now rotate together with the 
salient poles, as in a synchronous 


Fig. 2*201. Direction of Rotation, machine. Instead of stator and rotor 


subscripts s and r the members may 
be called field and armature (subscripts / and a). When the direction 
of rotation of the armature or field changes, then pd in Z changes sign. 
Otherwise all tensors remain the same. 
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2-59. Zero-phase-sequence Quantities. When there are zero- 
phase currents i 8 ° and i TO in both stator and rotor windings, as in case 
of unbalanced three-phase machines, two additional rows and columns 
exist in Z, also in R, L, and G. 

d, d r q r q* 0, 0, 

d. 

dr 
Qr 

Z = 

q. 


o. 


Or 


fds+Ldsp 

Mdp 





M d p 

r T +L dr p 

LqrPO 

M q pe 



-M d pe 

LdrPO 

L qr p 

Mqp 





M q p 

?qa "h Lq S P 







f«o4" La 0 p 

. 






r ro +L TO p 


EXERCISES xn 

1. The notation in Eqs. (90-93) is easily extended to machines having any number 
of windings on both rotor and stator. For m — n = 2 the unit vectors are d, 2 , d*i, 
dri, dr 2 , q/2, q r i» q«i, q«2- Write out in detail the tensors e, i, R, L, L r , L« for a machine 
for which m = n = 2. See Ex. 2 for G. 

2. For m = n = 2 write out the equations corresponding to Eqs. (94-95). For 
m = n = 2, obtain 
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(7) 

Derived Machines with Stationary Reference Axes 
(Constant Rotor Speed) 

The equations of performance of most derived rotating machines 
running at constant rotor speed can be set up using stationary reference 
axes. Exceptions are pointed out in Sec. 9. The equations of per- 
formance and their solution for a few derived machines are given in this 
section. 

2 - 60. Equations of Performance of Derived Machines. In § 2 • 36 
the method of obtaining, from the primitive network, the equations of 
performance of any derived mesh network was explained. It consisted 
in obtaining necessary relations between n old and s new currents or 
between m primitive and 5 derived currents. From these relations the 
C-transformation tensor was written down. 

The procedure in obtaining, from the primitive machine with sta- 
tionary reference axes, the equations of performance of a derived 
machine with stationary reference axes is similar. It is necessary to 
obtain relations between the m + n old currents of the primitive ma- 
chine and 5 = w! + ri new currents of the derived machine. From 
these relations the C transformation is obtained. Definite rules for the 
procedure are given in §2 • 62. 

The tensors of the primitive machine with stationary reference 
axes and constant rotor speed are i, e, R, L, G, and Z. The correspond- 
ing tensors for the derived machines will be denoted by i', e', R', L', G', 
and Z'. By means of the second generalization postulate §2*28 it 
easily follows that 

i = C*i', e' = C r e, R' = C r RC, L' = C**L*C, 

[106] 

G' = C r OC, Z' = CfZ-C. 

The currents are found by i' = Z^-e'; the torque by /' = i'*G'*i'. 

Before stating general rules §2-62 for the determination of C for 
derived machines the equations of performance of the repulsion motor 
will be derived in detail. 

2*61. Introductory Example ; Single-phase Repulsion Motor. Both 
the derivation and solution (for stationary axes) of the equation of per- 
formance are routine processes. Moreover, these routine processes are 
the same for all derived machines with stationary reference axes. The 
analyses of types of machines which differ as much among themselves 
as a compound direct-current motor, an alternator, a double squirrel- 
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cage Induction motor, or a repulsion motor is substantially one analy- 
sis. For this reason a general idea of the routine process of obtaining 
and solving the equations of performance of derived machines can be 
obtained by the application of the tensor theory to a specific example. 
We shall employ a single-phase repulsion motor. 

It may be stated to the mathematics student that a single-phase 
repulsion motor is one of the simplest alternating-current motors. The 
field or stator winding consists of a single layer which is supplied 
by single phase alternating-current 
voltage. The rotor winding is also a 
single layer winding. It is a com- 
mutated drum-armature winding 
similar to that of a direct-current 
motor. In Fig. 2 -21a, CD ' repre- 
sents the plane of thestatorcoil; CD 
is the line of the brush axis inclined 
at an angle to C'D'. The brushes at C 
andZJare externally short-circuited. 

That a torque is exerted on the rotor for 0 < a < 90° can be seen as 
follows. If a = 0 so that the brush axis is in line with the field poles, 
then currents are induced in the coil C'eD ' . The torques exerted in 
both directions of possible rotation are numerically equal but oppo- 
sitely directed and the resultant torque is zero. If a = 90° no currents 
are induced in C"eD" . Finally, if a has any intermediate value be- 
tween 0° and 90° then the planes of the stator and short-circuited rotor 
coil intersect in the rotor axis. A force of repulsion acting in the 
direction of the displacement exists between the two coils. This is in 
accordance with the experimental fact that conductors carrying cur- 
rents in opposite directions repel each other. This repulsion furnishes 
the operating torque. 

(a) The C transformation. To obtain C for the repulsion motor it is 
necessary only to compare the windings described above (Fig. 2-21 b) 
with the windings of the first primitive machine (Fig. 2-186). Evi- 
dently, the relations between the primitive currents i and the derived 
currents i' are (from Fig. 2-216) 



i da = i da + 0- i a 


d 8 


1 

0 

0 

cos a 

0 

sin a 


i dr = 0- i d8 + (cos a) i a whence C = d r 
i qr = 0- i da + (sin a) i a q r 


[ 107 ] 
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(6) Primitive and derived tensors . By comparison of the winding 
layers of the derived machine (Fig. 2*216) with those of the primitive 
machine (Fig. 2-186) the Z transient matrix (Eq. 105) is found to be 



d. 

dr 

qr 


d. 

dr 

qr 

d. 

r. + L d ,p 

Mdp 

0 

d. 

fa+Lgp 

Mp 

0 

dr 

Mdp 

Tr + Ldrp 

LqrpO 

~ d r 

Mp 

r r +L r p 

L r p0 

Qr 

— MdpO 

L*drP& 

r r +L qr p 

qr 

-Mpe 

— L r pB 

r r -\-L r p 


[108] 


The equality sign in (108) is justified by the fact that the machine has a 
smooth air gap resulting in Ld r = L qr = L r . 

The transient impedance matrix of the derived machine is 


d 8 

a 


y 8 -j- L a p 

M (cos a)p 

7l/[(cos a)p — (sin a)p$] 

r r + L r p 


The induced metric tensor of the derived machine is 

d 8 a 

I - 

dj 


CrL-C - 


a 


L. 

M cos a 

M cos a 

L r 


The voltage vector of the primitive machine is 

d 8 d r q r 
..[ — rr ~ r 


0 


0 


The voltage vector of the derived machine is 

d, a 

r 

e' = C,e = 


[109] 


[ 110 ] 


[ 111 ] 


[ 112 ] 
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The admittance matrix of the derived machine is 


d. 


d. 


Y' = Z'- 1 = 


(r r + L r p)l/D 

( — Mcosa)pl/D 

— 7l/[(cos a)p — (sin a)pd]\/D 

(r, + L.p)l/D 


U13] 


where 

D = (L,L r — M 2 cos 2 a)p 2 + ( r r L , + r,L r + M 2 sin a cos a pff)p + r T r,. 
(c) Equation of performance. The equation of performance is 
Z'i' = e' or i' = Y'e'. 

The symbolic solution of the last equation for i' is 

i' - z« - r ■ e' - IM[m] 

where 

D = ( L a L r — M 2 cos 2 a)p 2 + ( r r L 8 + r 8 L r + M 2 sin a cos a pB)p + r T r a . 


( d ) Transient current solution. Equation (114) is the symbolic cur- 
rent solution under all conditions. The transient solution due to 
suddenly impressed constant voltage can be obtained by the Heaviside 
operational calculus as if the network were a stationary linear network. 
This startling fact is true not only for the repulsion motor , hut for all 
rotating machines with stationary reference axes and constant rotor speed. 

Under constant rotor speed pO = vu where w is constant synchro- 
nous speed and v is a proper fraction. To obtain the transient currents 
replace, in Eq. (114), ea by le d where 1 is the Heaviside unit function, 
and substitute the symbolic expression for the current in the Bromwich 
line integral. 18 The substitution yields 

__JL U . f e^dx E f e x< d\ 

2 irj lA) d 8 Jo (X + a) 2 + 0 2 A) * Jo X[(X+ a) 2 + 0 2 ] 

r B f e"d\ C f e"d\ ]I 

LT>oJo X[(X + a) 2 + /3 2 ] DqJq (X + a) 2 + j3 2 Jj 


where A, B , C, E, D 0 , a, and 0 are constants. 

(e) Steady-state current solution. The steady-state solution for 
terminal voltage ( e sin co/)d a is obtained as in the case of linear sta- 
tionary networks. 


18 Volume I, p. 262. 
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As a general procedure convenient for all rotating machines it is 
systematic to write the steady-state equation of performance for the 
machine in question. This equation is Z 8 -i 8 = e 8 where Z 8 is the 
steady-state impedance tensor of the derived machine obtained from 
Z by the substitution p = jw, pB = wv, c oL = X , and c oM = X m . The 
impedance matrix Z\ for the repulsion motor is 


d 8 
a 

The steady-state admittance Y* of the repulsion motor is 


da 

y; = 

a 

where 


d 8 a 


(r r +jX r )l/D. 

jX m cos oil / D 8 

X m (sin av — j cos a)\/D 8 

(r. +jX,)l/D, 


d 8 a 


?8 + jX 8 

jX m cos a 

X m (j cos a — v sin a) 

r T +jX T 


[116] 


[117] 


D, = (r r r, + X 2 m cos 2 a — X,X r ) + j(r r X, + r,X r + v X 2 m sin a cos a). 


The steady-state currents are 


i' v zi'r+jX r )d, , (sin av — j cos <*)a 

l, = Y # -e = e h eX m [118] 


D. 


D. 


(/) Transient and steady-state currents . If the suddenly impressed 
voltage is sin «/) d a then both the transient and steady-state currents 
are obtainable by the substitution of the results of Eq. (115) in Du- 
hamel’s superposition formula. 19 

(g) Transient torque . The torque tensor G' for the derived ma- 
chine is 

G' = C r G-C. [119] 

The transient torque f t is given by 

ft = i'-G'-i' [120] 

where the instantaneous current i' is given in Eq. (115). 

11 E. J. Berg, Heaviside's Operational Calculus , p. 67; V. Bush, Operational Circuit 
Analysis , p. 56. 
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The torque tensor for the repulsion motor is 


G' = C r G C 


a 


As 

— M sin a 


[ 121 ] 


(h) T ransient and steady-state torque . The total torque is given by 

Jts =i'-G'T [122] 

where i' is the current of heading (/) above. The result will contain 
(1) transient torque, (2) steady part of the steady-state torque, (3) 
oscillating component of steady-state torque. Important torque cal- 
culations are, however, more easily carried out as shown in headings 

(i) and ( j ) following. 

(i) Steady part of steady-state torque. The steady part of the 
steady-state torque is given by taking the real part of 

f ap = i'*G'i' [123] 


where i'* is the complex conjugate of i'as given in Eq. (118). The quan- 
tity f 8p for the repulsion motor is 


fsp ~~ t 


X w (sin a v + j cos a) 

Dl 


(-X m sin a) 


e(r r + jX r ) 

Da 


When the torque is computed in synchronous watts the torque tensor 
is to be multiplied by w. The w has already been multiplied into G' in 
the expression above since a )M has been replaced by X m . The real 
part of fap is easily written out. 

(j) Oscillating component of steady-state torque. The oscillating 
component of the steady-state torque is the non-transient and non- 
steady part of the torque in heading ( h ). 


EXERCISES XHI 

1. The winding diagram of a single-phase induction 
motor is shown in Fig. 2*22. It will be shown in §2-62 on 
the C tensor that the C tensor for a single-phase induction 
motor with stationary reference axes is 
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Fig. 2 - 22. Single-phase 
Induction Motor. 
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Compare the windings indicated in Fig. 2 • 22 with those of the primitive machine 
in Fig. 2 *186 and by inspection fill in the transient impedance matrix, Eq. (105). 
Compute Z' = C*-Z-C. Carry out headings ( b ) and (c) of §2-61 and obtain the 
equation of performance corresponding to Eq. (114). 

2. The winding diagram of a compound direct-current motor is shown in Fig. 2 • 23. 

As shown later the C-transformation tensor (or 
transformation matrix which is one manifestation 
of the transformation tensor) is 


d,2 

d«i 

C - 

qn 


q.i 


Compare the windings indicated in Fig. 2 • 23 with 
those of the primitive machine of Fig. 2-186 and by 
inspection fill in the transient impedance matrix, 
Eq. (105). Compute Z' = CrZ-C. Carryout headings (6) and (c) of §2-61 and 
obtain the equation of performance corresponding to Eq. (114). 

2 • 62. The C-Transformation Tensor for Machines with Stationary 
Reference Axes. The construction of the C-transformation matrix 
(one manifestation of the C tensor) can be broken up into three steps. 

(a) Winding diagram . The first step is a sketch of the winding 
diagram of the derived machine in question. Such a diagram for a 
single-phase induction motor occurs in Fig. 2-22. The diagram must 
show the (1) number of layers of windings on the stator and their rela- 
tive positions, (2) number of layers of windings on the rotor and their 
relative positions, (3) electrical connections between the different rotor 
windings and between the rotor and stator windings, (4) physical or 
fictitious brushes. (See §2-52.) 

( b ) Comparison of winding diagrams . The second step is a com- 
parison of the winding diagram of the particular derived machine with 
the winding diagram of the primitive machine shown in Fig. 2*186. 
The currents of the primitive machine arc denoted by unprimed letters, 
i da2 t i dal , i drl , i dr 2 , etc. The currents (really components of the current 
vector) of the derived machine are denoted by primed letters, i°', i b \ i c ', 
etc. (See Eq. 107.) 

(c) Current relations: equations. The third step consists in express- 
ing the old or primitive currents in terms of the new or derived currents 


ds2 f 


1 

0 

0 

— n,i 
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-n q 



Fig. 2*23. Compound Direct- 
current Motor. 
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of the derived machine. In general, the number of derived currents is 
smaller than the number of primitive currents. The primitive currents 
are written on the left-hand side of the equal signs; the derived cur- 
rents on the right. The C matrix is the matrix of the coefficients of the 
derived currents. (See Eq. 107 and the C matrix for the single-phase 
repulsion motor.) In writing the current equations four important 
principles are employed. 

(1) If a winding of the derived machine is in the same position as in 
the primitive machine, then i d = i d ' (see Fig. 2*22 and the C matrix). 
Let the magnetomotive force of some winding whose current is, say i d \ 
be taken as standard. If the number of turns in the winding i d is n 
times that of i d \ then i d = n i d (See Fig. 2*23 and the adjacent C 
matrix.) 

(2) If two windings are connected in series their currents are re- 
placed by one current and the number of columns in C diminishes. 
The second half of principle (1) may necessarily be employed. (See 
Fig. 2-23.) 

(3) If a set of brushes on a rotor winding is shifted through an angle 
a the winding in the brush axis can be considered to lie on the original 
layer of winding before the shift took place. This is because the rotor 
windings are symmetrically distributed. If i s> is the current in the 
brush axis the relations between and the primitive currents i dr and 
i qr are 

i dr = cos a 
i qr = i f ' sin a. 

If there are two sets of brushes and the first is shifted through the angle 
a, the second through the angle 0, then the relations between the primi- 
tive and derived rotor currents are 

i dr = cos a — i 8 ' sin j3 

i qr — sin a + i g/ cos p. 

For examples of single and double sets of brushes, see Eq. (106) and the 
C matrix belonging to Fig. 2-27 respectively. 

(4) If a winding on the stator is shifted through an angle a then it 
is assumed in the analysis that it lies on a different layer from the other 
stator windings. (See Fig. 2 • 26 and the C matrix.) 

The four principles above pertain to the machines with stationary 
reference axes. Additional principles for machines with moving refer- 
ence axes are given in Secs. 8-9. 
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2 *63. Performance Calculations for Machines with Stationary 
Axes. In §2*61 are the performance calculations of the single-phase 
repulsion motor. They consist of the ten steps (a), (&),•••, 0) °f 
§2*61. 

The performance calculations for each type of derived machine, 
possessing stationary reference axes and constant rotor speed, are 
identical; only the tensors and the C-transformation matrix differ. 
Most machines can be analyzed by means of stationary reference axes 
under the conditions given in the last sentence. (See Sec. 8 for moving 
axes.) The equation of performance is linear with constant coefficients 
and can be solved in terms of time functions either by means of the 
Heaviside operational calculus or by the principles of §§ 1 • 26-1 • 29. 
These two characteristics of only a very small part of Kron’s analysis of 

rotating electrical machinery are alone 
sufficient to rank it as an important 
achievement. 

2 -64. Sign Conventions and Ma- 
chine Constants. In analyzing the syn- 
chronous generator, Park assumed a 
sign convention which differs from 
that used here. In this chapter the sign 
conventions are the same as those used by induction motor engineers 
and which also follow, from the dynamical equations of Lagrange. 
Park’s sign convention differs in two respects: (a) Assuming that the 
salient pole of the primitive machine rotates (§2-50) and the armature 
is stationary, in this chapter the salient pole rotates from d to —q 
though with Park it rotates from d to q. Hence, to check Park’s 
results all pO of the present chapter should be replaced by — pd. (b) 
In this chapter every term in the equation of voltage represents an 
impressed voltage, although Park uses generated voltages which are 
the negative of the impressed voltages. 




Kron 

Fig. 2-231. 


Park 

Sign Conventions. 


(Kron) Gi m p Z • l, (Park) Ggen 

i.e., assuming zero speed for a single coil 

di 


-Zi, 


(Kron) e lmp = Ri + L 


dt’ 


(Park) e gen = -Ri - L~- 


The convention of Park differs also from that universally used in sta- 
tionary network analysis. 
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In addition to sign conventions, Park also differs in symbolism from 
that of this chapter in two respects: (a) Park uses a per unit system, 
hence among others he denotes inductances L by X (since numerically 
a reactance is equal to an inductance in the per unit system). (6) 
Park assumes the field winding and the amortisseur winding to be 
permanently short-circuited, so that the remaining equations contain 
short-circuited inductances X{p) instead of open-circuited induc- 
tances. 

Of course, by eliminating the variables of the same two windings by 
the method of problem 3, problem set XVII, the equations of this chap- 
ter are reducible to Park's results. 


EXERCISES XIV 


The following exercises pertain to machines 
having stationary reference axes and constant 
rotor speed. 

1. Show that the winding diagram for the 
salient-pole synchronous machine is that shown 
in Fig. 2 • 24. Show that 
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Fig. 2 -24. Salient-pole Synchro- 
nous Machine. 


2. Show that in a synchronous motor running at synchronous speed and under 
balanced conditions the applied voltages are all constant. 

3. Obtain the equation of performance (Eq. 114) for the synchronous machine of 
Ex. 1. 

4. Obtain, from the equation of performance, the symbolic solution for i dr and 
i qr in Ex. 1. 

5. Express i dr and i qr in Ex. 4 as functions of the time by Heaviside’s operational 
calculus. 

6. Compute G' = CrG-C for the salient-pole synchronous machine. 

7. Compute the steady-state torque of the salient-pole synchronous machine. 
Obtain expressions for the transient torque, under three-phase short-circuit, of a 
synchronous machine. Compare with R. E. Doherty and C. A. Nickle, “Three-Phase 
Short-Circuit of Synchronous Machines," Trans . A.I.E.E. , 49, April, 1930. 
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8. Show that the winding diagram for the double squirrel-cage induction motor is 
that shown in Fig. 2-25. Show that 
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Fig. 2*25. Double Squirrel-cage Induction Motor. 


9. Show that for the double squirrel-cage induction motor running in steady-state 
operation all applied voltages are sinusoidal. 

10. Obtain the equation of performance (Eq. 114) for the double squirrel-cage 
motor. 

11. Solve Exs. 7, 8, 9 for the asymmetrical squirrel-cage induction motor. 

12. Obtain the symbolic solution for i dr and i qr of the asymmetrical induction 
motor. 

13. By means of the Heaviside operational calculus solve for i dr and i qr in Ex. 12. 
The applied voltages are sinusoidal. 

14. Solve for steady-state i dr and i qr in Ex. 12. The applied voltages are sinus- 
oidal. 

15. Obtain the torque tensor for the asymmetrical induction motor. 

16. Compute the steady-state torque of the machine in Ex. 11. 

17. Obtain the symbolic solution for i * and i d ** for the machine of Ex. 2 f problem 
set XIII. 
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18. Obtain by means of the Heaviside operational calculus transient i* and t d *a. 
19 Show that the winding diagram for a shaded-pole motor is that shown in 
Fig. 2*26. Show that 



Fig. 2 -26. Shaded-pole Motor. 


20. Show that the winding diagram for the shunt polyphase commutator motor 
is that shown in Fig. 2-27. Show that 



Fig. 2-27. Shunt-poly- 
phase Commutator 
Motor. 
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PROBLEMS XV 

1. Derive the equations of performance of the single-phase induction motor. 

2. Sketch the winding diagram and obtain the C matrix for the Schrage motor. 
Engineering reference for description of winding layers of the machine, A. S. Langs- 
dorf, Theory of Alternating-Current Machinery , p. 752. 

3. Sketch the winding diagram and obtain the C matrix for the Deri motor. 

4. Sketch the winding diagram and obtain the C matrix for the phase advancer. 

5. Sketch the winding diagram and obtain the C matrix for a frequency converter. 
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( 8 ) 

Primitive Machine with Rotating Reference Axes 


In this section the equations of performance of machines with rotat- 
ing rotor axes are derived. Rotating reference axes are necessary for 
machines possessing only one slip-ring (such as a single-phase alterna- 
tor) and for machines possessing slip-rings across which the load is 
unbalanced (for example, the single-phase short circuit of an alternator 


S 


S 



Fig. 2 -28. Rotor Reference Axes Fig. 2 -29. Rotor Reference Axes Ro- 
Rotating at Same Instantaneous tating at Instantaneous Velocity Dif- 
Velocity as the Rotor. ferent from that of the Rotor. 


and for balanced polyphase machines where axes may be assumed ro- 
tating with the revolving field, thereby reducing the analysis to that 
of a direct-current machine (important in hunting studies). For these 
cases stationary reference axes on the rotor cannot be employed. 

2-6S. Second Primitive Machine. The second primitive machine 
can be described by contrast and comparison with the first primitive 
machine. 

In the first primitive machine all reference axes are stationary in 
space. In the second primitive machine the stator reference axes are 
stationary axes, but the reference axes on the rotor move with the rotor 
conductors. (See Fig. 2 • 28.) 

The components of the metric tensor L for the first primitive ma- 
chine are constants. The components of the metric tensor for the 
second primitive machine are functions of rotor position, i.e., of the 
time. (For example, see Eq. 126.) 

Items (a), (6), ( c ), (d), (e), and ( h ) of §2-49 are identical for both 
machines. 
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2-66. Starting Points in Deriving the Voltage Equation of the 
Second Primitive Machine. The voltage equation of the second primi- 
tive machine can be derived in at least three different ways. These are 
characterized by the starting points or fundamental underlying equa- 
tions. The underlying equations are: (a) holonomic equations of La- 
grange, ( b ) Maxwell's voltage and torque equations, (c) equations of 
the non-holonomic machine, §2*53. Although only the last method is 
employed in this chapter, it is instructive to sketch briefly the first two 
methods. 

(a) Lagrange's equations . (See Sec. 3, Chap. I.) The holonomic 
equations of Lagrange can be used as a starting point for the equations 
of the second primitive machine if the rotor reference axes move with 
the rotor conductors. The instantaneous stored kinetic energy, the 
dissipation function, and the potential energy are respectively T = 
1/2 L mn f"i n , F = 1/2 R mn iFi n , and zero. Let x k denote the total num- 
ber of charges that have passed through any winding and the angle 
described by the rotor during some definite time interval. Then 
dx k /dt = i k . The voltages applied to any winding and the instantane- 
ous applied shaft torque are denoted by e k . By substitution in the 
equation 

d / 9 T\ _dT dF_ _ 
dt VaW dx k + dx k ek 

and the performance of certain simplifications, the equation of motion 
of the second primitive machine is 


di ” 1 

e k - R mk iT + L mk — + [mn, k]i™i n [124] 

at 

where [mn, k] = ^ - ^r)' The geometric object of 

rank 3, [mn , k ] is the holonomic Christoffel symbol of the first kind. 
The manipulations described above in obtaining Eq. (124) from 
Lagrange’s equations are left as an exercise. 

Much analysis remains in constructing the forms of L mn and R mn 
adaptable to rotating electrical machines and in deriving C transfor- 
mations for winding connections. 

( b ) Maxwell's voltage and torque equations . Maxwell’s equation of 
voltage for a system of conductors is 
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where § = L*i is the flux-linkage vector. When L as a function of 
angular position of the rotor and R are known, the voltage equation of a 
machine can be established. Its equation of torque is 


or 


9 T = 1 9L 
dO 2 l dO 1 


/ = 


1 

2 ae 


As an example consider the two-phase salient-pole alternator. The 
components of the inductance tensor L are found by test by measuring 
the self- and mutual inductances of the field and armature as a function 
of the angular position of the rotor relative to the stator. For this 
machine L explicitly is 


d, a b q* 


Lda 

Md cos 0 

— Md sin 0 

0 

Md cos 0 

Ls + Ld cos 20 

—Ld sin 20 

M q sin 0 

— Mu sin 0 

— Ld sin 20 

Us — L u cos 20 

M q cos 0 

0 

M q sin 0 

Mq COS 0 

Lqs 


[126] 


where Lg = ( Ld r + L qr )/ 2 and L D = (L dr — L qr )/2. The tensor R 
has the same form as in the first primitive machine. 

It is possible to start with either of the equations of voltage (124) 
or (125) and to obtain Eq. (83) which is the equation of voltage of the 
first primitive machine. This is accomplished by changes of variables 
by means of quasi-holonomic relations between the currents of the 
second and the currents of the first primitive machine. 

Since Eq. (83) can be derived 20 from Eq. (124) or (125), it is rea- 
sonable to suppose that the equation of voltage for the second primitive 
machine can be obtained from Eq. (83). This supposition is correct. 
We shall follow this method in §2-67. 

2 • 67. Equation of Voltage of Machines with Axes Rotating at Any 
Speed. Let the reference axes on the stator or rotor of the first primi- 
tive machine (Fig. 2 • 29) be rotating with any instantaneous velocity 


10 See Ex. 1, problem set XVI. 
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p6 1 different from the instantaneous velocity of the rotor pd 2 . The 
equation of voltage for the first primitive machine is 

e = R i + Lp i + pe 2 G-i or e m = R mn i n + L mn ^ + p0 2 G n ?. [127] 

at 

Let the currents of the new primitive machine be denoted by i' and let 
the relation between i and i' be given by i = C *i' where C is a function 
of 02 and where C is such that the power input i-e is invariant. The 
substitution of i = C*i' in Eq. (127) yields 

e = RCi' + L-/>(C-i') + pd 2 G-C-i' 
or 

e = R-C-i' + L-^-i' + L-C-^- + p0 2 G-C-i'. 
at at 


The multiplication of the last equation by C* gives 

C,-e = CfR-C-i' + C(-L-~ ^-i' + C t -L-C-~ + pO* C ( -G-C-i' 

001 ot (It 

or 

»•/ 

e' = R'-i' + L'--- + pd 2 G'-i' + pO x V'-i' [128] 

at 

where 

e' = C t -e 
R' = C t -R-C 

L' = CrL-C [129] 

G' = CcG-C 



Equation (128) is the voltage equation for machines with axes rotating 
with a velocity different from that of the rotor. The matrix V is called 
the Christoffel object. 

To obtain the transformation formula for V, let Eq. (127) be written 
e = R-i + I ‘p - i "I - pO 2 G-i + pd% V • t 
where V = O. Making the substitution i — C -i' in this equation, mul- 
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tiplying through by C<, and using Eqs. (129), we have 

e' - R'-i' + L'/d' + p0 2 G'-i' + pd t (c r W C + C r L ■ 
or 

e' = R'i' + 1/ ■ pV + p0 2 G'-i' + pO x V'-i' [130] 

where 

V' - C,-V-C + C,-L~- [131] 

dOi 

Equation (131) is the transformation formula for V. Evidently V is 
not a tensor. 

If pdi and p0 2 are constants, then Eq. (130) can be written 
e' = (R' + L'p + pd 2 G' + p$\ V') i' = Z 1 i' 

where 

Z' = R' + L 'p + pe 2 G' + p0\ V'. 

2*68. Equation of Voltage for the Second Primitive Machine (or 
for the Machine with Reference Axes Attached to the Rotor). If the 

reference axes rotate at the same velocity as the rotor then pd x = pd 2 
and Eq. (130) reduces to 

e' = R'-i' + L>i' + pd N'-i' [132] 

where N' = G'+ V' and the subscript of Q has been deleted. Evidently, 
the transformation formula of N is the same as that of V. 


N' = CrNX + CcL^. 

90 


where 


If pO = a constant, then Eq. (132) can be written 

e' = Z'-i' 

Z' = (R' + L'p + pew). 


[133] 


91 / 91 / 

It can be proved that N' = — • Since pO = pL', Eq. (132) for 
the second primitive machine reduces to 


e' = R-i' + p(L'-i'). 


[134] 
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2 • 69. The Transformation Formula of Z' for Machines with Rotat- 
ing Axes. To find the transformation formula for Z we have 

Z' = R' + Vp + pe 2 G' + p0i V' 

— (Cf • R • C •+• C< • L • C p -f- pd 2 C< • G • C) 

+ m(c < vc + c i .l.|^) 

dC 

= CfZ-C -f CfL — — pd\ since V = 0 for stationary axes. 

30 1 

Since the transformation formula for Z is 

Z' = (c t ZC + C t L^%,) [135] 

evidently Z, for machines with rotating axes, is not a tensor. 

The torque tensor for machines with rotating reference axes is 


and the torque is 


G' = C r G-C 
/' = i'G'i'. 


[136] 

[137] 


PROBLEM XVI 

1. Derive the voltage equation (Eq. 83) of the first primitive machine from 
Maxwell’s equation 

e = R-i -f />(L* i) 

where L is given by Eq. (126). 

Hint: Take the C transformation to be the inverse of the C given by Eq. (138). 
Replace i in Maxwell’s equation by C-i' and carry out operations somewhat similar 
to those of Eq. (127-134). 

(9) 

Derived Machines with Rotating Reference Axes 

The equations of performance of derived machines are obtained in 
much the same manner as explained in Sec. 7. 

2 • 70. The C Matrix for Rotating Axes. If slip-rings exist on the 
machine instead of brushes, the C matrix is the same as in §2*62, with 
the important difference that the constant angle must be replaced by the 
variable angle 0, where 6 defines the position of the rotor at time t. 
The steps in §2*62 apply in the order enumerated. 
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2-71. Representative Example: Two-phase Synchronous Ma- 
chine. The winding diagram and the C matrix for the two-phase syn- 
chronous machine are respectively 




Fig. 2*30. Two-phase 
Synchronous Machine. 



d. 

a 

b 

q« 

d. 

1 

0 

0 

0 

d r 

0 

COS 0 

—sin 0 

0 

q r 

0 

sin 0 

cos 0 

0 

q. 

0 

0 

0 

1 


[138] 


The metric tensor L and the transient impedance matrix both of 
the first primitive machine are given by Eq. (93) and (105) respectively. 
(The subscripts in Eq. 93 may be omitted.) The transient impedance 
matrix for the two-phase synchronous machine with moving axes is com- 
puted by Eq. (135). (Subscripts on 0 will now be omitted.) The C ma- 
trix for the computations is given by Eq. (138). The computations yield 


d. 


a 


Z' = 

b 


q< 


da a b q 8 


?da H” Lfap 

A/ci(cos Op — 
sin OpO) 

— A/d( sin Op 
+ cos OpO) 

0 

Aid (cos Op — 
sin OpO) 

[r T + ( L dr cos 2 0 
+ L gr sin 2 0)p 
+ 2 (L qr 
-Ldr) 
sin 6 cos 6p0] 

( Lq r Ldr) 

[sin 0 cos Op 
+ (cos 2 0 — 
sin 2 0)p0] 

— A/,(sin Op 
+ cos OpO) 

— Af<*(sin Op 
+ cos OpO) 

(Lqr Ld r ) 

[sin 0 cos Op 
+ (cos 2 0 
— sin 2 0)p0\ 

[r r + (L dr sin 2 S 
+L qr coe? 6)p 
+ 2 (Ldr 

-L 9 r) 

sin 9 cos 9p9] 

M q ( COS Op — 
sin OpO) 

0 

M q ( sin Op 
+ cos OpO) 

A/ 9 (cos Op 
— sin OpO) 

r q8 + L q8 p 


[ 139 ] 
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where p refers only to i . (See Ex. 1, problem set XVII for simplifica- 
tions.) 

The voltage vector e' is given by the first of Eqs. (129). 

The voltage equation is given by Eq. (133). 

The torque tensor G' is found by G' = C<-G*C or by selecting all 
terms in Z' containing p6. 

The instantaneous torque f is given by 

/ = i'G'i'. [140] 

2*72. Transient Current Solution. In general, the voltage equa- 
tions are linear differential equations with periodic coefficients. Such 
equations cannot be solved directly by the operational methods of 
Heaviside. Two cases obtain relative to the transient solution. 

(a) Rotating axes unessential . If in the derivation of the equation of 
voltage stationary axes could have been used instead of rotating axes, 
then by changes of variables or by Heaviside .shifting formulas the dif- 
ferential equations can be reduced to forms to which Heaviside’s 
methods are applicable. In this case it is preferable to derive ab initio 
the equations of performance employing stationary axes. 

(b) Rotating axes essential. If rotating axes are necessary in the 
derivation of the voltage equations, again two cases obtain relative to 
the transient solution. 

(1) A sufficiently accurate transient solution may be obtained by 
simplifying assumptions based on physical principles. One specific tool 
relative to such simplifying assumptions is the constant linkage the- 
orem. 21 An application of this theorem has been made to the set of 
differential equations defining (subject to certain assumptions) the 
transient currents of a single-phase short circuit of a synchronous gen- 
erator with moving reference axes. 22 

(2) For an accurate mathematical solution recourse may be had to 
the advanced methods for solving analytic differential equations in 
Chap. III. 

2 *73. Steady-state Current Solution. With the exception of item 
(b) (1), the statements of §2.72 are true relative to the steady-state 
current solution. 

For the steady-state current solution item (b) (1) should be replaced 
by the statement that it is possible under many practical conditions to 

11 R. E. Doherty, “A Simplified Method of Analyzing Short-Circuit Problems,” 
Trans. A.I.E.E. , 42 , 849 (1923). 

M R. E. Doherty and C. A. Nickle, “Synchronous Machines IV; Single-Phase 
Phenomena in Three-Phase Machines,” Trans . A.I.E.E ., 47 , 457-492. 
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derive the steady-state impedance matrix from the transient impedance 
matrix. For this derivation the reader is referred elsewhere . 28 


PROBLEMS XVH 

1. In the impedance matrix of Eq. (139) make the following obvious replace- 
ments: 

Md cos 6 pi by Md(p cos 0i 4* sin 0 p0i ), 

Md (cos 0 pi — sin 0 p0i) by Mdp cos 0 i 
and reduce Z ' to the simpler form 



d. 

a 

b 

q» 

d. 

Tdt + Ldap 

pMd cos 0 

—pMd sin 0 

0 

a 

pMd cos 6 

r T + p(Ls + Ld cos 20) 

— pLu sin 20 

pM q sin 0 

b 

—pMd sin 0 

— pLjy sin 20 

r T -f p(Ls — Ld cos 20) 


q- 

0 

pM q sin 0 

pM q cos 0 

r qa + L qt p 


where Ls = (Ldr + L qr )/ 2, Ld - ( L,i r — L qr )/2 , and p refers to both cos 0 and i. 

2. Write the torque tensor for the two-phase synchronous machine. 

3. The winding diagram of the three-phase synchronous machine is shown in 
Figs. 2-31 and 2*32. 

The C matrix is 



d. 

a 

b 

c 

q« 

d. 

1 

0 

0 

0 

0 

drl 

0 

cos 0 

0 

0 

0 

dri 

0 

0 

cos(0 + 120°) 

0 

0 

d r 3 

0 

0 

0 

cos(0 - 120°) 

0 

9r3 

0 

0 

0 

sin(0 - 120°) 

0 

Qr2 

0 

0 

sin(0 + 120°) 

0 

0 

Qrl 

0 

sin 0 

0 

0 

0 

q. 

0 

0 

0 

0 

l 


**G. Kron, The Application of Tensors to the Analysis of Rotating Electrical 
Machinery , pp. 73-74. General Electric Review, 1938. 
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The inductance tensor L is given by Eq. (93) where L is enlarged to eight rows 
and eight columns. The elements of L are constants. 



Fig. 2-31. Generalized Machine. 



Fig. 2 • 32. Three-phase 
Synchronous Machine. 


4. Compute L' by means of the third equation of Eqs. (129). 

5. In L' of Ex. 4 make the substitutions 

Ldr cos 2 0 + L qr sin 2 0 = A + B cos 20 

Mdr COS 0 cos(0 + 120°) + M qr sin 0 sin(0 + 120°) — _|_ 

L L 

~ ^ €08(2^-120°) 
L 

and replace 

L r by \{L r + Lo/2) 

Mr by l(Lr - La) 

M by f M. 

Check the linkages given by L' i' with those given by Park. 84 

6. Derive, by the method of Sec. 9, the voltage equations of single-phase short 
circuits and compare with the Doherty-Nickle equations. 26 

7. Derive, by the method of .Sec. 9, the voltage equations of three-phase short 
circuits and compare with the Doherty-Nickle equations. 28 

* 4 R. H. Park, “Definition of an Ideal Synchronous Machine and Formula for the 
Armature Flux Linkages, 1 * General Electric Review , 31 (1928); 1 Two- React ion Theory 
of Synchronous Machines,** Part I, Generalized Method of Analysis, Trans.A.I.E.E., 
42 (1929). 

26 R. E. Doherty and C. A. Nickle, op. cit. t 52 -72. 

26 FL E. Doherty and C. A. Nickle, “Three-Phase Short Circuit,** Trans . A .I.E.E., 
49 (1930). 
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( 10 ) 

Machines Under Acceleration 

In Sec. 5-9 inclusive it has been assumed that the rotor runs at 
constant speed. In Sec. 10 accelerated motion of the rotor is taken into 
account. 

2 • 74. Equations of Voltage and Torque. When electrical machines 
run at a constant speed p0 2 — v 2 , two invariant equations are used in 
their analysis; namely, the equation of voltage 

di n 

c m = Rmni n + L mn — + pd 2 G mn i n + p6\ V mn i n [141] 
dt 

(where pB\ is the speed of the reference frame, if rotating) and the 
equation of torque (impressed) 

f=-G mn i™i n . [142] 

Each of these equations has been established separately. 

When machines have an accelerated motion (during starting or 
during small oscillations, etc.), the friction R and moment of inertia L 
also play a part in the analysis and the above equation of torque be- 
comes (for a single machine) 

f = Rv + L - G mn i m *». [143] 

In order to study accelerated motions more conveniently, it is neces- 
sary to replace the two invariant Eqs. (141) and (142) by a single in- 
variant equation, the so-called equation of motion, which splits up 
conveniently into its component equations of voltage and torque. The 
establishment of a single invariant equation also facilitates the analysis 
of rotating machines with complex structure, also the analysis of any 
number of interconnected machines with any type of actual or hypo- 
thetical reference frame. 

2-75. The Equation of Motion. In order to establish the equation 
of motion, new types of geometric objects will have to be introduced 
whose components contain both electrical and mechanical quantities. 
(In Eqs. 141 and 142 each tensor contains either electrical or mechanical 
quantities.) For instance, for the primitive machine, the quan- 
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tities that are not due to motion are arranged in the following four 
tensors 



The tensor a a p is called the metric tensor. 

In general there are as many geometrical axes s as there are me- 
chanical degrees of freedom in the system. Since the shafts of the 
various machines may also be interconnected by couplings, the trans- 
formation tensor C“/, also contains geometrical axes. For the repulsion 


motor (Fig. 2*33) 



[145] 


The quantities which are due to the existence of motion, namely, the 
torque tensor G mn (that occurs twice in the equations, once giving 
generated voltages, the second time torques) and V mn are arranged into 
a geometric object of valence three, r a 0 t7 called the affine connection 
as shown in Fig. 2*34. 
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In terms of the five geometric objects e a , i a , Rap, a ai 3 , and Tap ty the 
equation of motion of all electrical machines (and in general all electro- 
mechanical or electrical systems) is 

&a = -fta/3 & + dafl $ & - [146] 

The equation of power is 





Fig. 2 -33. Repulsion Motor. Fig. 2 -34. Affine Connection, T a p, y . 

2 • 76. The Metric Tensor a a p. The equation of motion introduces 
three geometric objects V a p, y , a a p, and Rap (in addition to the vectors 
e at i a and the scalar t) which play a basic part in the study of dynamics 
and geometry. The metric tensor a a p plays a part in the definition of 
the magnitude of a vector, while the affine connection and resistance 
tensor Rap play a part in the definition of its direction. (In the invari- 
ant equations of stationary mesh networks e a = z a piP the vectors i a , 
and e a have neither magnitude nor direction. They have only compo- 
nents, that is, an existence.) 

One of the most important concepts is the metric tensor a a p repre- 
senting the self- and mutual inductances and moments of inertia. 
When a vector A a is given, its magnitude is defined as 

\A\*-a+A‘A*. [148] 

If the vector is the generalized current vector i a , then its magnitude is 
equal to y/2 T, where T is the total kinetic energy stored instantane- 
ously in the system. 
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With the aid of the metric tensor a ai 3 it is possible to raise or lower 
the indices of tensors. If the inverse of a a0 is a°^ t then 

= .R a y or R* 0 a ay - Rfi y . [149] 


The indices of T a0ty (not being a tensor) cannot be moved. An excep- 
tion is the last index, so that 

Taff.yU^ = Tip. [150] 

The flux-linkage vector <p a is also the covariant form of i a and vice 
versa, since 

i a dap = <pp = ip and <p a a a ^ = <pP = ft. [151] 

Also 

2 T = = <p a i a = i a i a = *, v a = | *>| 2 = |*| 2 . 


That is, the current vector and the flux-linkage vector are the con- 
travariant and the covariant representation (“extensity” and “inten- 
sity” factors) of the same physical entity, the “stored kinetic energy” 
T. 

Tensors having the same base letters but having indices in different 
positions, as R a0 or R°! 0 or R„ or R n ^ are called associated tensors. 
The components of R°! 0t however, do not represent resistances but 
“decrement factors” 5, and the components of Y 0y do not represent 
self- and mutual inductances but “leakage coefficients” where 



resistance t 
: — : and 

inductance 


self-inductance 
mutual inductance 


[152] 


The use of ratios (generalized per unit quantities) in place of actual 
design constants facilitates the comparison of machines of different 
sizes, supplies a ready-made method to find the locus-diagrams graphs 
cally, and in general simplifies the algebraic and numerical calculations 
In terms of associated tensors, another form of the equations 0 / 
motion is 

dft 

<r = J? 0 ft + — + n y ftft, [ 153 ] 

where 


2*77. The Component Parts of the Affine Connection IV T . The 
affine connection appears in the equation of electrical machines 
because of the existence of mechanical motion and it contains all the 
additional self- and mutual inductances that appear between the ter- 
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minals by the presence of these motions. (In general these inductances 
are independent of those of the components of a^, that appear because 
of the motion of electric charges.) 

In general there are at least three different types of motion in a 
system of rotating electrical machines (besides the motion of the elec- 
trical charges) : (1) Conductors rotate. (2) The magnetic paths rotate. 
(3) The reference frames (real or hypothetical) rotate. 

Each of these motions introduces a different set of self- and mutual 
inductances that are arranged in each reference frame into a cube, 
forming part of l«0,v Each of these component parts forms a separate 
geometric object, so that V a p, y is itself a sum of three different types of 
geometric objects. In particular: 

(a) The inductances due to rotation of the conductors may be ar- 
ranged into the “torsion tensor" S a p y . It is a tensor of valence three 
skew-symmetric in its first two indices 

5*07 = Sf} ay [^ 54 ] 

since it contains only C mn and — G mn . 

In machines in which the flux-density waves in the rotor are not 
sinusoidal in space (such as in direct-current and alternating-current 
commutator machines), the components of S a $ y are independent of the 
components of ( i a & and there is no relation between S a p y and a ai g. How- 
ever, in machines with sinusoidal rotor-flux densities (such as synchro- 
nous and induction machines), the components of S a p y may be found 
(for the primitive machine only) from those of a by the formula 

■S*T = \ a eg’ (||; - | - J) , [155] 

where C*> changes the slip-ring axes to direct and quadrature axes and 
C°' is a function only of the displacement of the rotor or rotors. 

(b) The inductances due to the rotation of the magnetic paths 
(salient poles) may be arranged into a cube Sa^/d* 7 - This quantity can- 
not be denoted by one symbol since it is not a geometric object in 
general. 

When the flux due to the rotating magnetic paths is non-sinusoidal 
in space, the inductances due to the additional non-sinusoidal portions 
may be arranged into a tensor of rank three, Q a { 3 y - This tensor has no 
special name. It is symmetrical in its last two indices. 


Qafly — Qayp' 

Hence the magnetic paths contribute do<xe/dx y and Q a p y . 


[ 156 ] 
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(c) The inductances due to the rotation of the reference frames are 
arranged into a geometric object, the non-holonomic object. It is 
defined by a formula analogous to Eq. (155), namely, 

<W.t = \ c« Cl' (^; - gj) , [157] 

where now the components of are functions of the displacements .t* 
that differ from those of the rotors. 

2 *78. Definition of the Affine Connection T a(ity . The affine con- 
nection is built up from four .sets of inductances: 

(a) The motion of the conductors introduces S a p y . 

(b) The motion of the magnetic paths introduces da a ^/dx y and 

Qapy 

(c) The motion of the reference frames introduces ft a/ 9 f7 . 

In the definition of I«|9.7 each of the above four quantities occurs 
three times, with their indices arranged in the same even permutation 
aPy, pya, and yap . That is, 

r — i ( , d a y<* _ _ o , o 

" 2 W + a/ dx y ) + afiy * ya + ya( * [158] 

"f" \ (Qa&y "f“ Q(Sya Qyafi) ^a/3, 7 4“ Qfly,a &ya,&' 

This is the most general form of r a/9>Y that is used in tensor analysis 
(in affine differential geometry). Its formula of transformation is 

r^'.v - CZ' C% c y . + a ya q. ■ [159] 

The expression in parenthesis is called the Christoffel symbol. It is 
also a geometric object of valence three 

+ [,60) 

Its transformation formula is the same as that of r a p ty of Eq. (159). 
It is customary to include the non-holonomic object fi a 0, 7 in the defini- 
tion of [a/ 3 , 7 ] and call it the non-holonomic form of the Christoffel 
symbol as 

M.r] - ](g? + - §:?) -a*, + n*.- <W [»«>•] 

Its law of transformation is still the same as that of T a 0 $y . 

In special cases r a ^, 7 assumes simpler forms. In all problems of 
classical mechanics S a p y and Q a 0 y are zero and in most problems 
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is also zero, so that to a p,y is identical with the holonomic Christoffel 
symbol [a/3, 7] Eq. ( 160 ). In most standard electrical machines with 
stationary axes [a/3,7], Q a p y and to a p,y are zero, but not S a py 

2 • 79 . Permanent Magnets. When permanent magnets are present 
in the system (as in the case of the numerous types of subsynchronous 
motors), they introduce an additional flux-linkage vector <p a that is not 
a function of the currents ft. Their presence introduces a skew- 
symmetric tensor of valence two: 

which may be combined with the symmetrical resistance tensor Rap to 
form a general tensor of valence two: 

B a p = Rap + M a p. [ 162 ] 

In any reference frame the symmetrical part of B a p gives Rap and its 
skew-symmetric part gives Af a p. 

2 - 80 . The Most General Form of the Equation of Motion. Al- 
though in the definition of l\p, y each of the four quantities da a p/dx y , 
S a p y , Q a p y and tl a p, y occurs three times, in the equation of motion r a p, y 
appears multiplied by ft twice as V a p ty i a ft and consequently some of 
the quantities disappear or simplify. That is, the equation of motion 
of rotating electrical machinery may be written as 

dft 

e y = B y pft + ^70— + ([tt&y] — 2 Sp ya + Qap y — \ QaPy) ft ft , [ 163 ] 

where ft = d(f/dt and [a/3,7] is the non-holonomic Christoffel symbol of 
Eq. ( 160 a) simplified to 

[af),y] = ~i~ +2 Sly,.* [ 1606 ] 

This is the most general form of the equation of motion that is used 
in affine differential geometry where it represents (when t is replaced 
by the arc length s and e y = 0) the equation of the shortest lines 
between two points (paths) in a curved affine space. 

It is emphasized that the physical interpretation given above 
(namely, that each term in the equation represents the voltages and 
torques due to the motion of some particular medium) is valid only if 
the first primitive machine is used as the primary reference machine 
to find the equations of some particular machine. However, if some 
other machine, say one whose reference axes are connected to the mov- 
ing conductors, is assumed as the primary reference machine (which is, 
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of course, allowable), then the above equation is still valid, but the 
physical interpretation of each term is far more complicated. Each 
term then represents the voltages and torques due to several of the 
moving materials instead of one. 

Sections 1-10 of this chapter are but an introduction to the tensor 
theory of networks and rotating electrical machinery. The literature of 
the field is extensive. A number of references are given in Sec. 12. 


( 11 ) 

Tensorial Method of Attack of Engineering Problems 

The question arises as to how the engineer can put tensor equations 
to practical use. This question has already been answered by engineers 
having put them to use. However, it may be helpful to summarize 
briefly the process. 

2*81. Derivation. Only the derivation of equations of performance 
is here considered. Suppose the engineer is called upon to analyze a 
complicated engineering structure such as the hunting of a turbine gov- 
erning system or an electric drive. The steps in the tensorial method of 
establishing the equations art* as follows. 

( 4 ) 

1. Do not attempt to analyze immediately the given system, since 
it is too complex. 

2. Instead, subdivide the complex system into smaller component 
parts, the primitive system (for a simple example, sec §2-42) where 
(a) the equations of each component have already been established 
before (see §§2-39, 2-40), or if not previously analyzed, then ( b ) it is 
comparatively easy to establish the equations of each part either by 
further subdivision or by assuming more convenient reference frames, 
or by any other means. The subdivision may be accomplished in one or 
more steps depending upon the complexity of the resultant and the 
component structures. In addition to subdividing the system, new 
and more easily analyzable reference frames can be assumed. 

There is no necessity to assume the existence of reaction forces 
acting at the points or planes where the original structure was broken 
up. That is, each component system is analyzed as if the other com- 
ponent systems are non-existent. (See §§ 2 • 39, 2 • 40.) 

3. Establish the tensor equations of the primitive system consisting 
of several isolated structures. (See Eqs. 70, 71, 72.) 
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( B ) 

Set up the connection tensor (transformation tensor) showing how 
the component parts are interconnected into the actual system and also 
how the actual reference frames differ from the simplified ones. (Eqs. 
74.) 


(Q 

Transform each tensor of the primitive system with the aid of the 
connection tensor. (Eq. 75, for example.) Since the tensor equation 
of the original complex system is the same as that of the simpler primi- 
tive system, the equations of the given engineering structure have been 
established. 

The material of §§2 *39-2 -42 illustrates, in a simple case, the pro- 
cedure described. For a complex illustration the reader is referred to 
Kef. 2 of §2-82. 


( 12 ) 
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CHAPTER III 


NON-LINEARITY IN ENGINEERING 

(1) Differential Equations Analytic in Parameters, (2) Non- 
linear Systems by Variations of Parameters, (3) Solutions of 
Systems by Method of Successive Integrations, (4) Matrix 
Methods, (5) Elliptic Functions, (6) Hyperelliptic Functions, 

(7) Method of Collocation, (8) Galerkin’s Method, (9) Method 
of Lalesco’s Non-linear Integral Equations, (10) Solutions by the 
Differential Analyzer, (11) Additional Methods and References. 

The first two chapters of this text were concerned with the analyti- 
cal development of certain fundamental principles of mathematical 
engineering and the reduction of engineering problems to mathematical 
systems by means of these fundamental principles. Solutions of the 
resulting discrete systems may or may not depend upon advanced 
mathematics. If the solutions required no mathematics beyond the 
domain of elementary differential equations, Heaviside’s operational 
calculus, or the elementary theory of matrices the solutions were com- 
pleted in Chaps. I and II. 

Engineering problems of considerable difficulty may lead to mathe- 
matically discrete systems whose solutions depend upon advanced 
mathematics. Such problems frequently reduce to systems of non- 
linear differential or non-linear integral equations. 

In general, a non-linear problem is one which, when formulated 
mathematically, reduces to (one or) a system of differential, integral, or 
integro-differential equations such that at least one of the three quanti- 
tives, a derivative, an integral, or a dependent variable, is involved tran- 
scendentally or in some manner to a power higher than the first in at 
least one equation of the system. From Part I it is evident that analy- 
ses of investigations in circuits, electrical machines, heat-flow, elas- 
ticity, and dynamical systems lead more and more to systems of 
differential and integral equations whose dependent variables and (or) 
their derivatives are involved to a power higher than the first. The dif- 
ferential equations present such a variety of types that the so-called 
standard forms of differential equations studied in a first course in dif- 
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ferential equations are of slight use for the simple reason that they fail 
to arise in difficult problems in engineering practice. Engineering non- 
linear problems are most often reducible mathematically to the solution 
of systems of non-linear differential equations and non-linear integral 
equations. It is the purpose of this chapter to explain briefly the theory 
of these systems and, what is more important from an engineering point 
of view, to apply them in the solution of practical problems in engi- 
neering. 


( 1 ) 

Differential Equations Analytic in Parameters 

The general theory of differential equations analytic in parameters 
is, in general, conveniently applicable to equations in the so-called 
normal form. 

3 1. Reduction of Systems of Differential Equations to Normal 
Form. The normal form consists of a system of simultaneous differ- 
ential equations, the left members containing a single first derivative, 
while the right members contain no derivative. The number of 
equations in the normal form of the system equals the order of the sys- 
tem, i.e., the number of constants in the solution. Reduction to the 
normal form is merely a routine process. One new dependent variable 
must be introduced for each derivative of order higher than the first 
which occurs. The process is illustrated in the example following. 

Example. The differential equations of motion of a projectile, 
under proper conditions, are 

d 2 x __ , 2 dx 

dP ~ dt' 


d 2 y _ 
dt 2 ' “ 




where x, y are the coordinates of the projectile, t is the time, and 

k2 = Wy)G(v ), 


The constant C is the ballistic coefficient dependent upon the shape of 
the projectile, H(y) is a function of the height of the shell above ground 
and G(v ) is a function of the velocity. 



202 DIFFERENTIAL EQUATIONS ANALYTIC IN PARAMETERS 


Reduce these equations to the normal form. Let 


x = x lt y = # 3 , 


Then 


dx 

dt 

dx i 


= x 2 , 


* 2 , 


dy 

dt 

dx a 


= x 4 . 


dt dt 

dx 2 _ 2 dx 4 

= —kX2, 


x 4t 


dt 


dt 


= -£ 2 * 4 “ g- 


The last four equations are the normal form of the two second-order 
differential equations of the motion of a projectile. 

3-2. Equations of Type II. Let the system of differential equations, 
as given by the physical problem, be reduced to the normal form 

x, = F t (x u x 2 , •”,#»;*) = Fi{xj\ t) ( i,j = 1,2, ■••,») 

f, \ u • dxi t 1 ] 

Xi(t 0 ) = a { where x, = — • 

at 


In Eqs. (1) the second system of n equations, namely, Xi(t 0 ) = ai are, of 
course, the n initial conditions. If (1) contain a parameter r or if a 
parameter r can be introduced by change of variables in such a way 
that (1) are reducible to the form 

x\ = /»(*;; t) + r gi(xj,r; t) (i,j = 1, 2, • • •, n) 

[ 2 ] 

Xi(t$) 


then the system is said to be of type II. The properties of the func- 
tions fi and g t are described presently. 

First consider the system of equations 

x t = /»(*;; t), 0 ij =1,2 , • • • , n) 

[3] 

s t (/o) = 


where the functions /»• are analytic in Xj and / for all Xj and / which sat- 
isfy the relations 

| Xj - Gj | g fy, | / - /q | ^ To. [4] 

Equations (4) state merely that the n functions /» are analytic in the 
interior and on the boundary of some (n + 1) dimensional region. 
This condition is usually satisfied in engineering problems. A function 
Six i,x 2l x n ;t) is analytic in the region specified by (4) if it is 

uniquely expansible in a power series in the (» + 1) variables (xj — ay) 
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and (/ — to) and if the series is convergent in the region defined by 
(4). The method of obtaining this expansion is given in §3-5. 

It is provable 1 that (3) possess a unique continuous solution 
Xi = xf\t). If, in (2), the g t (xj , r;t) are analytic in Xj — Xj 0) and r 
uniformly with respect to t and are continuous in / for all x y, r, and t 
in the region 

I Xj — xf* I ^ Yj, r g p, to £ T £ To [5] 

then there exists a formal solution 2 3 of (2) of the form 

Xi = * t (0) (/) + x[ l \t)r + x®\t)r 2 + • • •, (i = 1, 2, • • •, n) [6] 

where x[°\ x[ x) , • • • are determined in §3-5. 

The notation in (6) may require explanation. The functions 
fi{xj\t) are functions of (n + 1) variables of which n of them are 
Xit x 2 , • x n . Each xj, by (6), is the sum of infinitely many explicit 
functions of t. Hence either an additional subscript or some other 
device must be employed to arrange in order the set of functions for 
each Xj . It is convenient and customary to use superscripts. 

3 -3. Nature of the Solution of Type II. Systems of type II are 
useful especially in solving engineering problems in which rg t (rj,r\t) are 
less in absolute value then Series (6) is then usually rapidly 

convergent and the terms linear and quadratic in r furnish sufficient 
accuracy. If the system contains no parameter r, one can frequently 
be introduced by change of dependent or independent variables. If 
it is evident that the solution x x = a;» (0) (/), which is called the generating 
solution of (2), is not even an approximate solution of (2), then the 
method may yield such complicated results that they may be of little 
engineering value. It is then necessary to resolve F x into f t and g x in a 
different manner or resort to methods of the sections which follow. 
The guide in resolving Fi into the sum of two functions is the physics 
of the problem. 

During transient performance of rotating synchronous machines 8 
the effect of field and armature resistance on fluxes is small if the time 
is sufficiently small. In this case the constant leakage theorem 4 * * may 

1 E. L. Ince, Ordinary Differential Equations , Chap. III. 

2 A formal solution is one which merely satisfies the differential equations when 
substituted therein. The solution may be a divergent series of such a nature that it 
does not define a function. A formal solution may be worthless. 

3 R. E. Doherty and C. A. Nickle, “Synchronous Machines IV,” Trans . A.LE.E., 
47 (April v 1928). 

4 R. E. Doherty, “A Simplified Method of Analyzing Short-Circuit Problems/' 

Trans. A.I.E.E. , 42 (1923); “Short-Circuit Current of Induction Motors and Gen- 

erators/' ibid., 40 (1921). 
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furnish the generating solution Xi = * t - 0) (/), i.e. f the solution of (3). 
Steinmetz has given the rate of build-up of field flux 6 of a compound or 
shunt generator running at constant speed. This solution can be used 
as the generating solution for the more general case of a machine run- 
ning at variable speed. In the differential equations of dynamic brak- 
ing of a synchronous machine the most complicated term in the 
differential equations contributes only ten per cent of the solution. 
(That is, a solution computed without the complicated term gives a 
result which is 90 per cent accurate when an oscillogram is used as an 
answer book.) The equations in this case are reducible to type II. 

Non-linear problems are problems of great difficulty. In problems 
of this type, solutions in closed form (a closed solution is a non-series 
analytical solution) are not to be expected. Indeed it is sometimes 
provable that no solutions in closed form exist. Series solutions may 
not possess the elegance of form that solutions of differential equations 
with constant coefficients possess, but if the solution contains the 
parameters of the problem in such a way that performance of the 
physical system can be predicted, then it is sufficient. 

3*4. Introductory Example. Obtain the solution, as far as the 
terms linear in r, of the system of differential equations 


*i = -*2, 
f , 2 

x 2 = *1 + r x 2i 

with the initial conditions 

*i(0) = 0, 


[7] 


*2(0) = - 1 . 


There exists a solution of (7) of the form of (6). The substitution 
of (6) in (7) yields 

4 0) ' + x[ iy r + • • • = - (* 2 0> + + • • •). 

xf y + x^'r + *i 0) + *i H V + • • • + r(4 0) + + • • • ) 2 


or equating coefficients of like powers of r 

x[ oy = - xf\ 

4 0) ' = 4°\ 

4 °' = - 4 ° C8] 

4 °’ = 4 ° + ( 4 0) ) 2 , 


5 C. P. Steinmetz, Transient Phenomena , p. 32. 
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The first pair of (8) is equivalent to #i 0) + *i 0) = 0 whose general 
solution is 

4 0) = A 0 sin / + B 0 cos t. 


From 



90 ° 180 * 270 ° 360 * 

Fig. 3-1. Solution and Generating Solution. 


The initial conditions, when substituted in the general solution, give 
*i 0) = sin /, 

* 2 0> = — cos t. 

Substituting x ( 2 0) in the second pair of Eqs. (8) and solving the result- 
ing equations, we have 

x[ l) = Aj sin t + B\ cos t — \ + § cos 2/, 

X 2 } = — A\ cos / + Bi sin t + ^ sin 2t . 

Since the initial conditions of the problem have been satisfied by 
*i< 0) (0) = 0, and *4 O) (0) = — 1, it follows that ^Ci 1) (0) = a4 1> (0) = 0. 
Applying these conditions to the general solution for and x^, we 
obtain 

x[ l) = - § + £ cos / + J cos 2/, 

* 2 ° = | (sin t + sin 2/). 
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The required solution of (7) is 

xt = sin / — i(3 — 2 cos / ■- cos 2t)r + • • •. 

[ 9 ] 

x 2 = — cos / + f (sin t + sin 2 t)r + • • • 

The graphs of both the generating and complete solution for r = § 
are plotted in Fig. 3*1. 


EXERCISE I 

1. Reduce the equation x " 4- (cl + rbx)x' + cx = 0 to the normal form. Obtain 
a formal solution, by the method of §3-4, of the resulting normal system under the 
assumption that a and c are very large relative to r and b. The motion is oscillatory 
in the physical problem. (The equation is a simplified equation of hunting.) Take 
as initial conditions that the displacement *i = 0 at t — 0 and the velocity x 2 = k, 
a small quantity, at / = 0. Two terms of each of the two series are sufficient. 

2. Obtain, by the method of §3-4, a formal solution of the system 

x[ = x 2 „+ r xixl 

*2 = — (1 — r)x i + rx\x 2 , 

where r is less than unity. Choose the initial conditions such that the solution is 
simple. Two terms of each of the series are sufficient. Find a physical system of 
which the above differential equations are the equations of performance. 

3. Obtain a formal solution, subject to the initial conditions x(0) = k, i'( 0) = 0 
and for the interval 0 £ t £ m < 1, of the differential equation 

*" + *+«* + r 2 W^-~? t 6 = 0, 

where 0 < r < J^. Three terms of the series in r are sufficient. Find a mechanical 
system of which this differential equation is the equation of motion. Find an elec- 
trical system of which this is the equation of performance. 


3*5. General Theory of Equations of Type II. The success of the 
method of integration in powers of a parameter depends upon the 
resolution of F x of (1) into /* and gi such that (3) are integrable in 
suitable form. It is supposed then that the solution of system (3) has 
been obtained. This solution x x = ^[ 0) (/) is the generating solution 
of (2). 

In complicated problems it is necessary to expand f x and g x as power 
series in (xj — xj 0) ) and r. A proof of Taylor’s expansion of a function 
of several variables is recalled in order to emphasize the distinction 
between the expansion of a function in powers of (x 3 — ay) where ay are 
constants and in powers of (xj — Xj (0) ) where JCj (0) are functions of t. 
A function of two independent variables and one parameter is suf- 
ficient to display the reasoning. 
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First let f(x i, x 2 , r) be expanded in powers of Xj — ay and r. Sup- 
pose that f(x i, x 2 , r) and its first w partial derivatives are continuous 
in the region | Xj — ay | g Ay, and 0 < r g R. Let 


and 


Xj = ay + AyJ 
r = ps 


[ 10 ] 


where ay, Ay, and p are constants and s is a variable which lies in the 
interval 0 ^ s ^ 1. Define a new function 


F(s) = /(ai + hs , a 2 + A 2 s, ps) = /(*i, * 2 , *0- 
The expansion of F(s) in a Maclaurin series is 

F(s) = F( 0) + ^(0)j + F" -°^ 2 + F'" + • ■ • [11] 

The total derivatives of F'(s ), F"(s ), • • • are 

. . . . dx\ , » / \ dx 2 , » / \ dr 

F {s) = f Xl fa, x 2 , r) — + * 2 , ') + /r(*i, * 2 , r) ^ 


= hif xi (x u x 2 , r ) + h 2 f x ,fa, x 2 , r) + p/ r (*i, * 2 . 0. 




F"(s) = [hJ XiXl fa, x 2 , r) + h 2 f XiXl (x u x 2 , r ) + p/,„(*i, * 2 , r)] — 

dx 2 

+ [hif xlXi (x u x 2 , r) + h 2 f xm (x u x 2 , r) + pf rx ,(x u x 2 , r)] — 

dr 

+ [hJ XlT (x u x 2 , r) + h 2 f xxr (x u x 2 , r) + pf„(x i, x 2 , r)] — 


where 


Jxir 

= [hifx iXt (xi, x 2 , r) + hlf XtXi (x u x 2 , r ) + p 2 / rr fa, x 2 , r) 
+ 2h 1 h 2 f Xt f Xi fa, x 2 , r ) + 2hipf rxi fa, x 2 , r) 

+ 2h 2 pf rXi fa, x 2 , r)], 

f = f = 9!/ f = _J*L etc 

Jxi a*,’ 7x,x * a*?’ 7x111 3 *x 3*2 ’ 

The values of F( 0), F'(0), F"(0) are 

F( 0) = /(ai, a 2 , 0) 

F'(0) = Ai/ Xl (ai, a 2 , 0) + h 2 f X2 (a\ t a 2 , 0) + p/ r (a i, a 2 , 0) 


ds 


F"(0) = Af/ xixi (ai, a 2 , 0) + h 2 2 f XiXi (a u a 2 , 0) 

+ P 2 /rr(^i, a 2 , 0) + 2hih 2 f XlX2 (ai , a 2 , 0) 
+ 2Aip/ fXl (ai, a 2 , 0) + 2h 2 pf rX2 (a\ t a 2 , 0), 
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When these values are substituted in (11) 

F( s ) — f( a 1* 02» 0) + [kif Xl ( a h fl 2f 0) + h 2 f X2 (a Xi a 2i 0) 

+ pfr(a u a 2 , 0)]s + J [hif XlXl (a lt a 2 , 0) 

+ hlfxvaiPli a 2i 0 ) + p 2 frr(fl 1 » <* 2 » 0 ) 

+ 2 feiA 2 /x,j 2 (ai, a 2 , 0) + 2h\pf rXl (a\, a 2 , 0) 

+ 2h 2 fr Xi p(du 0)]5 2 + • • • 

The last equation may be written 

F(s) = f(a u a 2 , 0) + (sfei ~ + sh 2 + sp ^_) /(*i, x 2 . r) 

+ h ( shi ^ + 5/!2 + sp I) /( * x ’ * 2> r) + ' ‘ ' 

( 0 0 
shi b $A 2 

^ 0^1 0^2 
+ sp has been raised to the power indicated and the partial 

derivatives taken, then the variables X\ t x 2 , r in / are replaced by a Xt a 2} 
and 0. 

From (10) shj = Xj — ay and sp = r. If these substitutions are 
made in the value for F(s), there results 

/(* 1. X 2 , r) = /(«!, a 2 , 0) + ^ {Xj - of) + r — J f(x u x 2 , r) 

+ Y\ [ X) ^ /(*i> * 2 , r) + • • • [12] 

If the independent variables are x Xi x 2 , •••, x n then the sum- 
mations in (12) range from j = 1 to j = n. 

The development (12) is valid in the vicinity of the point (a x , a 2 , 0) 
and holds for all points within the parallelepiped | Xj — a 3 1 g Ay, 
0 < r g R, The solution X{ = *, (0) (/) of (3) defines a curve in space. 
If in (12) ay is replaced by xf } (/) and the function / and its derivatives 
satisfy continuity conditions then the expansion becomes 

fix 1 , x 2 , r) = /(*[°\ 4 0) . 0) + - 4 0) ) ^ + r * 2 . r) 

+ MS < *"^ >, l; + 4rT /< * , '*' r) + --- [13] 
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where (x\, x 2 , r) in /are replaced by ( xj 0) , 0) after the indicated opera- 
tions have been carried out. 

Upon expanding f % (x 3 \t) and g t (xy,r;0 of (2) in powers of (xj — xf^ 
and r by (13); replacing (xy — xj 0) ), in these expansions, by x^ l) (f)r + 
+ • • • from (6); substituting these results and (6) in (2) and 
finally equating corresponding powers of r on the two sides of the 
equations, it is found that 


dt 


=/.(*?”;<) 


(* = 1,2, •••,«) 


_ V' 3/*- 0) 

dt Qxj 1 


gt(xf ;t), 


[14] 


dxf[ 

dt 


n 

-E 


dfi 

dxj 


(2) __ t 


xr = 


, n « 

lyyJijD 

2 ihi dxjdxk 


4” + 


dgi 

dxj 


,<0 


,9g» 
+ Or ' 


where xy and r in/* and g t arc replaced by Xy 0) and 0 after the differentia 
tions have been performed. 

Criteria for the convergence of the series of (6) arc given in §3 • 7. 
The x, (0) in (13) is a function of t in the interval t 0 S / S t\. If the 
series (13) converges for all values of r and for every value of / in 
t 0 St Sh then (13) is uniformly analytic in the interval /o S t S t\. 

EXERCISES AND PROBLEMS II 

1. Expand the function 

x sin x + s 2 + r cos x + (r 2 + r 3 ) sin 2 x 

as a power series in x — x (0) and r where x (0) = sin t. The third powers of x — jc < 0) 
and r are sufficient to illustrate the process. 

2. In the functions 

, = CRJ ~ £)[(r sp/s ) 2 + XdX„] 

1 L[(r so/s ) 2 + Xd'X Q ] 

_ 2 KP - x d ')[xl + (r sqA)]* 

JIo [(r io/i ) 2 + XdX,]* s 4 [(r so/s ) 2 + Xd'X t ] ’ 

/*- 0, 

_ KPrPjxl + jrso/s) 2 ] 

** Jsll[(r so/s ) 2 + x d x t f ’ 

let $ = and / = — 4* where 5, /, z, and y are variables and all other 
R 

letters represent constants. Expand /i, gi, and gi in power series in z/ — z/ 0) and 
y — y (0) where z/ 0) = a\t + atf 2 and y (0) = bit + Two terms for each function 
are sufficient. 
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Instead of the single parameter r the system (2) may contain m 
parameters r lf r 2 » • • •, r m in which an expansion is possible. In this 
situation Taylor’s expansion formula, (13), can be extended to the 
n + m variables Xj — xf* and r\, • • • , r m . It is, however, preferable 

to write r x = c t r and obtain the expansions in Xj — )) and r alone. 

In the final answer c x r is then replaced by n,i = 1,2, • • • , w. 

The parameter r may occur in g x in two ways. In some terms (or 
expressions) it may occur simply, whereas in others it may occur in a 
highly complicated manner. When this is the situation, the parameter 
r can be set equal to r 0 in those terms in which it appears in a com- 
plicated way. The expansions can then be carried out in powers of 
Xj — x^ 0) and r, whereas r 0 is being treated as a mere constant. After 
the mathematical solution is completed, it must be remembered that 
the mathematical solution belongs to the physical or engineering prob- 
lem only if r = r 0 . Physics is a guide in the designation of the param- 
eter as r or as r 0 in the expressions of the system. Understanding of 
the behavior of a physical system frequently diminishes its mathe- 
matical difficulties. 

3 -6. Synchronous Motor Operating Below Synchronous Speed 
with Field Unexcited. We shall now illustrate the method of analysis 
set forth in §§3*1-3 -6 by the integration of the differential equations 
of performance of a synchronous machine operating as a reluctance- 
induction motor. The differential equation 6 of hunting of a synchro- 
nous motor of design such that the electrical transients, due to switching- 
on of the field voltage, do not appreciably affect the steady-state elec- 
trical torques, is 

—4 + £(1 — b cos 2 0)~ + r sin 20 + sin 0 = T , [IS] 

dr * dr 

where 

T = P L /P m , a? = Pj/P m , r — P r /P m , k = 

and where -Pmi Pj, Pn and Pd are constants defined elsewhere. The 
independent variable r is given by t = \/a where X is time in seconds. 

Before the field voltage is switched on the motor may operate below 
synchronous speed as a reluctance-induction motor. The equation of 
performance 7 of such a motor is Eq. (15) with the term sin 0 deleted. 

• For the derivation of Eq. (15) see H. E. Edgerton and P. Fourmarier, “The 
Pulling into Step of a Salient Pole Synchronous Motor,” Trans. A.I.E.E. , 50 (June, 
1931). For a more general differential system see D. R. Shoults, S. B. Crary, and 
A. H. Lauder “Pull-In-Characteristics of Synchronous Motors,” Elec . Eng. t 54 
(December, 1935). 

T H. E. Edgerton and P. Fourmarier, loc. cit. 
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If change of dependent variable in (15) is made by the relation 26 = x 
then the required equation is 


d 2 x dx 

— o + k(l — b cos x) — + 2r sin x = IT 
dr * dr 


[16] 


or, in normal form, 


d : ci 
dr 


= * 2 , 


dx 2 
dr 


27" — &# 2 — 2r sin * 2 cos xu 


[17] 


where c x r = b and x x = x. 

Representative values of the parameters are 

0 < b < 0.5, 0.028 < k < 0.11 (k for electrical degrees), 
0.3 < T < 0.8, 0.25 < c < 0.50. 

From physical considerations it is known that the solution of (17) 
consists of an oscillatory component superimposed upon a constant 
component of slip. Both the period and magnitude of the oscillatory 
component are unknown. However, it is known that both the period 
and magnitude of the oscillatory component are affected by and affect 
the constant component of slip. This physical situation frequently 
arises in certain types of engineering problems. Accordingly, the 
desired solution of (16) will illustrate, in addition to the principles of 
§§ 3 -1-3 -5, a method of solving this type of problem. 

The procedure is as follows. First in (16) make the change of 
independent variable 

r = (1 + 8)t , 5 = 8 x r + $ 2 r 2 + ^r 3 + • • •, [18] 

where Si, S 2 , 53, • • • are determined by subsequently imposed periodic- 
ity conditions. Next, ( a ) write the equation in t in the normal form, 
C b ) expand sin x x and cos x x in power series in x x — *i 0) , (c) substitute 

Xi(t) = xf\t) + x?\t)r + x?\ty + • • • (i = 1, 2) [19] 

in the differential equations resulting from steps (a), (i), and (c). 
Finally, in each of the two differential equations obtained thus far 
equate to zero the coefficients of each power of r. The final equations 
corresponding to Eqs. (14) are 
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x^' = — &(5i*2 0) + * 2 ^ — C i x 2 >) cos *i 0) ) — 2 sin + 4 T 5j, 


[ 196 ] 


xf Y 

xf y 


~ * 2 ’ [19c] 

= — k[&$xf ) + hix? — d*y» cos *i 0) ) + * 2 2) + JCi 0 * 2 0) c i sin *{ 0) 

— jc^ 15 c i cos *i 0) ] — 2x[ {) cos *f® — 48i sin *j 0) + 2T(S\ + 2 i 2 ), 


The above sets of equations are now integrated sequentially. The 
general solution of (19a) is 


= -4%-“ + <* + Co, 

K 

xf> = A 0 e~ kt + c, 


[ 20 ] 


where e = 2T/k. Only a steady-state solution is desired. Conse- 
quently, the initial conditions are chosen such that A 0 = C 0 = 0. Thus 
*i o) (0) - 0, 4 0) (0) = e and 

4 0) W = et, xf\t) = e. [20a] 


The substitution of (20a) in (196) yields the differential equations 


*J U ' = 4°, 


a#' = — k{bie + a* 0 — Cie cos et) — 2 sin el + 4 T Si, 


whose general solution is 

e(kci + 2) sin et — k(c\e 2 — 2) cos 


x™ = e Sit + 
* 2 ° = e Si + ^ 


e(e 2 + k 2 ) 
f k{e 2 C\ — 2) sin et + e{k 2 C\ + 2) cos 


cij 


Aie 


—let 


e 2 + k 2 


a ] 


+ Aie 


r-kt 


+ Ci 
[206] 


Choose Ai = Ci = 0. Then 


4°(0) — 


6(e 2 ci - 2) 

+ k 2 ) ’ 


4 1} (0) = 


e(k 2 a + 2) 

<? + k 2 


+ eS i. 


The value of 8\ is now to be determined by the periodicity conditions. 
If (206), with Ai = Ci — 0 are substituted in (19c) and if the solution 
of the resulting differential equations carried out with $1 0 then 

terms of the form / sin et, t cos et appear. From physical considerations 
such terms cannot appear. Consequently, 8\ must vanish. 
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Write (20 b) in the form 

* 2 ° = sin et + D 2 cos et , x^ = Ei sin et + E 2 cos et. 

Substituting these values of x[ l) and x™ in (19c) and integrating the 
resulting differential equations we have for the general solution 

x[ 2) = (~keS 2 + 4TS 2 - y c x D x + ^ - D 2 ) *- 


+ 


1 ^2 — 
\~~k e 


(k/3 — lea) sin let — (ka + l/3e) cos let 
. 2e(/fe 2 + 4e 2 ) 

x 2 2 ^ — — ( — ke8 2 "I - 4T8 2 — ek c x D x kc x E 2 — D 2 ) 

k 

, [ (kfi — lea ) cos let + (ka + 2/3c) sin let\ , A _ kt 

+ L \ + 26 ’ 

where 

k 2 c x (c x e 2 - 2) - (fe 2 c t + 2) 


4- C 2 , 


0 = 


ke 2 c x (k 2 c x + 2) + ife^e 2 - 2) 


[ 21 ] 


c 2 + k 2 ' M e(e 2 + * 2 ) 

The linear term in t in x x ) must vanish and consequently 

. _ 2 - cie 2 

2 e*(e 2 + k 2 ) ' 

If A 2 = C 2 = 0, the initial conditions are 

*P'(o) = - - + 2e ® 4 2) ro) = — - 2ec ^ • 

1 W 2e(/fe 2 + 4e 2 ) ’ 2 W (k 2 + 4e 2 ) 

The entire solution as far as terms in r 2 , when the relation x — 10 is 
employed, is 

et r T ( k 2 c x + l)e sin et — k(e 2 c x — 2) cos et\ 

° l ~l + l L e(e 2 + k 2 ) J 

r 2 T ( feft — lea ) sin let — (ka + 2/3e) cos 2e/ l 

+ T L le(k 2 + 4c 2 ) J + * ” 


[ 22 ] 


2 11 


k(c x e? — 2) sin et + e(c x k 2 + 2) cos et 


} 


where * = 


c 2 + k 2 

r 2 T ( k$ — 2ea) cos 2c/ + {ka + 20e) sin 2et\ 

+ iL J + '"- 

X X 


a(l + 5) a(l + 5ir + 8 2 r 2 + • • • ) 


, X being in seconds. 
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The periodic component of the slip is periodic of period 27ra(l + + 

5 2 r 2 + • • • ) in X. The graphs of the angular displacement 0i and the 



012345678 

% (not in seconds) 


Fig. 3 • 2a. Slip and Angular Displacement for Rotor of Induction-reluctance Motor. 

slip 02 are shown in Fig. 3 • 2a. The graph of the slip plotted against 
the displacement is shown in Fig. 3 • 2b. 



Fig. 3*26. Slip Plotted Against Angular Displacement for Induction-reluctance 

Motor. 


It is needless to state that the solutions for 6\ and 02 can be con* 
tinued to as high a power in r as is desired. 
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EXERCISES AND PROBLEMS III 

1. Carry out the solution (22) of § 3 -6 as far as the terms in r 3 and compute 

2. The differential equations of the field current I and speed 5 of a synchronous 
machine during dynamic braking are 

dl = ( RI - E)[(rs 0 /s) 2 + x d x q ] 

dt L[(rs 0 /s) 2 + Xd'X q ] 

_ 2KPr z I i (x ( j - x d ') [*g + (rJoA) 2 ]:yo 
Jll[(rs 0 /s ) 2 + x d x q f[(rso/s ) 2 + x d 'X q ]s * 9 

ds = K PrI 2 [x 2 + (rsp/s) 2 ] 
dt Jsll [{rso/s) 2 + x d x q ] 2 

The range of the constants for a typically small and typically large 
machine are 

P = Rating of the machine kva = 15 or 400, 

J = Moment of inertia, pounds 2 feet = 0.330 or 7.215, 
s 0 = Initial speed, radians per second = 125.8 or 9.93, 
t = Time in seconds, 

K = Constant = 735.5, 
s = Speed at any time, radians per second, 

Xd = Direct synchronous reactance, per unit = 1.104 or 0.64, 
x q = Quadrature synchronous reactance, per unit = 0.767 or 0.46, 
Xd ' = Direct transient reactance, per unit = 0.654 or 0.29, 
r = Shorting resistance plus armature resistance, per unit = 0.682 
or 0.277, 

E = Field voltage, volts = 25 or 76.67, 

7 0 = No load field current, amperes = 6.5 or 57.5, 

1 1 = Jump in field current on short circuit, amperes = 5.82 or 32, 
I = Field current at time t y amperes, 

R = Field resistance, ohms = 3.54 or 0.802, 

L = Field inductance, henrys = 0.512 or 0.67. 

Inspection of speed curves and oscillograms of the field currents of 
typical machines suggests the change of dependent variables 

s = s$e~ 9 , 

E 

where s(0) = s 0 and J(0) = — + I\. 
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(а) Obtain the resulting differential equations in z and y. 

(б) Note that the solution of 

dy R 

dt~L 9 

* ... [f+H'h+H 

dt r Jllsle 2 * [x dX q + (re*) 2 ] 2 

can be used as a generating solution. Obtain this solution y = y (0) (/), 
s = s< 0) (/). 

(( c ) Note that XdX q — x^x q and — j— x q (xd — **) in the equa- 

JIqIi 

tions obtained in (a) are small. Call the first r x and the second r 2 . 
Let n = Cin and r 2 = c 2 u. 

(d) Expand, by Eqs. (13), the right members of the equations 
obtained in (a) in powers of (y — y (0) ), (z — * (0) ) and /z. 

(e) To illustrate the method of this section (Type II) compute the 
solution, as far as and including the terms y (1) and z (1 \ (A better 
method of handling this particular problem is given in Sec. 9 of the 
present chapter.) 

3 • 7. Convergence of the Solution (6). Thus far the solution (6) of 
(2) may be merely a formal solution and of no value. It remains to in- 
vestigate the convergence of the series (6). It will be shown, in this 
article, by means of the well-known method of dominant functions that 
the series (6) converges for certain domains of r, (xj — # ; (0) ), and t. 

The gist of the method of dominant functions in establishing the 
existence of solutions of differential systems in normal form now fol- 
lows. Some details in the method are left as exercises in problem set IV. 
The right members of the differential equations in question are ex- 
panded by (13) in series of the required type. Next, the right members 
of the differential equations are replaced by functions which, if ex- 
panded in series, are greater term by term (i.e., dominant) than the series 
of the right members of the given differential equations. Moreover , the 
dominant series must be such that the dominant system can be integrated . 
In general, certain restrictions will be imposed on the parameters of 
the dominant system in order that the solution of the dominant system 
converge. Since the solution of the dominant system converges, the 
solution (6) also converges because the solution (6) is less term by term 
than the dominant solution. 
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Explicitly, then .suppose that the solution *,• = xj 0) (t) of (3) has 
been found. If (3) are subtracted from (2) there results 



Xi 


- *i 0) ) = - /,(*f ; t) + rgi(xj;r;t), 

— x\ 0) = 0 for t = to- 


(*.J 



Suppose that the right members of (23) are expanded by (13) as power 
series in Xj — *y 0) and r and then make the change of variables X{ 
— xj 0) = Xi(t). The initial conditions for the new system in Xi are 
Xifo) = 0. The right members of (23) are expansible in powers of 
Xj — xf } and r within the region | Xj — xj 0) | ^ pj t | r | ^ cr, and 
to s ^ ^ T provided /,• and gi are analytic within this region. In 
engineering problems these conditions are always satisfied, if not 
over the complete interval to £ t £ T, then at least over each 
of a finite number of subintervals into which (fo, T) can be 
divided. 

Let Mi be an upper bound of \fi(xj;t) —fi(x$ 0 ) ;t) + <rogi(Xj\r\t) | 
in the region specified above. The quantity <r Q satisfies the relation 
0 < | r | < <r 0 < <t. Let M be as large as any Mi. It is not difficult to 
see that (Ex. 1) the right members of (23), when expanded by (13), 
are dominated by the expansion of the right members of the equations 


dXj 

dt 


M 

r*i + ••• 

p 

Co J 

r 1 + x, + " 

L P 

• +*•+' 1 
C 0 J 



• • + X n r 

P *0- 



’[24] 


Xi(t 0 ) = 0, 


where p < py. Since the right members in the n Eqs. (24) are all 
identical and since -X\-(/ 0 ) = 0 for i = 1,2, •••,» it follows that 

x x = X 2 = • • • - X n . Set Xi = - (X - -) in (24). Then X must 

» ffo 

satisfy the differential equation 

dX nM X{\ + X) 
dt ~ p 1 - X ’ 

X{h) = -• 

Co 


[ 25 ] 
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The solution of (25), subject to the initial conditions, is 
0(1 + r/<r, 


X = -1 + 


2t/<j 0 


where [26] 

0=1+ r/a 0 -V(l + r/c 0 ) 2 - 4r/<r 0 


(See Ex. 2, problem set IV.) 

The right member of (26) is expansible as a power series in r. Since 
the solution of (24) as a power series in r is unique, this solution is 
identical to the expansion of (26) as a power series in r. 

It is next necessary to examine the region of convergence of the 
series resulting from (26). By the theory of functions the series in 
question converges interior to a circle whose center is zero and whose 
radius is the distance from the origin to the nearest singular point 
of the function X. The only finite singularities of X are the branch- 
points 8 defined by the equation 



= 0 . 


The two roots of this equation are 

r = a 0 [-l + 2c" W(< “ <o)/p ± V(1 - 2e B " ( '- <o)/p ) 2 - 1]; 


the smaller of which is the one with the negative radical. From the 
smaller root 


, i - V(i - 

r < 1 + V(1 — ao 


[26a] 


(See Ex. 3.) 

By the reasoning of the preceding paragraph the region of conver- 
gence in r of the solution of (24) as a power series in r is given by (26a). 

The steps necessary to complete the proof of the existence of a solu- 
tion of (2) in the form of (6) are as follows. (The details of the steps are 
left as Ex. 4.) Expand the right members of (23) as power series in 
Xj — #y 0) and r. Substitute in these expansions 

Xj — # ? (0) = rxf ] + r 2 xj 2) + ■ • • . [26ft] 


Equate corresponding powers of r, obtaining a sequence of differential 
equations. Next, expand the right members of (24) as power series 
in Xj and r. Substitute in these expansions 


Xj = rX™ + r 2 + • • • . [26c] 


•See Vol. I, Chap. IV, or J. Pierpont, Functions of a Complex Variable, pp. 95, 
235-238, 
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Equate corresponding powers of r, obtaining a sequence of differential 
equations. Show, by expressing the integrals of the two sequences of 
differential equations, that the series in the right member of (2 6c) 
is greater term by term than the series in the right member of (266). 
The radius of convergence of (26c) is, however, given by inequality 
(26a) and consequently (266) converges in the same domain. In fact, 
(266) will usually converge for a larger value of r than indicated by 
(26a). 

It is unfortunate that there exists no method in all mathematics 
of determining the true radius of convergence of (6) without first finding 
the series. By true radius is meant a value of r, say, ro such that for 
r ^ ro the series converges and for r > r Q the series diverges. This fact 
brings out an important engineering observation. In engineering inves- 
tigations the value of r as given by (26a) is usually smaller than the 
value required in the problem under solution, but in important elec- 
trical problems there exist oscillograms and in important mechanical 
problems there exist very frequently differential analyzer solutions 
which may serve as answers or checks on analytical solutions and by 
these an idea of the convergence of (6) can frequently be ascertained. 
Often such electrical or analyzer solutions are of aid in the choice of the 
Mi and in the choice of dominant functions, Eqs. (24). 

3 -8. Differential Equations of Type I. The system of differential 
equations 

*i = rMxj\r;t), (ij = 1 , •••,») 

[27] 

Xi(t 0 ) = di 

is known as a system of type I. Although systems of type II are of 
much wider applicability in engineering and applied science than are 
those of type I the latter are of considerable industrial importance. 
It is sufficient for our purpose if the functions fi(xj;r;t) are analytic in 
Xj and r and continuous in t within the domain | Xj — ay | ^ ry, | r | ^ <r 
for to^t^T. For if these properties of the functions f%{xj\r\t) do not 
exist for the entire interval of t for which the solution of (27) is desired 
they will exist at least over each of a finite number of subintervals into 
which (/ 0 , T) can be resolved. 

Under a criterion subsequently stated (Eq. 29a) there exists a solu- 
tion of (27) of the form 

Xi(t) = at + xl l) (t)r + x^ifir 2 + • • •, (s - 1, • • - f «), [28] 

where the *{(/) are determined by solutions of Eqs. (29). To obtain 
(29) let fi(xj;r;t) be expanded as power series in Xj — ay and r. Sub- 
stitute the values of xj — a,* from (28) in Eqs. (27) after the right mem- 
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bers of (27) have been expanded. Equate like powers of r of the right- 
and left-hand members of the equations and obtain 

= /.(oy;0;/) ( i,j « 1, • • • , »), 

^ _ V' OIL v(D-L M [ 29 3 

it dxj 1 + dr ’ 


Equations (29), like (14), can be integrated sequentially. 

Example. In the theory of the series non-linear circuit (§3*35) 
there is the following system of differential equations: 

~ = ~r(l + 3b 3 yl + 5 b 3 y\)u cos 2 (t + v), 
at 

-j. = r(l + ib 3 yi + 5b s yf) sin (t + v ) cos (/ + »), 
at 

with the initial conditions «(0) = e 0 , v(0) = 0, where r, b 3 , and b 5 are 
constants ; r is of the order of 0.1; u and v are dependent variables ; 
and yi = u sin (t + v). From physical considerations in non-linear 
circuits and (28) there exists a solution of the form 

u = e 0 + u\t + u 2 r 2 + • • • , v = V\ r + v ^ + • • • . 

The quantities «*•, are determined in §3*35. 

Of course, series (28) do not converge for all values of r. Existence 
proofs, by means of dominant functions, yield theorems which specify 
conditions under which (28) is a solution of (27). One of the most 
useful of these theorems is: Let T\ be an arbitrary value of t such that 
to < Ti rg T. It is possible to determine a value of\r\ } say , <7 0 such that 
(28) will converge for all values of r and t for which | r | < <7 0 , to g g T\. 

The above theorem follows as a consequence of inequality (29a). 
Inequality (29a) is established by means of dominant functions in much 
the same way that inequality (26a) was established. Let the functions 
fi(xj\r;t) be analytic in x j and r in the region | Xj — aj\ ^ py < p, 
| r | g a. In choosing Afy the inequality \r \ < oo < o is satisfied. The 
common upper bound of /»■ (xj ; r ; /) is denoted by M. The inequality cor- 
responding to (26a) is 

|r|< ^ [29a] 

1 + 2nM— ( t - t 0 ) 

P 

The details of establishing (29a) are left as a problem for the student. 



GENERATING SOLUTION 


221 


EXERCISES AND PROBLEMS IV 

1. Show that the right members of (24), when expanded in powers of Xj and r, 
dominate the right members of (23) when expanded in series. 

2. By separation of variables, solve (25) subject to the initial conditions X(to) •* 
r/<r 0 . 

3. Obtain inequality (26a) from the equation which precedes it. 

4. Fill in the analytical steps in the reasoning employed from inequality (26a) to 
the end of § 3-7. 

5. By the method of Sec. (1) obtain a formal solution of the differential equation 



with the initial condition y(0) — yo < l. The ranges of variables in the physical 
problem are 0 S x ^ 1, 0 2* y £ 1. 

6. Obtain a solution by the method of isoclines 9 of the differential equation of 
problem 5. Let the initial conditions and the ranges on the variables be the same as 
in problem 5. Determine the largest value of r for which the analytical and isocline 
solutions are in good agreement. 

7. By the method of dominant functions obtain a value of r (say <ro) in problem 5 
such that a solution in the form of (6) converges for all r in the interval 0 ^ r ^ <ro. 


( 2 ) 


Non-linear Systems by Variation of Parameters 


The solutions of systems of non-linear equations are most conven- 
iently carried out when the systems are expressed in normal-form. 

3-9. Generating Solution. Suppose the system reduced to the 
form given by (1). If any of the F t consist of more than one term then 
(1) can be written in the form 

X t = ""t" &i( x J fOf |*3QJ 

x i(h) = Vi- 


In general, the resolution of Eqs. (1) into the form (30) is not unique. 
The first part of the construction of a solution is to break up the F{ so 
that (a) x'i = fi(xj]t) represents the greater part of the system and (b) 
at the same time is solvable by either the elementary theory 10 or by 
the methods of §§3-1-3 -8 or of §3-13. Suppose then that a solu- 

tionof *:=/,(*;;<), (* = 1,2, •••>») 

Xi(t 0 ) = a„ 


•For method of isoclines, see Vol. I, p. 170. 

10 Any text on a first course in differential equations. 



222 NON-LINEAR SYSTEMS BY VARIATION OF PARAMETERS 


has been obtained and let it be denoted by 

Xi = <pi(a it a 2 , • • • , a n ;t) • (i = 1, 2, • • • , n) • [32] 

We may think of a* as constants, since they are the n arbitrary con- 
stants of the solution, or as variables which in turn have constant 
values for some specified values. Suppose we consider them as vari- 
able parameters y* and write the solution of (31) as 

Xi = <pi(yi,y2, •••,?»;/)• [33] 

Equation (33) may be used as equations for change of variables in 
system (30). By the formula for total derivative, 

dxi 9 <p% dx i 9 *Pt dx n 9 *Pi 

dt “ 9*i dt + + 9 x n dt ' dt ' 


equations (31) become 


d<Pi dyi 
9yi dt + 


+ ~ ^77 + ~ = fi[<Pj(yk,t);t] + giWjiykyt)^ 

9 y n dt dt 


[34] 


3 <p n dyi 

u • • • 

dyi dt ' 


. 9fn dyn , dvn 

+ dy n dt + dt 


= fn[<P,(yh,t);t] + gn[<Pj(yk,l);t]. 


where k f j = 1,2, 
d<Pi . 

Now — indicates the derivative of <f> t (yi, y 2 , — , y n \t) with respect 

dt 

to t where t occurs explicitly, the jj being considered as constants. 
Thus the functions = (p,(yi, y 2 , • • •, y n \t) satisfy the equations 


and Eqs. (34) reduce to 
9<Pi dyi 

dyi dt " 1 " 


~~ = fii<f>j(yk,t);t] 


+ 


dvi dyn 

dy n dt 


= gi[‘Pi(yk,t)-,t], 


dvndy i 

Syi dt " h 


, dvn dyn 
’ + 9 yn dt 


} 

= gn[<Pj(yh,t);t\. 


[35] 


Equations (35) can be solved for y\, y 2 , • • •, y n under the same condi- 
tions that a set of n linear non-homogeneous equations in « unknowns 
can be solved. By Cramer’s rule the solution is 


dy. = gjA U + g2^2. + • • • + gnAn, 

dt A(t) 


, (s = 1,2, ...,») [36] 
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where 


A (t) = 


d<P 1 

dfi 

dyi 

" dy n 

9 <Pn 

d<fin 

dyi 

dy n 


and A ra is the cofactor of the element in the rth row and sth column 
of A(t). 

Before discussing the nature of the solution of (36) it may be helpful 
to employ the method in the solution of an illustrative example. 

3 • 10. Solution of Equation of Hunting. To illustrate the method 
of variation of parameters we shall solve Eq. (15). The normal form 
of (15) is 

<Pi = <P2, 

, . . [37] 

<p 2 = T — r sin 2 <pi — sin tpi — k(l — b cos 2<pi)<p 2t 

where primes denote derivatives with respect to r and where, upon 
correlation with Eq. (30), 

fi = tf>2» gi = 0, 

/2 = T — r sin 2 tp x — sin <p it g 2 = —k(\ — b cos 2<pi)<p 2 - 


The initial conditions at the time of switching-on the exciter are given 
by Eqs. (22). Let these conditions be written <pi (l 0 ) = 0 O > and 

P2(*o) = y- 

The change of variables <p\ = + 0 O » ^2 = 0 2 in (37) and sub- 
sequent division of the second by the first of the resulting equations 
yield 


dd 2 
ddi 


T — r sin 2(0! + 0 O ) — sin (0i + 0 O ) 
02 


— £[1 — b cos 2(0i + 0 O )]. 


The solution, which satisfies 

dd 2 _ T — r sin 2(0i + 0q) — sin (0j + ^ 0 ) 
d0\ 02 


and the boundary conditions 0i(/o) = 0> ^ 2 (^ 0 ) = : is 
( 02 ) 2 = 2T0i -f- r cos 2(0i -f- 0 q) + 2 cos (0i + 0o) — f 

cos 20 o — 2 cos 0 O + y 2 f [38] 
where y is an arbitrary constant or a new variable. Equation (38) 
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corresponds to (33) of the theory. The equation corresponding to (34) is 

902 , 002 _ T — r sin 2(0 t + 0 O ) —.sin (fit — 0 O ) 

0 y 2 dO i + 00! “ 0 2 


whence 


— &[1 — b cos 2(0i + 0 O )], 


— - = — 2&[1 — b cos 2(0i + 0 o)] 02 » 

o0i 


where 0jj is given by (38). To obtain d 2 from (38) it is necessary to 
extract the square root of the right member of (38). To do this expand 
the right member of (38) as a power series in 0 X obtaining 


cq + C\0 X + e 2 + • • • » 

where the e, are known constants. Set 

Cq + e x 6 x + e 2 d\ + • • • = (/o + ftfi + / 2 ^i + * • m ) 2 t 

where the/* are determined by squaring the right member and equating 
like powers of 0 X on the two sides of the equation. Equation (39) now is 

= — 2&[1 — b cos 2(0i + 0 o )][f o + f x 0 x +/ 2 ^i + • • •]• [40] 

By reference to § 3 • 6 evidently k < 1 . 
The above differential equation is of 
0j-2T0i+rcM2(^^2co»(^ o ) type i (§3-8) and there thus exists a 
* ° \ solution as a power series in k. 

x y Since the derivative in (40) is 

f always negative the quantity y 2 is 

always a decreasing function until 
i(Ki.- 2 fc[i- 6 co» the slip 0 2 is zero. The graph of 

d$l 2 (g < +g l ) 30 ,^ (38) for y 2 a constant is shown in 

B 0 +tr B x Fig. 3 • 3. The curve labeled S is the 

Fig. 3-3. Pulling-into-step of Syn- complete solution of (37) up to the 
chronous Machine. first time that 02 = 0. 


EXERCISES AND PROBLEMS V 

1. By the method of variation of parameters, solve the following differential 
equations. 

(a) *' ** ax + e°*, (d) x' — ax + e mt , 


• x + + 1)» 


(e) ( p 2 — 2p + 3) x = e % sin 2/, 


(c) x' cos t + x sin / * 1, 


(/) x f = (sin /)x -f* cos I. 
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2. Solve, by the method of variation of parameters, the differential equation 
x ' + P(t)x = Q(t), where P(t) and Q(t) are functions of t. 

3. Solve, by the method of variation of parameters, the differential equation 
( p 2 + ap + b)x = /(/), where a and b are constants and /(/) is a function of /. 

4. Solve the differential equation s" + k 2 s = — g, where k and g are constants. 

5. Obtain, by the method of variation of parameters, the solution of the system 

*11 (P)h + • • • + zi n (p)in = AW. 


Zn\{p)i\ + * • • + z nn (p)i n = /n(0, 

where z r »(p) = L r ,£ 2 H” RraP Cra and Ln, Rrai ^rti are constants. 

6. Solve Eq. (40) as a power series in & inclusive of the term in k 2 . 

7. The equation of a simple pendulum, where the damping force is proportional 
to the square of angular speed, is 

8" ± fc(0') 2 = — y sin 8. 

I 

The algebraic sign depends upon the direction of motion. By the method of variation 
of parameters, solve the differential equation for O'. 

8. The elastic law for a certain non-linear spring is / = kx + rx 8 , where x is the 
elongation and r is small relative to k. The differential equation of motion of a mass 
m attached to the spring is 

m jp + kx + rx® - 0. 

If x(0) = 0, x'(0) = a, find a periodic solution of the differential equation and deter- 
mine approximately the period of the solution. 

hint: The solution is by the method of §3-6. Let l = (1 + 8 )t and write the 
differential equation 

d 2 * 

W ^5 + (1 + tifkx + r(l + «)V = 0, 

where S = Sir + ** r® + • • • . Substitution of x = * <0> + x w r + • • • in the differ- 
ential equation and the equating of like powers of r yields a sequence of linear differ- 
ential equations. The imposed condition of periodicity determines sequentially 
3i, $2, * • • . 

9. Solve problem (8) when a periodic force F = E sin nt acts on the mass m and 
the differential equation becomes 

mj~ + kx + ri<? = E sin nt. 

10. The differential equation 

du b sin cat 

a 

dt u 

arises in the study of muffle chamber discharge. The variable u is a measure of the 
pressure within the muffler. Figure 3-4 b shows the nature of the variation of u in 
the operation of the muffler. At the point in the cycle when tat =» cato « 125° there 
is a discharge into the cylinder at the intake port A. The pressure then builds up to 
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the value V 2 at = 180° and then decreases, by exhaust through the port B, to the 

du 

value vo according to the equation — = —a. 

at 

The problem is to determine i>o, the minimum positive pressure, so that v\ = v* in 
the steady-state operation of the muffle chamber. The unknowns are »o, vi, V 2 . The 



Fig. 3-4. Pressure in Muffler. 


constants of the differential equation for a typical machine are w = 177.8, a = — 1009, 
b - 1.89 X 10 3 . 

hint: If the independent variable is changed from / to 0 by the equation t — kO 
where k — 1/6, then the differential equation becomes 

du sin kc o0 a sin kwO 

dO u b u 

du 

This equation holds for uto ^ kOm ^180° and the equation — = — r is valid for 

do 

0 ^ kO(a ^ uto. Since r is small, set 

u = uq -f u\r + utr 2 + • - • 

in uu f — sin kuO — ru and get, by equating like powers of r, 
uou Q = sin kwO, 

UQU[ + Uq u\ = - tt 0 , 

«0«2 + «0 «2 = - Uiu [ - ifi, 


The solution of the first equation of this sequence, subject to the condition uo = vo 
for 0 — Oo , is the generating function 

T 9 2 1 * 

«0 = Vo + ~ (cos koiOo — cos kwO) J • 

A simple function approximating the generating function is 
uq = ro + aikw(0 — 0q)**, 

where a\ is so determined that the values of uo as given by the last two equations are 
identical at kwO = 180°. 
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Continue the solution as far as the term in r and find the value of vo» subject to 
the condition vi = tfe. 

11. With this value of vq integrate the differential equation by means of the 
method of isoclines until a value of Vo is obtained which yields Vi = ife to two decimal 
places. 

12. Obtain a better analytical solution of problem 10 than the one suggested 
above. 


3-11. General Theory Resumed. If in Eqs. (36) A (/) vanishes for 
values of t for which the solution of the system is desired, then difficul- 
ties are introduced into the solution and other methods may then be 
preferable. 

In some problems the g t [<Pj(yk\ 01 of (35) may vary either rapidly or 
slowly due to the presence of t explicitly, but slowly due to slowly 
changing y*. In this case the yk can be replaced by constant values 
yjfc(/ 0 ) in the gi[<Pj(yk ;0] without modifying appreciably the solution. 
The right members of (35) are then explicit functions of the time, and 
the difficulty of the problem is greatly reduced. 

This naturally raises the need for a criterion for the possibility of 
setting yk = y*(/i) in the gi. (a) Frequently, from engineering knowl- 
edge and Eqs. (33) the range of yk is known. The yk may then be set 
first equal to their least values and then to their greatest values in their 
domain and (35) solved for both sets. If the two solutions are approxi- 
mately equal then either solution is satisfactory. ( b ) Recourse may 
be had to the differential analyzer or numerical integration for repre- 
sentative values of the parameters involved. These numerical solutions 
will serve as a check on the substitution in question. 

3 • 12. Analytic Implicit Function Theory. When the generating 
functions are implicit functions of the dependent variables it may be 
possible to express the dependent variables as explicit functions of the 
independent variables. When the generating functions are implicit 
functions of both dependent and independent variables it may be pos- 
sible to express the dependent variables as explicit functions of the 
independent variables or as an explicit function of some parameter r. 

The reversion of series is the simplest case of the theory desired. 
Suppose that the generating function F(x , t) = 0 is of the form t = /(#), 
where f(x) is an analytic function of x in the interval | x — a | ^ p. 
Then f(x ) is expansible in the convergent Taylor’s series 

t = do + &i(x — a) + a 2 (x — a) 2 + • • • . [41] 

It is supposed further that a\ 9 * 0. Then (x — a) can be developed as a 
power series in (t — Oq) which is convergent for t — a 0 sufficiently 



228 NON-LINEAR SYSTEMS BY VARIATION OF PARAMETERS 


small. If (/ — ao)/fli> * — a, and a»/ai are replaced respectively by 
T f X , and A < the series is 

T - X + 4 2 X 2 + A S X 3 + • • • . [42] 

Assume that 

x - r + & 2 r 2 + & 3 ^ 3 + ••• [43] 

and substitute this value of X in the series for T. If the resulting series 
is rearranged according to powers of T and if coefficients of correspond- 
ing powers of T on both sides of the series are equated, the following 
relations are obtained. 

, A a 2 
0 2 = —a 2 = , 

ai 

b 3 = 2Al - A 3 = 2 -4 - - , [44] 

d\ d\ 

\ai/ a,i d\ 


Finally 

v V fli / 

+ *-W i=aY + .... [45] 

ctl \ fll / 

The coefficients b 2 , b 3 , b 4t ■ • • have been computed to the thirteenth 
term. 11 The series (45) can be tested by the usual methods. If d\ = 0 
it is still possible, under certain conditions, to reverse the given series. 
Suppose next that the n generating functions are 


Fi(*i, •••jXn?) = 0, 
F n(#l» * i %n = 0, 


[46] 


where the functions are analytic in the region | Xj — dj | :§ p,* and 
0 < r g fo- The functions F t - are expansible in powers of — a t * by 
(13). It is further supposed that Xi = d% and r = 0 satisfy Eqs. (46), 
i.e., that the curve defined by (46) passes through the point {d\,d 2 • * * » 
a», 0). There is no loss in generality in choosing the origin of coordi- 
nates so that d\ = a 2 = • • • = a n = 0. The Fj are then analytic 
for | Xj | ^ pj and 0 < r ^ r 0 . 


11 C. E. van Orstrand, “Reversion of Power Series," Phil. Mag. [6], 19 (1910). 
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The Maclaurin expansions of (46) by (13) are 


a n xi + • • • + amXn = c x r + pi(x u • • •, * n ; r), 

[47] 

0»i* i + • ■ • + a nn x n = C n r + pn(x u • • • ,x n ;r), 


where a,y and c* are constants and pi are power series in xj containing 
no terms lower than the second degree in xj and r. 

If the determinant 


011 • 

• 01n 

0nl ’ 

’ * 0nn 


does not vanish, Eqs. (47) can be solved for x x , • • • , x n in terms of the 
right members of these equations. Let the solution be 

Xi = ap + <Pi(xj-,r) 0 hj = 1, 2, • • •, n) [48] 

where the w are power series in Xj and r of degree two or greater. 

To obtain a formal solution of (47) in powers of r substitute 

Xi = a r + a ( , 2) r 2 + • • • (i = 1, 2, • ■ • , n) [49] 

in (48) and equate coefficients of corresponding powers of r on both 
sides of each equation. These equalities determine uniquely the coeffi- 
cients a ( i\ a (2 \ • • • in (49). 

It can be shown, 12 by means of dominant functions §3*7, that the 
series (49) converge for all values of r for which 



where r 0 < r<>» P < P/> n = the number of equations, and M is a 
constant upper bound of | w(*/;r) | for | xj | ^ pj and | r | ^ r 0 . However, 
the domain of convergence of (48) is usually greater than that given 
by inequality (SO). 

Those cases for which the determinant in vanishes are discussed 
elsewhere. 18 

11 F. R. Moulton, Differential Equations , p. 81. 

18 F. R. Moulton, Periodic Orbits , Carnegie Publication 161, Chap. I; W. D. 
MacMillan, Mathematische Annalen , 72, 157-202. 
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EXERCISES VI 

1. Reverse the following series so that the results contain terms in the fifth power 
off. 

<M ‘-l+' + ^ + Jj *' + - 

(c) t = 2x + 3jc 2 + 4s 3 + Sx 4 + ■ • ■ . 

2. Obtain the solution of 

c iiox -f aoir + a 2 ox 2 + anxr + ara r 2 + • • • * 0 

for x as a power series in r to terms in r 3 . 

3. Solve the equation 

0 = 2 x - r + lx 2 + \xr + \r 2 + %x 3 + \x 2 r + \xr 2 + Jr 3 + ■ • • 

for x as a power series in r to terms in r 3 . 

4. Solve the equations 

sin xix 2 + r + x\ -f x 2 - 0, 

+ xi - x 2 4- 3r + e r i +r 2 -2=0 
as a power series in r as far as the terms in r 2 . 

3 • 13* Generating Functions in Series Form; Additional Observa- 
tions on Convergence. It may be impossible to resolve (1) into the 
system of (2) such that the solution of system (3) shall resemble the solu- 
tion of Eqs. (2) and at the same time be integrable by the elementary 
methods explained in a first course in differential equations. More- 
over, it may be impossible to introduce into (3) a suitable parameter in 
powers of which a series solution can be obtained. Under these circum- 
stances and as a last resort a solution as a power series in the independ- 
ent variable may be attempted. For the technique of power series 
solutions in the independent variable, the reader is referred elsewhere. 14 
In engineering work, power series solutions in the independent variables 
very frequently fail due to lack of convergence or due to complexity. In 
both cases the evident properties of the solution are lost. 

The methods of Sec. 1-2 are methods of great power. Even more 
difficult problems are solvable when both methods are used sequen- 
tially in either order and with any number of repeated applications of 
the methods. 

Additional observations on the question of convergence may be of 
value. If, in (26a), t — t 0 i s sufficiently small then a value of r always 

14 Any text on a first course in differential equations. 
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exists for which the solution given by (6) converges. In many engi- 
neering problems a solution is necessary for all values of the time and 
not for the time in a restricted interval. If t — to = oo in (26a), then 
r = 0. This is no cause for alarm, because (26a) does not give the true 
radius of convergence. In fact, the value of r can be much larger than 
zero and the series converge in the infinite interval t — / 0 - 

Another observation is important. It may be known from the 
physics of a problem that a periodic solution exists. An example is 
problem 8, set V. If the substitution / = (1 + b)r is not made but if x 
is replaced by x = x (0 \t) + x (1) (t)r + • • • and if the solution of the 
differential equation is reduced, in the usual manner, to the solution of 
a sequence of linear differential equations, then it will be found that 
powers of t will appear in the solution. This solution is valid for r and T 
sufficiently small in the interval t 0 < t ^ T. This solution resulted 
from an attempt to force on the differential equation a solution whose 


period is the period of the solution of the equation m 


d/X 

— 2 + kx = 0. 


In the application of the methods of Sec. 1- 2, skill must frequently be 
employed if suitable solutions are to be found. The physics underlying 
the problem is the guide in finding suitable solutions. 


PROBLEMS VII 

1. Solve the differential equation (16) or (17) by substituting x = jc ( 0 ) (t) + 
tf (1) (r)r + tf (2) (r)r (2) + ■ • • directly in the differential equation. The computation 
of tf* 0) (r), *^(t), and jc ( 2 ) (t) are sufficient. 

2. The differential equation of the free torsional vibrations of a flywheel with 
variable moment of inertia is 

J (.16) + ko = o, 

where k is the torque constant of the shaft on which the flywheel is mounted. Let 
I be represented by I = Iq (1 + rsin cot), where r is small relative to unity. The 
differential equation then is 

, .. . loro cos ot d , k6 

1 $ 4- 7 — — : 4- 7— — : — ; = 0, 

1 4- r sin cot 14 V r sin cot 

or, if damping be neglected and obvious approximations made, 

I08 4“ &(1 — r sin ot)0 = 0. 

Obtain a solution of the differential equation by the following steps: 

(a) Use as a generating function 0 = A cos nt 4“ B sin nt, » 2 = k/I, which is the 
general solution of 

B 1 = 02 » 02 = “ k6\. 
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(b) Employ the method of variation of parameters. 

( c ) Express A and B by the equations 

A — Ao(0 + A\(t)r + ■ • B = Bo(t) + B\(t)r + • • • 

and complete the solution for A and B as power series in r. 

(d) Note that the solution is for the interval /o < t 2a T and that it contains 
powers of /. 

(e) Try to obtain, by the methods already explained, a periodic solution for all 
finite values of t. 


0) 

Solutions of Systems by Method of Successive Integrations 

The method of successive integrations is frequently of value in ob- 
taining an approximate solution of a system of differential equations. 
Moreover, it is basic in the development of the matrix methods of Sec. 4 
and in the integral equation method of Sec. 9 of this chapter. 

3*14. Approximating Sequences. Let the system of differential 
equations be reduced to the normal form 

X, = /,(*,;<). ( i,j = 1, 2 ,•••,«) 

*«(<o) = a l> 

where the properties of the functions /*• are specified in a closed region 
-r* ^ Xi - a % ^ n, 0 ^ / - t 0 S p, (i = 1, 2, • • • , n). [52] 

The functions /» of this section may be more general functions than the 
fi of Sec. 1. However, engineering functions possess, at least in a finite 
interval, the properties specified for the / t - of Sec. 1. An engineering 
problem can be solved for each of the finite intervals over which the/* 
are analytic. It will be sufficient for the validity of the method of this 
section to assign to the /* here employed, the properties of the /*• of 
Sec. 1 . 

The method consists formally in determining sequences of func- 
tions jc , (1) , *, (2) , • • •, (i = 1 , 2 , • • •, n) the limit of which constitutes 
the solution of (51). The sequences are defined by the equations 



= Oi + f fi(x\ k 0 \t)dt, 
Jh 
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The proof 16 exists that the sequences defined by (53) possess limits 
and that these limits constitute the solution of (51). 

Example. Solve by the method of successive approximations the 
system 

x\ = 2*i, 

*2 = *i + #2> 


subject to the initial conditions * t (0) = a,. 

Let f ( )dt be denoted by Q and x[ k) by *J . 
Jo 


corresponding to (53) are 


Then the sequences 


*} = &i + / 2a\dt = a\ -f* 2Qai , 

Jo 

x} = d 2 + / (#1 + 02)^/ = d 2 + (d\ + d 2 )t y 
Jo 

xj = CLi + 2Q(d X + 2Qa\) = ai(l + 2t + 2t 2 ), 

*2 = ^2 + (?[(fli + 02 ) + (3ai + d 2 )t] + 2d X t 2 , 

x\ = a x + 2Q ai (l '+ 2t + 2 t 2 ) = a x {\ + 2 1 + 2 t 2 + £ t 3 ), [54] 

x\ = a 2 + [(a t + d 2 )t + |(3ai + a 2 )t 2 + \{1a x + a 2 )t 3 ], 
x\ = ai(l + 2t + 2t 2 + ^ t 3 + t A • • •) = d x e 2t , 

x\ = a 2 e t + a x {t + ■§■ J 2 + t 3 + -g-f J 4 + • • •)» 

= d 2 e l + #i[(l + 2t + 2/ 2 + 3 / 3 + •**) — (1 + ^ ^ J 2 

+ £* 3 + •••)] 

= d 2 e* + di(e 2t — e l ). 


The solution by inspection is *1 = aie 2 *, x 2 — d 2 e l + d x (e 2t — e l ). 

3 • 15. Use of Approximate Solution. The principal weakness of the 
method of this section is the slow convergence, in many engineering 
problems, of the sequences defined by (53). The successive approxima- 
tions, after the second or third step, may become too cumbersome. 
This difficulty is sometimes avoided if an approximate solution * t - = a» 
+ is known. It can be rigorously shown that the limit of the 
sequences (53), where the first Eqs. in (53) are taken to be 

x\ l) = di + / fi[dj + ;t]dt (i = 1, 2, • • •, n) [54 a] 

Jh 

15 E. L. Ince, Ordinary Differential Equations , p. 63; F. R. Moulton, Differential 
Equations , p. 189. 
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and where a,j + <pj(t) are continuous functions of t in the region defined 
by (52), is the solution of (51). This device is employed in Sec. 9 of 
this chapter. 

EXERCISES Vm 
Solve by the method of successive integrations : 

1. x[ = —x\ — 2x 2 , ~ Xi — xi. 

2. x v" ( x ) 4- x 2 y = 0, subject to initial conditions y(0) = 1, y'(0) = 0. 

dx \ dx / 

3. x ' = ax . 
dy 

4. ■- Ry = 5, where J? and S are functions of x. 

dx 

5. x n + ax' -f bx = e where a 2 — 4a6 < 0. 

6. x " + Rx' = S where R and S are functions of t. 


(4) 

Solutions of Systems by Matrix Methods 

The method of solution by matrices is largely the method of suc- 
cessive integrations recast in matrix notation. However, it differs in 
the following respects. The matrix method is more convenient than the 
method of successive integrations. The method of successive integra- 
tions is applicable to both linear and non-linear systems. The method 
of matrices is, at present, adapted only to linear equations. When the 
matrix method is applied to systems of equations possessing coefficients 
which are functions of the independent variable it yields a convenient 
method of numerical integration superior to the method explained in 
Chap. I, Vol. I. The method of this section does not pertain to non- 
linear systems. Before explaining the method it is necessary to state 
and illustrate certain theorems regarding matrices in addition to those 
theorems of Chap. II. 

3*16. Certain Definitions and Theorems on Matrices. The 
equation 

„(X) - I XZ - [«] I - 0; 

where [a] is an »-rowed square matrix whose elements Oy are constants, 
I is unit matrix, \ is a parameter, and | \I — [ a ] | is a determinant, is 
called the characteristic equation of [a]. The n roots of the character- 
istic equation are called the latent roots of [a]. 



FUNCTIONS OF A MATRIX 


235 


The following theorem is an important theorem of matrix theory. 
If [a] is a square matrix and <p(\) = 0 is its characteristic equation then 
<p([a]) = 0. 

In the theory of functions of a complex variable the definitions of 
the calculus were extended to the case where the independent variable 
was the complex variable z = x + iy. It is here desirable to extend the 
definitions of functions so that the independent variable is the matrix 
[«]. The following theorem is basic in these definitions. If P([u]) is 
any polynomial of the square matrix [#], whose latent roots are Xi, 
X 2 , • * •> X* then 


P(M) = J^P{\r)[Z r ], 


where the matrix [Z r \ is 

[Zrl 


n (x a 7 - M) 




II (X. - X r ) 

s*r 


[55] 


For a proof of this theorem see Ex. 7. 

Example. By means of Eq. (55) express 

P([«]) = [ u ] 2 + 3[w] + 7, where [u] = £ j » as a m atrix. 


In this case the characteristic equation reduces to (X — 1) (X — 2) 
= 0 and the latent roots are Xi = 1, X 2 = 2. Then 


[Zi] - 




2 


P(M) =2 p(Xr )[ Zr] = 5 

r = 1 



[Z 2 ] 



0“ 

2 . 




This result is easily checked by squaring [w] and adding to the square 
3 \u\ + 7. 

3 • 17. Functions of a Matrix. Since a polynomial P{x) can be used 
to approximate a function f(x) of elementary mathematics, Eq. (55) 
with P([u]) replaced by f([u]) can be used as the definition of a function 
of a matrix. 


Example. 


Express /([«]) = e lu \ where [u] 



as a matrix. 


The characteristic equation is (X — 1)(X — 2) = 0 and the latent roots 
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are X, = 1, X 2 = 2. The expressions for [Z r ] are 


IZil = 


[Z 2 ] = 


4: M a G IB 13 r » »i 

X 2 — Xj 2-1 Lo oJ’ 

iT 1 °]-\ l °1 F 1 °]-\ l °1 

Lo iJ Lo 2j Lo iJ Lo 2J = Jo oj 


X! - X 2 1-2 

Equation (55) gives 

*-[; mj :]-[»;]■ 

3 • 18. Derivative and Integral of a Matrix. The derivative and in- 
tegral of a matrix are defined by the equations 


d[u] 

~dT 


du ix 

du m' 


Qun • • • 

I 

8 

o> 

dt 

dt 

/—N 

1 1 

8 

i i 

V ' 

ft. 

fl. 

II 

... 

, . 

du„ i 

du nn 



_ dt 

dt 


_(?«»! • • • 

QUnn_ 


where Quij 


s ~~ I ( u ij) dt. 


EXERCISES IX 


1. By means of Eq. (55), express as a matrix sin [it], where 


M 


1 0 0 
2 2 0 
.3 4 3 


2. Evaluate e [u \ approximately where [tt] 



by means of the series 


«"" = i + w + jw ! + •••• 


3. Verify the first theorem of 3-16 for [a] = 



4. Prove the first theorem of 3- 16 for [a] an « -rowed square matrix. 

5. By means of Eq. (55), express as a matrix tan” 1 [ft], where 



6. Express log [ft] as a matrix, where [ft] has the same value as in Ex. 5. 

7. Establish Eq. (55) by filling in the details in the following outline of a proof. 
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Let />([«]) be any polynomial of degree m in the square matrix [«]. Let ^(X) ® 
X n + aiX 11 " 1 + • • • + a n = 0 be the characteristic equation of [«]. From ^(X) =* 0 
we have 

X n = —aiX 71 ' 1 — <Z2X n “ 2 — • • • — o n , 

X n+1 = -aiX n - o 2 X n ” 1 a n X. 

Substituting the value of X n from the first equation in the last we have 

X n+1 = -Oi(-OiX n_1 «... - On) - ••• - OnX. 


By a continuation of this process it is possible to express p(\) t a polynomial of degree 
m, as a polynomial PCX) = PiX n_1 + P2X "~ 2 + ■ • • + P n . But [w] satisfies its 
own characteristic equation and thus all the relations written for X are valid when X 
is replaced by [«]. 

Lagrange’s interpolation formula 16 for the n points [oj f P(oi)] f [02, P(ot)], ■ • 
[a nt P(o„)] is 


PM 


P(a 1 ) 


(X — 02) (X — 03) 
(01 — 02) (oi — 03) 


(* ~ An) 
(01 — a„) 


+ ••• + 


p/ \ ( x ~ Qi) (X - 02) (X - o 3 ) ■ • • (X - a w -i) 
(a„ - 01) (a n - a 2 ) • • • (a„ - a„_i) 


where Oi, 02 • • • , a» are arbitrary. If a n = X r , where X r (r = 1 , 2 , • • • , n) are the 
latent roots of \u\, then 

n 

?([«]) = P(M) = £ [^]* 

r- 1 

where [ Z r ] is given in Eq. ( 55 ). 

8 . Evaluate where the latent roots of [ u ] are a =t fit. 


3 • 19. High Power of a Matrix. An approximate value of a matrix 
raised to a high power is easily obtained from Eq. (55). By Eq. (55) 


[«]" = ^2 (Xr) m 

r-1 


II (X,/ - [a]) 




n (x. - x r ) 


Let the latent roots of [a] be Xi > X 3 > • • • > X». If m is very large 


II (X./ - [a]) 

[ * riM 'fer 1561 

•*1 

n 0 i 238 

Example. Find an approximate value of I ^ I . By Eq. (56) 


1 ol 238 . 

0 2J —1 


-Hi ; h : ”]) 



16 J. B. Scarborough, Numerical Mathematical Methods , p. 72 . 
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3-20. Matrizant. T1 solution of systems of simultaneous linear 
differential equations is based on a function called the matrizant. The 
matrizant is defined by the equation 


« J + Q[u\ + Q 2 [u] + (?[u] + • • •, 
where Q = f ( )dt , Q 2 = j { ( ) / ( )dt}dt, • • •. Useful properties 

Jk Jk Jk 

of the matrizant are displayed in the following theorems. 


Theorem I: Q tot(i [u] = L Proof is mere inspection of the definition. 

Theorem II: -- Q tat [u\ = [u\Sl tQt \ii\. This result is evident by dif- 
di 

ferentiation of the defining equation. 

Theorem III : i2 ,0/ [o] = 7e ffll(/ “ /o) , where [a] is a constant matrix. 
This result is established directly from the definition, i.e., 

= I + QW\ + (? 2 [o] + • • • 

= / + J[a](t - t 0 ) + I[a]\t - to) 2 /* + I e laW - h) . 


3-21. Solution by Matrices. The system of differential equations 
is first reduced to the normal form of §3 1. The general method of 
solving simultaneous systems is easily understood from the solution of 
a simple system. Let it be required to solve the system 


*i = 011*1 + Oi2*2, 

/ . 

*2 = 021*1 T " 022 * 2 » 


or 


— M = MM, 


where the initial conditions are *i(/ 0 ) = *i and x 2 (t Q ) = * 2 . From the 
method of Sec. 3 and the definition of the matrizant the solution of 


| M = MM 

evidently is [*] = 

and by theorem III of §3-20, 


[*] = Ie [a]T [x°], where T = t — t 0 . 

It remains to compute e [a]T . The characteristic equation and latent 
roots of [a] are respectively 


X — on 


— 021 


X 


— O12 
~ 0 2 2 


= 0, 


^1 = ^ { fall + G22) + V^(On ~ o 22 ) 2 + 40i 2 0 2 l} = CL + P, 

^2 — 2 { fail 4 “ 022) ““ (on — O22) 2 + 4 oi 2 o 2 i} = a — | 8 . 



VIBRATIONS BY MEANS OF MATRICES 


239 


The values of [Z{\ and [Z 2 ] (see Eq. 55) f e 1 " 1 are 


\Z i] 


and 




(a + 0)7 — [a] 


20 


e la ]T = e -{^T ([a] _ (a _ flj) - _ (a + £)/)}. 


Finally, the solution is 


M 

= / e aT {/ cosh 0T + J ([0] - «/) sinh /37’J [x°] 

or, in non-matrix notation, 

/• 1 




Sh 

II 

cosh pT + 

~Z fall*? + fl 12*2) OtXi 

Lp J 

sin (}T 

1 = °* 

S 

11 

% 

1*2 cosh PT + 

- fa 21 *l + <* 22 * 2 ) ~ «*2 
-P J 

sin / 3 rj 

= 0 . 


EXERCISES X 


1. Solve, by the matrix method, the system x[ — 2x\, x 2 — xi + *2 subject to 
the initial conditions x,(0) = a t . 

2. Solve, by the matrix method, the system x[ = — x\ — 2x2, *2 = *1 — *2 sub- 
ject to the initial conditions x t (0) = a t . 

3. Solve, by the matrix method, the equation 


d n x 


d n ~ l x , d n ~ 2 x 


dF + ai 'dF^ + ai de‘^ + 

subject to the initial conditions x (0) = x°, x f (0) - 


+ a n x = 0, 


v° 

x b 


. * <n-1) (o) = 4 ,- 1 ). 


3 • 22. Vibrations by Means of Matrices. A good approximation to 
the frequency of the fundamental mode of vibration of a conservative 
dynamical system with n degrees of freedom can be found by Ray- 
leigh’s principle (see §1-39). It is possible to obtain an equally good 
approximation by means of matrices. 

The potential and kinetic energies of a discrete dynamical system 
are given by Eqs. (54-55) Chap. I. 17 Lagrange's equations (sec §1*12) 
for such a system are 

n n 

= L 2, •",») 

1 5“1 

or 

V>m - -MBA. 

17 Or, see E. T. Whittaker, Analytical Dynamics , Chap. VII. 



240 SOLUTIONS OF SYSTEMS BY MATRIX METHODS 
which reduces to 

[q] = -[DM, . 


[ 57 ] 


where [D\ = [6] 1 [o]. 

If q, — x, cos wt (see § 1 • 37) is substituted in Eqs. (57) we obtain 

[*] = « 2 [Z>][*], or - 2 [*] = [D][x], [58] 

or 

The determinant A of the system (58), homogeneous in Xi , x 2 , • • •, 
* n is 


■(?)■ 


1 i 

2 • • • 2 n 

W 0) 


1 _ 1 _ 

2 ““ i Mm 

<0 W 


[59] 


The determinant is also the characteristic determinant of the system of 
differential equations (57). If, in Eqs. (59), 1/co 2 is replaced by X then 
the resulting A(X) is the characteristic determinant of the matrix [D], 
and Xi > X 2 > • • • > X n are the latent roots of [£>]. Evidently l/\/Xi 
= <oi, where coi is the smallest root of Eq. (59) and <oi/27t is the fre- 
quency of the fundamental mode of vibration. (See §1 *36.) 

It remains only to obtain a simple method of finding Xi. It is 
possible to obtain a close approximation to Xi from the formula for a 
high power of a matrix. Equation (56), §3*19, becomes 


II (X,I - [D]) 
[D] m = X? ^ , 

n (x. - Xi) 

«*! 


or 


[£>] m [x°] = XT 


0*1-10}) ••• (X»/ - [D]) 


(Xj — Xl) • • • (Xn — Xi) 
where the significance of x° is given later. Obviously, 


[A 


[z?r+V] = xr +1 (Xl f X2 _ [ ^ ] 1 ) ) l;!(^ 7 _ Xl [ f ]) &A 

Dividing the last equation by its predecessor we obtain 

[Z>r +, [*°] 


Xi 


cm* 0 ] 


[ 60 ] 
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The elements of the matrix [*°] are the values of the coordinates in 
the estimated fundamental mode. Equation (60), with [x°] deleted, 
will ultimately give the value of Xj. However, reasonable values of 
[jc 0 ] decrease the value of m which must be employed in Eq. (60). In 
evaluating [D] m formula (56) is not used, but the value of [Z>] m is 
obtained by m multiplications. 

Example. Obtain the period of the fundamental mode of vibra- 
tion of the double pendulum of Ex. 3 (see §1-10), where a = b = 10 
ft., mi = 1 slug, m 2 = 2 slugs, and 0i and d 2 are small. 

The differential equations arc 

a{m\ + m 2 )Si + bm 2 d' 2 + (mi + m 2 )g Oi = 0, 

o0i + bd 2 + g0 2 = 0, 


which become, on substituting numerical quantities, 
300? + 2O0i' + 96.6 0! = 0, 
lO0i' + 1002 + 32.2 0 2 = 0, 


or 




30 20 

96.6 96.6 

10 10 
32.2 32.2 


[0"j. 


Let us estimate that the displacements in the fundamental mode are 
x% = 10 sin 10° = 1.73 and x° 2 = 20 sin 10° = 3.46. We then have 


[D][x°] = 


30 20 


96.6 96.6 

10 10 
32.2 32.2 

[z>]V 


[*°]- 


0.3105 0.2070 


0.3105 0.3105 


1.73 


3.46 


1.253 


1.611 


[D]\x { 


ro.^ 

:°] = 

[0J 

ro.3 

;°] = 

[0.5 


1.3105 0.2070 
1.3105 0.3105 
1.3105 0.2070 
1.3105 0.3105 
From [D] 2 [x°] and [Z?] 3 [x°] 


1.2531 _ ("0.72291 

1.61 1J L°- 8903 J ’ 

H O. 72291 r 0.40861 

0.8903 J [ 0.5004 J 


x _wm = 0564 

Xl “ [Df[x°] • ' 
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We shall carry the process an additional step. 


[D] 4 [*°] 


0.3 
~ [ 0.3 


1.3105 0.2070 
1.3105 0.3105 
From [Z?] 3 [*°] and [P] 4 [* 0 ] 


0.4086 

0.5004 


. [D] 4 [x°] 

Xl " [£]V] _ °' 564 ' 



Evidently, the process has been carried sufficiently far. The approxi- 
mate value of wi = 1/VXi = 1 332. The accurate value of «i is 1.34. 


EXERCISES XI 

1. Three equal weights each of mass m are attached to a light elastic string which 
is then under tension S. In equilibrium position the length of the string is 4 a and the 
three weights are respectively a, 2a, and 3a units from one end of the string. If the 
coordinates of the three masses are q\, q% ,qz, which denote the perpendicular dis- 
placements of the three masses from equilibrium position, then the kinetic and poten- 
tial energies are 

T - ^ ($1 + gi + 93). 

v = ^ [si + (?J - 51) 2 + (g 3 - g*) 2 + si]. 

Find by the method of §3-22 the period of the fundamental mode of vibration. 

2. Two heavy discs, whose moments of inertia are I\ = 4 slug-ft. 2 and h = 
6 slug-ft. 2 are supported on a vertical shaft which is attached to a horizontal plane. 
The constants of the shaft from the horizontal plane to the first disc and of the shaft 
between the two discs are respectively k\ — 1 lb. ft. /radian and kz = 2 lb. ft./radian. 
The energies are 

T = \( he \ + hei ), v = §[*10? + *2(02 - 01) 2 ]. 

Find by the method of §3-22 the period of the fundamental mode of vibration. 

3. Two pendula, formed by equal masses m and by two rods attached to a hori- 
zontal plane, execute vibrations. The two rods are connected by a spring which is 
attached to the rods a distance h below the two points of support of the rods. The 
spring constant is k. The length of each bar is l. 

Neglecting the weight of each rod and of the spring, calculate, by the method of 
§3*22, the period of the fundamental mode of vibration of the system. 

3*23. Solution by Matrices of Linear Equations with Coefficients 
Which Are Functions of the Time. From §3* 14 it is evident that the 
solution of the linear system of differential equations 

x\ = UnX 1 + • • • + U\ n X n> 

or [*'] = [«][*], 


*5, = «»i*i + • • • + u nn x„, 
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where Xi(to) = a?, is given by 

= / + Qu + <?[u] + <?[u] + . . . . [61] 

The cumbersomeness, in general, of this formula has been pointed out 
in §3*15. However, Eq. (61) can be modified as a useful method of 
numerical integration greatly superior to the method of §65, Vol. I, 
provided the system of equations is linear. 

Let the interval to ^ ^ t n be divided into n lengths t a — / a _i 

= h 8 (s = 1, 2 ,•••,»). For simplicity all lengths will be taken equal. 
Over each interval h s we shall suppose the matrix [u] to be a constant 
matrix [a a ] or [a], the elements a tJ of which are the average values with 
respect to t of u%j over the interval h 8 whose right end point is s. 

The initial conditions for the differential equations at the beginning 
of* the first interval h\ are x x (to) = ■ At the beginning of the 5th 

interval they will be acf” 1 , these values being computed by integrating 
over the interval whose right end point is 5 — 1. Over the 5th interval, 
since u is assumed constant, Eq. (61) reduces, in view of §3-20 to 

tf-*M = Ic la ‘ ]T , [62] 

where [a 8 ] is a constant and T = t 8 — / 8 _i. 

Example. Integrate, by the method of this article, Legendre’s 
equation 

d 2 x 2/ dx m(m + 1) __ 

dt 2 1 - t 2 dt + 1 - t 2 X ’ 


subject to the initial conditions x (0) = — **(0) == 0. Let m = 2. 

If x = Xi and x\ = x 2 the normal form of the equation is 


Xi = x 2 , 

, 6X\ 2 t r n 

*2= ~Y^ + T^t 2X2 ' or = 


o 1 

-6 it 


[x] = MM. [63] 


For the interval 0 g t ^ 0.1, Eq. (63) is replaced by 


M 


where 
a% i 


TO 1 ] 

M = 

a 2 \ a 22 




[ 64 ] 


" TljC i-i»- _5 !i5 ' 

- - «• “ d M - [-5.95 0,]' 


a 22 
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The solution of Eq. (64) is 

H = e [a]T x°\ 


[ 65 ] 


where and = 0. 

The latent roots of [a x ] are complex. The value of e^ T where the 
latent roots of [a] are a ± pi is found, by the theory of §3*21 to be 


ctT 


e [a]T = — { (0 cos PT — sin PT)I + sin PT[a]}. 


The values of x\ and x% at / = 0.1 (i.e., x\ and x\) are 


*1 

L X 2J 


P 


-{ (i p cos PT— a sin pT)I + sin pT[ai]} 


& 


where T = 0.1, azk pi = 0.05 =b 5.95i, x° = — x 2 = 0. 

'1 0l 


I = 


0 1 


, and [ox] 


0 1 

”[-5.95 0.1. 


Numerical substitution yields x\ — —0.42 and x\ = 0.28. 
For the interval 0.1 5= t iS 0.2 Eq. (63) is replaced by 



The values of *? and x% are 

Xf g a T 

= — { (P cos pT — a sin pT)I + sin PT\a 2 \\ 
jc|J p 

where T = 0.1, a ± pi - 0.15 -f 4.91*, x\ = -0.42, 4 = 0.28. 
The numerical values are = —0.37 and jc| = 0.49. 
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Continuing the process we complete the table of values 
0.000 0.10 0.20 0.30 0.40 

-0.500 -0.42 -0.37 -0.31 -0.23 

0.000 0.28 0.49 0.73 0.99 

1 

The curves in Fig. 3.5 show both the approximate numerical and 
also the exact solution P 2 = 3(/ 2 — H)/2 over the interval 0 ^ ^ 

0.5. The approximating solution 
would have been closer to the exact 
solution if h = 0.05 instead of 0.1. 

This naturally raises the ques- 
tion as to the magnitude of h if no 
exact solution is known and, of 
course, in general in practical prob- 
lems no exact solution is known. If fig. 3.5 

two numerical solutions are carried 

out and in one of these the interval h is half its value in the other and 
if in addition no appreciable difference exists between the two result- 
ing solutions then h is sufficiently small. 

The interval h need not be constant throughout the range of the 
solution. If, in some regions, it is evident that the dependent variable 
is changing very rapidly as / increases it may be necessary to reduce the 
value assigned h until a region is reached in which the solution changes 
more slowly. 

It has been emphasized previously that recourse to numerical inte- 
gration is a last resort. The answers so obtained are merely curves and 
the parameters of the problem are lost from the solution. If the system 
contains many parameters and the system is integrated for a series of 
values of each parameter, either by the method of this section or by 
means of a mechanical or electrical differential analyzer 18 the solutions 
will be a book of curves. To express the data thus obtained it is usually 
necessary to integrate the system of differential equations in an analyti- 
cal solution. 

The most common systems of differential equations whose coeffi- 
cients are functions of the independent variable and which arise in engi- 
neering are those whose coefficients are periodic. (See Ex. 3.) Such 
equations, even when very simple, may present most formidable diffi- 
culties. For certain analytical methods of treating equations of this 
type see Ref. 14, § 3-47. 

18 See Sec. 10. 



0.50 

0.13 

1.27 
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EXERCISES XH 

1. Solve the illustrative example of § 3 • 23 employing h = 0.05. 

2. Integrate, by the method of this article, the differential equation 

5 + (!«*-* - D* = 0. 

subject to the initial conditions *(0) ~ 1, x(0) — 0.5. Take the range of / to be 
0 2* t 2. Let h = 0.2. It is easily verified by substitution that x = e tl2 cos (4 ire”" 4 ) 
is the exact solution for the boundary conditions imposed. Use this solution as a 
check on the accuracy of the matrix method. 

3. Mathieu’s equation 

d?u 

~.j + (a + 16g cos 2/)w = 0 

is of use in two-dimensional wave motion, vibrations of elliptical membranes, 
astronomy, and free vibratory motion in which there occurs either variable moment 
of inertia or periodic spring stiffness. The equation possesses periodic or non- 
periodic solutions dependent upon the values of a and q. 

Integrate, by the method of §3 ■ 23, Mathieu’s equation where q — 0.1 and a — 1 -f- 
8 q — Sq 2 — 83 s — %q* + insignificant higher degree terms in q. Let the initial con- 
ditions and interval of integration be respectively «(0 ) = 0, m'( 0) = 0.5 and 
0 £ / ^ 2t. 

It may be advantageous to change the independent variable in the differential 
equation from / tor by the relation 2/ = r. 

4. The differential equation 

x -f 2 mx + ( k 2 — 2 n sin 2 t)x = 0 

is the equation of the free vibrations of a system possessing one degree of freedom, 
variable spring stiffness, and damping proportional to the first power of the velocity. 
Integrate, by the method of §3-23, the above equation for m -» 1 and n — 0.1. 
Let the initial conditions and interval of integration be respectively x(0) = 0, 
*'(0) - 0.5 and 0 ^ g 2ir. 


PROBLEM XIII 

The matrix method of §3-23 is applicable to linear differential equations only. 
Originate a matrix method which is valid for systems of non-linear differential equa- 
tions. 


( 5 ) 

Elliptic Functions 

Elliptic and hyperelliptic functions are of increasing importance in 
engineering investigations. Problems involving non-linear forces and 
oscillations whose periods are functions of the initial conditions lead to 
elliptic functions. Integrals whose integrands contain the square root 
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of a polynomial of the third or fourth power of the variable of integra- 
tion are reducible to elliptic integrals. A few of the many elementary 
applications of elliptic integrals are the length of an ellipse or hyperbola, 
area of a right elliptic cone, determination of the field intensity at a 
general point within a circular loop of wire carrying a current, 19 equa- 
tion of the elastica, 20 equation of a jumping rope, 21 path of a particle 
moving subject to a central force which is proportional to the inverse 
fifth power of the distance. 22 

Theories of non-linear springs, non-linear circuits, advanced 
Schwarzian transformations, and synchronous machines employ ellip- 
tic and hyperelliptic functions. (See 
§§3-31 and 3*35.) An introduction to 
elliptic functions is necessary for the 
study of hyperelliptic functions. 

3-24. Introductory Problem. El- 
liptic functions are introduced by the 
study of the simple pendulum. Let m 
be the mass of the spherical bob, h the 
pendulum’s length measured from O, 
the point of suspension, to the center 
of gravity of m , and 0 (Fig. 3 -6) the 
angular displacement of the pendulum 
at time /. If damping is neglected, 
the differential equation of motion of the pendulum is 

S + « 2 sin 0 = 0, [66] 

where a 2 = g/h and g = the acceleration of gravity. Integration of 
(66), after first multiplying the equation through by 20', yields 

i 1 2 = 2a 2 (cos 0 — cos 0 O ), 

where the constant of integration has been so chosen that 0' = 0 for 
0 = 0 O . The maximum angular displacement 0o is supposed less than 
ir. By the identity cos 0=1 — 2 sin 2 0/2 the last equation can be 

written 

0' = ± 2a Vsin 2 0 o /2 — sin 2 0/2. 

1# I. S. and E. S. Sokolnikoff, Higher Mathematics for Engineers and Physicists , 
p. 13. 

10 W. D. MacMillan, Theoretical Mechanics , p. 195. 

11 E. B. Wilson, Advanced Calculus , p. 511. 

M W. D. MacMillan, Theoretical Mechanics , p. 297. 
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Change of dependent variable from 6 to <p in the above equation, by 
means of the relation sin 6/2 = (sin 6 0 /2) sin <p = k sin ip, yields 


' = a y/l — k 2 ~ : " 2 


or 


<P 

dt = 


sin“ <p , 


dip 


aVl — ft 2 sin 2 ^ 


If / = /o when the pendulum is at its low point, integration of the last 
equation gives 


ot(t - *o) 


/ 


dip 


y/ 1 — k 2 sin 2 


<P 


The integral, which is the right member of the last equation, is called an 
elliptic integral of the first kind. It cannot be evaluated in terms of a 
finite number of elementary functions. 

3*25. Definitions and Derivatives of the Jacobi Elliptic Functions 
of a Real Variable. The above equation expresses / — to as a function 
of tp. It is desirable to express ip as an explicit function of a(t — / 0 )- 
In so doing we are led to the definitions of elliptic functions. For sim- 
plicity in writing, denote a{t — t 0 ) by u. In the equation 



dip 

y / 1 — k 2 sin 2 tp 


[67] 


the upper limit ip is defined to be the amplitude of u, or in symbols 
ip = am u . The elliptic functions, sine amplitude, cosine amplitude, 
and delta amplitude of w, are denoted respectively by sn u , crt u , and 
dn u and are defined by the equations 


sn u = sin am u = sin ip, 

cn u ss cos am u s cos ip, [68] 

dn u ^ Aamu m Atp s VT^Psin ~ip = y/ 1 — k 2 sn 2 u . 


It may be pointed out that the definitions of sn u and cn u are very 
similar to the definitions of sin u and cos u if the latter definitions are 
expressed in terms of an integral. That is, if 


u = + 



dx 


then w = sin 1 x or u = cos 1 x and, consequently, x = sin u or x — 
cos u . 
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The derivatives of sn u, cn u, and dn u are easily obtained. Evidently, 


d 

— snu 
du 



<P 


dip dip 

cos ip— = enu — • 
du du 


The value of -p = y / 1 — k 2 sin 2 tp = dn u is obtained by differenti- 
ae 


ating Eq. (67). 
Finally, 


— snu = enudn u . 
du 


In a similar manner 


— enu = — sn u dn u , 
du 


[69] 


and 


— dnu = — k 2 sn u cn u. 
du 


3 -26. Elementary Properties of Elliptic Functions of a Real Vari- 
able. It is evident, from Eq. (67), that am 0 = 0, and consequently 
sn 0 = 0, cn 0 = 1, and dn 0 = 1. If in Eq. (67) ip is replaced by — ip 
then u changes sign. Thus am ( — u) = — am u, and from this fact 
and the definition of sn u, cn u , and dn n it follows that 

sn( — u) = —snu, cn(—u) — enu, dn( — u) = dn e. 

The functions am « and sn w are odd functions; cn u and dn u are even 
functions. 

The introductory problem of §3*24 can now be completed. From 
the equation sin 6/2 = k sin tp and Eqs. (68) 

6 = 2 sin^ft snu) = 2 sin^t k sn a(t — /<>)]• [70] 

If damping is neglected in the pendulum’s motion then the motion will 
be purely periodic. Equation (66) contains no damping term and 
consequently 6 as given by Eq. (70) is purely periodic. We can, study 
the periodicity of elliptic functions in obtaining the period of the 
pendulum. 

When the pendulum is at its highest point ip = ic/2 and the quarter 
period is 

dip 


P 1 
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If k < 1 then 

"'/2 d</) 

So 


f*' 2 if = r /2 \ i 

Jo Ay? Jo L T 2 


1-3 


+ 


1-3-5 


- k 2 sin 2 <p + — — k 4 sin 4 <p + 

Z Z ' T 


(2« ~ 1) ,. 2 „ 


2-4-6 ••• (2 n) 

+ + • 


sin 2n p + • • • j 


d<p 


+ 


/ l -3-5 - - • (2n — 1) V 2b 
V 2-4-6 ••• (2m) / T 




The value of the above integral is denoted by K . Thus the period of 
the pendulum is 4 K(h/g)^. If & is very small, then an approximate 
value of K is ir/2. 

To obtain the real periods of sn u , cn w, w, it is necessary to 
examine the integral 

r nw,l dp = /^ 2 d* + r + t " + r* n <h 

Jo A <p Jo A<p J r / 2 J( n -l)ir/2 

for » a positive integer. Each integral in the above series is of the form 

"(m+ 1/2), 


dip or r m+ 1/2)9 dip 
J(m-l/2)r &<P Jmw * 


where w is a positive integer. If in the first integral = wir — 0 and 
in the second = mi r + 0 , then each integral becomes 

^ /2 d0 

_ 

/o A0 

Thus 

' nr/2 d<P 

/o 

and, from the definition of the amplitude function, 

nr 


f 

P 

Jo 


= nK 


am(nK) = — = n am K. 


where 


Consider next the integral 

./0 Av> Ay> 

r^+'dip C*dB 
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From the definition of the amplitude function 
am(2nK + u) — nr + 0. 

But nr fi — 2n(r/2) + ft = 2n am K + am u. Thus the important 
relation 

am{2nK + «) = 2 n am K + am u [71] 


is obtained. Similarly, the examination of the integral 

r w - fi d* r-d* , r'-'d* 

X v - X &i + Jn, r r - lnK -“ 

yields the formula 

atn(2nK — u) = 2n am K — am u. [72] 

Taking the sine of both sides of Eq. (71) we have 
sin [am(2nK + u )] = sin [2 n am K + am u\ 


or 


sn(2nK + u) = sin (nr + am u) 

= sin mr cos {am u ) + cos nir sin {am u) 


= cos nir sn u. 

From the last equation, if n = 2, 

sn{u + 4 K) = sn u . 

Thus the period of sn u is 4K. 

In a similar manner Eqs. (71-72) give the relations 

sn(u + 2 K) = — sn u, sn{u + 4 K) = sn u t 

cn{u + 2 K) = -cwm, cn(w + 4#) = cw u, 

dn(u + 2J2T) = V 1 - k 2 sn 2 (u + 2K) = V 1 - k 2 sn 2 u = «. 

From the last equation the real period of « evidently is 22C. 

The values of the elliptic 
integral of Eq. (67) were tabu- 
lated by Legendre for values of 
k less than unity. A five-place 
table appears in Pierce’s Short 
Table of Integrals . From such 
a table u is given as a function 
of ip. To obtain the graph of sn u it is necessary only to plot sin ip 
against u as the independent variable. Figure 3*7 shows the graphs 
of sn u , cn u, and dn u. 



Fig. 3-7 
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EXERCISES 3IV 

1. A pendulum beats seconds when swinging through an angle of 6°. How many 
seconds a day will the pendulum lose if it swings through 10°? 

2. The period of a pendulum when swinging through an arc of 72° is two seconds. 
Find the time required for the same pendulum to swing from 72° down to 52°. 

3. In the first integral of the differential equation of a pendulum let the constant 


In this case the angular speed of the pendu- 


2g 

of integration be ~~ + b 2 , where b 2 > 0. 

lum never vanishes. Find the period of revolution. 

4. The defining equations for tn u, ctn u, nc u, and ns u are 


snu cnu 1 1 

tnu — , ctn u = — , nc u — , ns u — 

cnu snu cnu snu 


Obtain the derivatives with respect to u of these four functions. 
5. Differentiate 


( 0 ) 

log sn u, 

(d) 

dn u 

sn u ' 


(6) 

log 

sn u 1 

(e) 

dn u 

(k* = 1 

_cn u + dn u J * 

~ k'- cn u ’ 

W 

log 

”1 — dn iC 1 

(f) 

1 


L snu J’ 

( 1 cn u — sn 



6. The functions u = sn~ l x, u = cn~ l x, u = tn~ x x, and u — ctn~ x x, are 
defined to be the inverse of x = sn u, x = cn u, x - tn u, and x * ctn u. Obtain the 
derivatives with respec t to x of the inverse functions. 

7. Show that 


sn x x 



dx 

V(1 - jc 2 )(1 - Jftc 2 ) 


3-27. Elliptic Integrals. Applications of elliptic functions fre- 
quently arise in the form of elliptic integrals. 

From the integral calculus it is known that any integral of the type 


/ R(t, Vft 2 + gt + h) dt, 

where R is a rational function of t and of the radical V/J 2 + gt + h, 
is expressible in terms of elementary functions. 

It can be shown that integrals of the forms 


and 


R(t f cl\ V ft -f- b\P + C\t + d\) dt 
fm , o "s/ -j- bt 2 ct 2 + dt -f- ~e) dt, 


[73] 
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where R is a rational function of / and of the radicals can be evaluated 
in terms of elementary functions and elliptic functions at most. It is 
supposed that the radicands do not contain multiple factors. The 
integrals (73) can be reduced to integrals of the elementary calculus 
and three elliptic integrals: 


t ^ f dx 

^ J V(i - * 2 )(i -Tv} ’ 
» 

M / 


(1 + nx 2 ) Vl — * 2 )(1 — k 2 x 2 j 


Legendre’s three elliptic integrals, expressed in canonical form, arc: 
(a) Elliptic integral of the first kind : 


/- 
Jo i 


dx 


= F(k, x) or 


/o V(1 - jc 2 )(1 - k 2 x 2 ) 

(b) Elliptic integral of the second kind : 
c x /i — k 2 x 2 

i Virp-* -■«»-*) “ 


r<h 

Jo 


= F&, *), 

A<p 


f A(pd<p = E(k, <p), [74] 
Jo 

(c) Elliptic integral of the third kind: 

/ °' J° d+»»toV)V 


where A<p = a/T — k 2 sin 2 v?, 0 < k < 1 , and n is a real number. 

The coefficients in the polynomials / 3 + b\t 2 + C\t + d\ and 
t 4 + fe / 3 + ct 2 + dt + e are real, t is real, and each polynomial is 
assumed positive for some value of t within the interval of integration. 

The second forms of Eqs. (74) are obtained from the first by the 
change of variable of integration x — sin <p. Integrals (74) have been 
evaluated, by numerical integration and other methods, for all values 
of k in the interval 0 < k < 1 and for 0 < ^ < 7r/2. 

In the introductory problem of §3*24 the elliptic integral was 
readily reduced to the canonical form of the first kind. This was 
unusual. In non-linear circuits and Schwarzian transformations the 
reduction is often tedious. The general reduction is now given. 
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Let the roots, real or complex, of J 4 + ft/ 3 + cP + dt + e be a, P, 7 , 
and 5. The real transformation / = (p + qy)/(l + y) transforms 
the second integral of Eqs. (73) into 

J R^y, a Vri(g - p)dy, [75] 

where 

Y = [p - a + (q - a)y][p - 0 + (q - /3)y] 

[p - y + (q - y)y][(p - *) + (g - &)yl- 

If the first two factors in Y are multiplied together and the coefficient 
of the linear term in y set equal to zero there results 

ip “ «)(<Z - 0 ) + iP “ m ~ = 0. [76] 


Treating the last two factors in Y in the same manner we obtain 

ip - 7 )(<Z -«) + (*>- *)(a - 7) = 0. [77] 

If real values of /> and 3 can be so determined that (76-77) are satisfied 
then integral (75) will reduce to 


f> 


^o[y, a V(± w 2 zb »V)(± r 2 d= l 2 y 2 )]iq - />) dy, 

where the real quantities ± m 2 , ± w 2 , =b r 2 , dz / 2 are 

zb w 2 — iP «)(/> — 0), zL r 2 = (p — y)(p — 5), 

zb w 2 = (q - a)(g ~ 0), ± l 2 = (q - y)(q - 6). 

(Explicitly, in numerical calculation if (p — a)(p — P) = — 7 then 

m 2 — 7 and the symbols dz m 2 is written —7. If (p — a)(p — P) = 7, 

then zb m 2 is written +7.) From (76-77) 

pq + op = (« + 


/>2 + 7 * ! 

From the last two equations 

p + g ~ 7$ 

2 _ ct + fJ — 7 — 5’ 

which in turn yield 


2 

/> + q 


(7 + «)• 


« 0(7 + i) — yS(a + 0) r >»m 
pq = rz; ; — » L78J 

a + 0 — y — S 


q — P , y/(a — 7 )(« — s)(ft — y)(0 — s) 


2 


a + 0 — 7 — 8 


[ 79 ] 
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From Eqs. (78-79) the real values of p and q are 

_ afi — y8 — V (a - 7 ) (a - 5)(/3 — y )(0 — ~5) 

P 01 + 18 - 7-5 ’ 

_ a<3 — yS + V (a - 7 ) (a - 5)(fl — 7)0 — ~5) 
q of + /3 — 7 — 5 


The case of most frequent occurrence is 


-RiCy, « Vf) 


go(y) 

Vf ’ 


where Ro(y) is a rational function of y. The rational function -RoW is 
the sum of an odd function -R 3 OO and an even function ^2 60- Thus the 
integral is expressed as the sum of two integrals. The integral 


/ 


%O0 dy 

Vy 


is integrable, by means of the substitution y 2 = u , by the methods of 
the calculus. The integration of the integral 


/ 


-R 2 (y 2 ) dy 

Vy 


leads to elliptic integrals. The function i? 2 ( 3 ' 2 ) can be resolved into an 
integral and a fractional part. The fractional part can be broken up 
into simple fractions, and by integration by parts, the integration is 
made to depend upon the terms 


dy y 2 dy dy 

Vy’ VY' an (i + ny 2 ) Vy 


We shall carry out in detail the evaluation of the integral 



(g ~ />) 

Vy 


dy, 


[ 80 ] 


where T = f 4 + a / 3 + bt 2 + ct + d and the value of F is given above. 
The denominator of the integrand in (80) can be written 


VY = mr V ±(i ± gV)(i ± *V) i 
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where g = n/m and h = l/r . If g < h, then the substitution hy = x 
reduces the right member of (80) to 


N dx 

[±(1 =fc * 2 )(1 ± c 2 x 2 )]* 9 


where c 2 = (g/h) 2 < 1 and N = (q - p)/hmr. 

The eight combinations of sign in the radical of (81) result in eight 
cases, but the combination of signs — h+ need not be considered 
because the polynomial t 4 + at 3 + bt 2 + ct + d, which is by hypothe- 
sis positive for some range of t within the interval of integration, can- 
not be transformed by real transformations into a function which is 
always negative. There exist real transformations which transform the 
integral in (81) into the integral 



where both M and k are real and 0 < k < 1. The following table indi- 
cates the transformation for each combination of sign and gives the 
corresponding values of k 2 and M. 



If in (74) the upper limit <p is tt/2, then F(k , tt/2), E(k , ?r/2), and 
II (», k , v/2) are called complete elliptic integrals of the first, second, 
and third kinds respectively. In the integrals F(k , x), E(k , x ), and 
II(n, k t x) the upper limit may be any real value. Consequently, these 
integrals may be complex quantities. The explanation of complex 
values for these integrals is reserved for §3 • 28. 
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EXERCISES XV 

1. Evaluate by the method of § 3-27 the integrals 

(a) f Vl — x 4 dx, 

Jo 

dx 


<» f. ^ 

« X' 


•\/(* - 1 )(* - 2)(* - 3)(* - 4) ’ 


dx 


V(x? + x + !)(** + * + 3)' 


2. If T is of the third degree and if its roots a, p, y are real and a > p > y, show 
that the transformation t — 7 + (0 — 7 ) sin 2 transforms 


— into 


dtp 


where 


y - IIILU y y ■ | 

vr V a - 7 VI - fc 2 sin 2 * 


& 2 = — and 7 < t < p. 

a - 7 


3. (Reciprocal modulus transformation.) Show that the transformation sin ^ 
(sin 0 )/c, where c > 1 , transforms 


dtp . 1 

— 7 = — ■ ■ ■ — into - 
VI — c 2 sin 2 tp c 


dO 




sin 2 0 


4. Plot the integrands of the integrals 

dtp 

’ <P 


(«) /%===“= . <» /Vl -tfrin*,*, 

•A> VI - & 2 sin 2 * -A) 


for = 1/2. Let be taken as abscissa. The areas under the curves give the values 
of F( 1/2, tp) and E(l/2, tp). 

5. Express the integral 

f 9 sin 2 Odd 4X 

/ - 7 - = = === , (0<k<l) 

Jo V l — k 2 sin 2 0 

as the sum of elliptic integrals. 

6 . Express as elliptic integrals, by proper changes of the variable of integration, 
the integrals 

r 9 do W 2 do , v r r/2 do 

w Zv^' (t>1) ' (6) fo (5^‘ 


dt 


7. If the four roots of T = 0 are a > p > 7 > show that -y= is transformed 
into Vr 

2 dO 


V(a — 7 ) (p — 6) V 1 — & 2 sin 2 0 
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by the substitution 


(0-7 )(«-*) . ^ ^ „ 

** - / rrz — r; . + < * < 0 

(a - 7 ) (0 - *) 

7(0 - «) - 8(0 - 7) Sin 8 8 
(0 — 5) — (0 — 7 ) sin 2 e 


8. Establish the Maclaurin developments 
(a) m u - u — (1 + A 2 ) jj + (1 + 14fe 2 + k*) - • • 


(6) cn u m 1 - - + (1 + -t* 2 ) - - (1 + 44* 2 + 16ft 4 ) - + ••• 

2! 4! o! 

(e) dnu = i - k 2 ~ + ft 2 (4 + ft 2 ) £ - ft 2 (16 + 44fc 2 + ft 4 ) ~ + • • 
2 ! 4 ! 6 ! 


9. Given that the addition formula for sn(u + v ) is $n(w + i>) = (sn ucnvdnv 
+ snvcnudnu), where D = 1 — k 2 sn 2 u sn 2 v, show that 

cn (u + v) = ~ (cw u cnv — snudnusnvdn v), 
dn (u + v) = i (dn m dn w — k 2 snucnu snvcn v). 

3 • 28. Elliptic Functions of a Complex Variable. Let it be required 
to examine the integral 




(1 - * 2 )(1 - ft 2 * 2 ) 


where ft < 1. Evidently 

r dx r 

Jo V(1 - JC 2 )(1 — k 2 X 2 ) J\ 

To transform the last integral write 


(1 - ^)(1 - k 2 x 2 ) 


vT 

where ft' (called the complementary modulus) is defined by the equa- 
tion k' 2 + k 2 = 1. The above transformation changes 


V(1 -**)(!- k 2 x 2 ) 


into t 


(1 - z 2 )(l - jfc'V) 
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or, if z — sin 8, then into 


, /-% * , 

Jo y/ 1 — k' 2 sin 2 6 


where K ' is given by the series preceding Eq. (71) if k is replaced by 
Equation (82) can now be written 


»r 


— k 2 sin 2 


= K + iK 


From the definitions of the elliptic functions §3*25 
am (. K + iK') = sin^ 1 1/k 

and 

sn (K + iK') = 1/k. 

In this particular example the sn function of a complex argument yields 
a real value. We now proceed to the study of elliptic functions of a 

general argument. In the integral j* dd/ A (0, k) make the substitution 


cos 8 cos <p = 1. 


Then sin 8 = i tan <p and 


Jo A (0, &) 


» dip 
A(<P,k') 


so that 


7o A(*. *') “ 

^ = aw(w, fe') 

r d8 

Jo A(M) tU 


8 = am(iu } k). 

From relation (83) there follows immediately 

sin 0 = i tan 
cos 8 = 1/ cos 
tan 8 = i sin 


[ 85 ] 
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Substituting the values of <p and 0 from (84-85) in the last equations 
we have, from sin 0 = i tan <p, the relation 


or 

Likewise 


sin am(iu , k) = i tan am(u, k') 9 
sn(iu , k) = i tn(u , k f ). 
cn(iu , k) = 1 /cn(u 9 fe')> 

*■> 


( 86 ] 


c» («, &') 

If in (86) « is replaced by » + 4X' then the last equations yield 
sn[i(y + 4K'), k] — i tn [(» + 4 K'), £'] = i tn (», k') = $»(«>, &). 

cn[i(v + 4K'), k] = cn(iv, k), [87] 

dn[i( v + 4 K'), k] = d»(it», ife). 

If in (87) » is replaced by —iv (and this is a possible substitution by in- 
spection of the definitions of u and v) there results 


sn(v + 4 iK', k) = sn(v, k), 
cn(v + UK', k) = cn(v, k ), 
d«(» + UK', k ) = dn(v, k). 


[ 88 ] 



Fig. 3-8. Rectangle of Elliptic Function sn u. 


It can now be shown that the periods of sn u, cn u and dn u are re- 
spectively (4K and 2 iK'), (4 K and 2 K + 2iK') and (2 K and UK'). 
Thus all values of y = sn u are given in the rectangle shown in Fig. 3 • 8. 
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EXERCISES XVI 


1. Fill in a rectangle, similar to that shown in Fig. 3*8, for the function y =* cnu, 

2. Show that 

_/3 (1 + «y TO 

\ 2 + 2 / y/2k 


3. Show that 

, , 3 K 1 

(a) sn — - = — 

2 VI +*‘ 

4. Show that 


3K VF ,,,32? ^ 

* (6) (e) *T" vT - 


5. Express 


1 [ (1 + ‘ K f^] - T+i££»' 

I. 


as a complex number A + Bi. 


V(1 - x 2 ) (1 - (1 /2)V) 


3-29. Integration of Elliptic Functions. The methods of evaluation 
of integrals whose integrands contain elliptic functions are very similar 
to the methods of the elementary calculus. From 


'<Lp 

/o 


-f 

it follows that 

du as dip/ A<p, or d<p = dnu du , or d(am u) = dnu du. 

From the last equations, 

d(sn u) = cnu dnu du , 
d(cw «) as — snudnudu , 
d(dnu) = — k 2 snucnudu. 

Some methods of integration are illustrated by the following examples. 
1. Evaluate the integral j* snudu. (Omit the arbitrary con- 


stant.) The integral 

C 1 f —k 2 snucnu 1 f 

I snudu = — To / du = — - I 

J hr J cnu k J 


dv 


Vv 2 - k' 2 ’ 


cn u 
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where v — dnu. The value of the last integral is 

- £ log (v + Vt> 2 - k' 2 ) = - ^ cosh -1 ~ ^ cosh -1 

2. The evaluation of J' du/sn u is as follows: 

/ < du __ T sn u cnu dnu _ 1 /* dp 

sn n J sn 2 u cnu dnu 2 J v \/(l — v)(l — k 2 v) ’ 

where » = sn 2 u. Evaluating the last integral by the methods of the 
calculus and expressing the result in terms of u it is found that 

/jftj.loJ c "“ 1. 

J snu Lcnu + dn nj 

3. Evaluate the integral j* sn” 1 u du. In the integrand make the 
substitution sn” 1 u = v or u = sn v. Then 


f sn ” 1 u du = J* v cnv dnv dv. 

Integration by parts yields 

j* sn” 1 udu = / v cnv dnv dv = v snv + cosh” 1 

-i , 1 i -i ( 

= usn 1 u + - cosh 1 1 — — — I • 

4. Evaluate the integral / dn 2 u du. By definition E(k, <p) 

Jo 

= j* A ip dtp. We have <p = am u and d(am u) = dip = dnu du. Recall- 
ing that A tp = dn u , and substituting for A <p and dtp in the last integral 
we have 

T dn2 udu = E(k , am u ). 

/ « 

sn 2 u du and / cn 2 u du. From the 
Jo 

definitions of sn u , cn u , and dn w the relations 

sn 2 u + cn 2 u = 1, 
dn 2 n + fe 2 sn 2 n = 1 
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obtain. By means of these relations the evaluation of the two inte- 
grals in question is made to depend upon the integral of example 4. 
The results are 

J sn 2 u du = p i u E(am u, £)], 

/ cn 2 udu = p [E(am u, k) — k ,2 u\. 


6. Evaluate the integral 


/' 


dx 


/o V(1 + * 2 )(1 + k 2 x ?) 

If the substitution x = tn(u, k') is made then 


dx — 
1 + * 2 = 


dn{u, k') du 
cn 2 (u, k') ’ 

1 


1 + k 2 tn 2 (u, k') = 


cn\u, k') 


,'\ » 


1 — (1 — k 2 )sn 2 (u, k’) 
cn 2 (u, k') 

1 — k' 2 sn 2 (u, k') 
ctt 2 (u, k') 

dn 2 (u, k') 
cn 2 (u, k') ’ 


and the integral becomes 
dx 


£ 


W(«,V du 


_ f dn{u , k ! ) 

r o V(1 + * 2 )(1 + k 2 x 2 ) - j cn 2 (u, k')dn(u, ft') 

— J' du = « = tn~ l (x, ft') 


‘ s ""'(vr^7’ k ')" F{k '‘ vm lx) - 


A rather extensive table of integrals for elliptic functions is found 
in Elements de la Thiorie des Fonctions Elliptiques IV, Tannery and 
Molk. 

EXERCISES XVH 


Establish the following formulas: 


f u du E(u) 


k 2 snuenu 
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3. y ctn udu = log 
' snu du 


1 — dnu 


sn u 


'■/ 


l dnu 
k 


cn 2 u 

5. J* dnu — i log (cn u — i sn u ), 
cnu dnu 


‘■f 

'■/ 


sn u 
dn u du 


- du =* log sn u t 
tn u t 


o r du r cnu . , r sn u , 

8 . / * / du + / dw. 

J snu cnu J snu J cnu 

iluate, 

>./ 

•/o 


Evaluate, by substitution of elliptic functions (see §3-29), the integrals 
rX dx 


10 . 


/ 

•'a 


0 V(1 - X 2 ) (1 - * 2 X 2 ) ' 
dx 


(0 < & < 1). Let x = snu. 


V(a 2 + x 2 ) (x 2 - b 2 ) ’ 

dx 

V (x 2 + a 2 ) (x 2 + b 2 ) 9 
dx 


H. f* -7= 

J 0 V (x‘ 

i2. r r— , 

•A) V*(l - x) (1 - /j 2 x) 

13 ^ ^ 

' J V(X - a) [(* - r) 2 + S 2 ] 

(x “ r) 2 ~j~ s 2 

Let y and obtain under the radical sign an expression having 

x — a 

.hree real factors. Then use Ex. 2, problem set XV. 


( 6 ) 

Hyperelliptic Functions 

Some of the uses of hyperelliptic functions have been given in the 
introductory paragraph of Sec. 5. It is the purpose of this section to 
develop the theory, sufficient for the applications considered, of 
hyperelliptic functions. Integrals of the form 

J R(t, VF)dt. 
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where T is a polynomial of degree higher than four and R is a rational 
function of / and V^T, lead in general to hyperelliptic functions. 
It is not easy to generalize the classical theory of elliptic functions as 
given in Sec. 5 so as to obtain a theory of hyperelliptic functions. A 
theory of elliptic functions is now developed which is based on the 
solution of differential equations by the methods of Sec. 1 of this 
chapter. This theory will then be extended so as to include hyperellip- 
tic functions. 

3 • 30. Elliptic Functions in Series Form. Consider the differential 
equation 

^ = -(1 + k 2 )x + 2k V, 0 < k 2 < 1. [89] 

If Eq. (89) is multiplied through by 2 dx/dt and the integration per- 
formed there results 

*' 2 = (1 - x?)(l - k 2 x 2 ) [90] 

provided *'(0) = 1, and *(0) = 0. The solution of Eq. (90), satisfying 
these initial conditions, is 

x = sn(t , k ). 

In view of the theory of Sec. 1 it seems reasonable to suppose that 
the solution of Eq. (89), subject to the initial conditions *'(0) = 1 and 
*(0) = 0, is obtainable as a power series in k 2 . Accordingly, let 

* = *o (0 + x 2 (t)k 2 + x 4 (t)k 4 + • • •. 

Substituting this value of x in Eq. (89) and equating the coefficients of 
like powers of k 2 we have the sequence of equations 

*b + *o = 0, 

*2 + x 2 = ““#0 + 2 * 0 , 

*4 + *4 = — *2 4" 6*o x 2 

The solution, subject to the initial conditions, of the first of (91) is 

*o = sin /. 

The substitution of *o in the second equation above yields 
*2 + x 2 = h s in * — \ sin it. 

The solution, subject to the initial conditions * 2 (0) = * 2 (0) = 0, is 

1 t 1 

*2 = — sin / — - cos / + — sin it. 

16 4 16 
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The solution of Eq. (89), as far as the terms in k 2 f is 
k 2 

x = sin / + — (sin t — U cos / + sin 3/) + • • •• [92] 

Evidently, the solution (92) is not satisfactory. The term — (/ cos t ) /4 
is not periodic. Moreover, the remaining terms of (92) are periodic of 
period 2ir, whereas the solution x = sn(t , k) is known to be periodic of 
period 4 K in /. 

A solution must be devised that displays the period of 4 K in /. 
Accordingly, let a change of independent variable from / to r be made 
in Eq. (89) by the relation / = (1 + 5)r, where . is a constant later 
determined. Since 

dx __ dx dr _ 1 dx d 2 x _ 1 d 2 x 

dt = ~dr It ~ (1 + 8 ) dr “ d? = (1 + 8) 2 d? 9 

Eq. (89) becomes 

^ - - (1 + «) 2 [(1 + k 2 )x - 2 k 2 *•]. [93] 

From §3-26 the value of 4 K is 

fe2+ (H) fe4 +---]- 

If the solution of Eq. (93) can be expressed in a form which is periodic 
of period 2t then by the relation t =* (1 + $)r , the solution in t will 
be periodic of period 27r(l + 6). 

Since 8 is a function of k 2 it is reasonable to write 8 = 8 2 k 2 + 84 k 4 + 
• • • , where . 2 , .4, • • • are constants to be determined. The substitution 
of this value for 8 and x = * 0 ( r ) + x 2 (j)k 2 + x 4 (r)k 4 • • • in Eq. (93) 
gives 

d 2 x 0 , d 2 x 2 k 2 , d 2 x 4 k* , ( l2r , „ 3-, 

' ' dr 2 ^ " l ”* *0 — ^ 2 [*2 + ( 2.2 + l)*o — 2xq] — 

A 4 [* 4 “I” (2.4 + . 2 + 2 $ 2)^0 “h (2.2 "h 1)*2 “ 4.2^] + •••}. 

By equating coefficients of like powers of k 2 we obtain the infinite 
sequence of linear differential equations 

*£ + *0 = 0, 

x 2 + x 2 « — (1 + 28 2 )x 0 + 2*§, 

X4 -h x 4 — —(2.2 + .2 + 25 4 )*o — (1 + 28 2 )x 2 + 6*0*2 + 4.2*0, 


where the derivatives are with respect to r. 
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The solution of the first of (94), subject to the initial conditions 
*o(0) — 0, *o(0) = 1, is Xq = sin r. When sin r is substituted for Xq 
in the second equation above, there results 

x 2 + *2 = (2 2^) sin r — 5 sin 3r. 


In order that no term of the form r cos r appears in the solution, it is 
necessary that \ — 25 2 = 0 or S 2 = 

Before integrating the next differential equation and the remaining 
equations of (94), it is necessary to determine the initial conditions 
for x 2f x 4 , • • •. From / = (1 + 8 )r it follows that 


dx 

dr 


dx dt f . dx / «.i2i » , 1 1 \ dx 

Itdr = (i + S) di" (l + S2k +M + '“ ) di' 


dx 

From Eq. (90) it is evident that — = 1 for x = 0, t = 0. 

dt 


Thus 


£-1+ 

dr 


+ • • • , for r = 0. 


From X = x 0 + x 2 {r)k 2 + x 4 {T)k A + • < 


dx 

a second value for — is 
dr 


dx dx 0 dx 2 2 dx A 4 
dr dr + dr + dr * 


Since these two values are identical for all values of k when r = 0, it 
follows that, at r = 0, 


dx 0 
dr 


dx 2 dx 2n s 

^ = s 2 ’'"'~d^~ s2n - 


The solution of x 2 + x 2 = — sin 3r, subject to the initial condi- 
tions * 2 (0) = 0 and x 2 (0) = 5 2 is 


x 2 = iV ( s * n r + sin 3r). 

By substituting Xq and x 2 in the third equation of (94) and imposing 
the condition that all sin r terms vanish from the right member of the 

/l-3\ 2 

equation, 84 is found to be ( — ^ I . Moreover, it is evident that in 

each successive equation just one additional 8 2n enters. Thus the 8 2n 
can be determined. The integration of the equation in x 4 gives 


x 4 = 0 sin r + 8 sin 3r + sin 5 r). 


Finally, the value of sn(t , k) as far as the terms containing k A is 

sn(t , £) — *o + x 2 k 2 + x 4 k* + • • •, [95] 
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where 


* 0 = smr = sm— =sm-, 


-£(' 


. irt . Swt] 
Sm 2K + Sm 2Kj 


1 . 7r/ . 3tt/ . S7r/\ 

’“-i65U , “ , 2K + 881,, 2K + 8ra 2KA 

The solution of (89) given by (95) is periodic of period 42ST and is 
of a form satisfactory for computational purposes. 

EXERCISES XVm 

1. Solve, by the method of §3-30, the differential equation 

(fix 

_„ (!+**)* + (0 < < 1 ) 

subject to the initial conditions x(0) = 1, x'(0) = 0 and thus obtain a series expan- 
sion, similar in form to (95), for cn t. 

2. Obtain the differential equation whose solution is dn t. Show that the solution, 
satisfying the initial conditions *(0) = 1, s'(O) — 0 is 

* = 1 + *S ft* + *4fe 4 + • • • , 

1 . 2 rt 

**=“ 2“ S’ 


! -i sin2 5( i+cosa 5)* 


3-31. Non-linear Spring. Let it be required to find the period of 
oscillation of the mass m supported by a non-linear spring as illustrated 
in Fig. 3*9. The displacement from equilibrium position at time / is 
denoted by x. Let the restoring force of the spring be given by 

F = fax + fax 3 , 

where fa and fa are positive empirical constants. 

The differential equation of motion is 

m = - 


= — (aix + as* 3 )- 
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The first integral of the differential equation is 

(!) = ~( ai ^ + T) +Ci - 

Denote the maximum displacement of the spring from equilibrium posi- 
tion by c. Since the velocity vanishes at maximum displacement 
Ci = a\(? + azC*/2. The differential equation becomes 

(!) -**)+? (c*-x 4 ). 



The substitution x = cy reduces the last equation to 

O3C 2 


where 


/dy\ 2 _ 
\dt) 


k 2 - 


2k 2 


(1 - 3’ 2 )(l + k 2 y 2 ). 


H3C 2 


2 Ox H - 03c 2 


< 1. 


When y ranges from —1 to +1 the mass has executed a half -period 
P/2. Thus 

*+i 

P 


dy 


- 2fe/2\* 

c \o 3 / J_i V(1 - y 2 )(l + *V) 
= 4*/2\* /’ 1 (i + *y)" M 

C \& 3 / i/Q 


dy 


U 

c 




dy 


\/l — y 2 
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The trigonometric substitution y = sin 6 and Wallis’ integration for 
mulas yield 



It should be noted that the period, unlike the period of a linear spring, 
is a function of the maximum displacement of the mass. 


EXERCISES XIX 


1. Solve by the method of §3-31 the differential equation 

$ — g [(1 -* J) y + 2*y ] . 

subject to the initial conditions y( 0) = 0, y'( 0) = a^/Ak 2 . Show that the action of 
the spring is rougher than a linear spring. 

3-32. Hyperelliptic Functions. Hyperelliptic functions may be 
introduced by the equation 
,2 

^2 = + b x z + b 2 z 2 + • • • + b n - 1 2 n ~ l , [96] 


where b 0 , b x , b 2t • • • , & n -i are real constants and the right member is a 
polynomial of degree greater than four or a convergent infinite series. 
(Ref. 4, end of chapter.) A first integral of Eq. (96) is 


dT 


2 (b 0 z + ~~ 2,2 


+ 


bn - 1 


) 


+ C 


[97] 



= OO + a l z + a 22 2 + • ‘ ' + ®n2 n =/(«), 

where ao, a Xt • • *, o n are all real. Let the 
n roots, real or complex, of f{z) be a x , 
a 2t •••» ot n . In any physical problem the 
variation of z will lie between fixed values 
Z x and Z 2 where Z x and Z 2 are real or com- 
plex. Let a Xt a 2 , • • •, a r be those roots of 
f(z) which lie within the ring (Fig. 4*10) 
L x g z ^ L 2 . Let f(z) be written 


/(*) ■ (2 “ «l)(2 - 02) (2 - «3 )-■•(*- <*r)f o( z )f [98] 

where /o(«) is finite and does not vanish within the ring. 
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3*33. Period of the Solution. If n = 4, it is evident from §3*28 
that the periods of the solution of (96) will be one real and one imag- 
inary. Thus in the general equation n > 4, both real and imaginary 
periods are expected, but in the problems of this section, only real 
periods need be considered. 

The real periods in the general case are obtained in much the same 
way that the period of the non-linear spring was obtained in §3 • 31- 
Let us suppose that during the motion or variation of current z varies 
from a< to a,-+i where z, a t - t and a l+ i arc real and that f(z) > 0 for 
ai g z ig a t + 1 . If the change of variable 


(a,- + «, +1 ) , (a,+i - a,) 

z = - X 

2 2 


is made in/(z), then 

„ N ( <*i + a,+i , «,+i — or,- ^ 

/W *V — 2 — + — i — “ “7 


X 




(« i+X - <*«) 2 


(1 


x 2 ) n 

)“> L 


ctj + «i+i ~ 2 ay , («.+ 1 ~ 


G(X), 


= (1 - x 2 ) n (bj + cx)G(x), 

4 /-I 

= (g,+1 ~ a<)2 (1 - x 2 ) n bj (l + £ x) G(x), 
4 y-1 \ bj / 


where 


bi 


<*iA f-1 ~~ <*i 


«.+i + a,- — 2a, 


< 1 


because a, + i and a,- are consecutive roots of /(*). If bj ^1 +r)“ a 
complex root, then its complex conjugate (say) bj + i ^1 + 
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is also a root. The coefficients dj and e, in the product 

bjbj+i (l + d > x + «>**) 

are real numbers and B 2 is a positive quantity. Finally, 

/(*) = J («<+ 1 “ « i ) 2 0 “ * 2 )( 1 + » 1 *) • ' ‘ 

(l + 0 p*)(l + di* 4- ei* 2 ) • ■ *(1 + d t x + e t x 2 )g(x), 

where the number of real roots of f(z) in the ring L\ < | x | < L 2 is p, 
the number of complex roots is 21 and A 2 is such that g(0) = 1. The 
change of variable from z to x reduces (97) to 


dt - 



dx 

- X 2 ) (1 +<Tix) • • •(! + e T p x) • • • (1 + d x x+ eiX 2 ) • • • (1 + dtx+ e t x 2 )g( x) 


The period r(a l+ i, a,) is 


T(a t+ 1, cti) 



(1 + a\x) 


•• (\+<T p x)(l+diX+eiX 2 )' 
• - (1 + d t x + e t x 2 )g(x) 


-Vk 


dx 


\/l “ x 2 


Since g(x) does not vanish within the interval of integration [g(x)]~^ is 
expansible in this interval as a convergent power series in x . Since 
<ri,<r 2 t * • • i <r P are less than unity (1 + o\x) •■•(! + a p x) is also expansi- 
ble as a power series in x for the interval in question. 

Two cases now obtain : 


Case (a). If \x\ < l/V| ej |, (j = 1,2, •••,/) then each factor 
V(1 + djX + e 3 x 2 ) can be expanded as a power series in x. Thus 
a») becomes 

v 2 +D lX + D 2 x 2 + ---) 

r(a, + „«i) -jJ Vl-^ 


dx t 


where Du D 2t • • • are constants. By the trigonometic substitution 
* « sin 0 the integral is easily evaluated and the period obtained. 

Case (ft). If any or all of the | ej | are greater than unity the pro- 
cedure is more complicated. Consider first that one of the | ej | > 1 
and the absolute value of each of the others is less than unity. Let the 
corresponding factor be written 

l +djx + ejX 2 = e } [x - (a + #)][* - (a - 0t)], 
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where « and ft are real. Let the integral 7’(a 1+ i, <*,) be computed from 
— 1 to a and then from a to +1. Over the first range make the change 
of variable 


o - 1 . « + 1 
7- + -r-y- 


Then 


Uj\x - (a + mix - (« - #)]} " H = {e s [(x - a) 2 + 0 2 ]} 

L r (1+a)2 + 4<32 1fl 2(l+a) 2 y (1+«)V ]}~* 

l ’l 4 J L (1 + a ) 2 + 4/? 2 + (1 + a ) 2 + 4 / 3 2 JJ 

The last factor is expans ible in a convergent power series in y as long as 


M<\ l + (1+a) . 

val — 1 < y < a 


4/3 2 


T(a, 


«>-/: 


Since this inequality is satisfied for the inter- 

+1 (Q + Qy + Qy 2 + •••) 




dy, 


dy, 


where the Qi are constants. 

For the interval a g x g 1 the transformation is 

a + 1 (a — 1) 

*~~l — y 

and the integral is 

, r +1 <P„ + P.y + P*/ + 

r (“.“ ,+,) “X 1 VTTy 

where the P» are constants. 

The total period T is 

T - T(a it a) + T(a, a t +i). 

If the absolute values of two of the ej are greater than unity then 
the interval - 1 S x g + l can be broken into three intervals and the 
above process applied. The method is extensible to / such factors. 

3-34. Solution of the Differential Equation. Equation (96), by 
means of a first integration, the change of variable from z to x , and the 
reductions of §3*33 becomes 

~ - -4[(1 - a^Xl + <ri*)(l + <r 2 x) • • • 

(1 + <rp*:)(l + dix + eix 2 ) ■ ■ • (1 + d t x + e J * 2 )g(*)] H . [98a] 

In Eq. (98a) make the substitutions 

~ ojk, di * d{k , 6% = € x k , g{ “ t 
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where the g» are the coefficients in the expansion of g(x). The periods 
of Eq. (98a) can be obtained by the method of §3-33 and are of the 
form 

T = jQ(k) = j(l +Q 2 k 2 + Q 4 k*+ •••)■ [99] 

To set in evidence the period in question of the solution of (96) and 
(98a) change the independent variable from / to r by the substitution 
t 08 Q(k)r/A. Equation (98a) then becomes 

//y 

— = C?(6)[t — ^(l + o'\kx) • • • (1 + <r p kx){\ + <t\kx + e\k 2 x?) • • • 

(1 + dikx + e\k 2 x 2 )(\ + g\kx + • • • + g.k'x* + • • -)] M . [ 100 ] 

This equation is of the form of Eq. (2) of this chapter. Consequently 
there exists a solution of the form 

* = *o(r) + kxi (t) + k 2 x 2 (r) • • • 


which is convergent for k sufficiently small or what is the same thing for 
k =* l and (/,, d x , e tt g\ sufficiently small. This solution is periodic of 

2tt 

period 2 tt in r and of period T = — Q(/r) in /. The method is employed 

/x 

in non-linear circuit analysis in §3*35. 



Fig. 3*11. Non-linear Series 
Circuit. 


Fig. 3 12. Volt-ampere Characteristic 
of Non-linear Series Circuit. 


3-35. Resonance in Series Non-linear Circuits. The resonance 
theory of series non-linear control circuits illustrates the principles of 
Sec. 6. The theory here developed is applicable to series circuits pos- 
sessing variable inductance, capacitance, and resistance. 

Many experimental facts regarding these circuits appear in the 
literature. The three most pertinent are the following. 

(a) Volt-ampere characteristic. The volt-ampere characteristic of 
the circuit in Fig. 3 • 1 1 is shown in Fig. 3 12. The values of current and 
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voltage displayed are root-mean-square values. In the regions ab and 
cd the current response is approximately linear with the voltage whereas 
in the region be the current is critical with respect to the voltage, i.e., 
a slight increase in voltage produces a large increase in current. The 
value of the applied voltage for which this increase in current is greatest 
is called resonant voltage. 

(b) Resistance limited . The maximum value of the current in the 
region be is resistance limited, i.e., the peak of the current is given by 
i = E/R. 

(r) Phase agreement. At resonant voltage, the voltage and current 
are nearly in phase. 

The B-II function is of course many-valued, but this function tends 
to become single- valued at large magnetizing forces for nicalloy, perm- 
alloy, and low-loss steels. Moreover, the numerical integration of 
the differential equations by means of the integraph shows that the 
graph obtained for the current in circuits of variable inductance is not 
changed by employing a single-valued B-II function. Accordingly the 
equation of the magnetization curve is taken to be 

II » ki = x — a 3 .x 3 + a 5 jc 5 , [101] 

where II = magnetizing force in gilberts per square centimeter, 
i = current in amperes, 

x = B/B 0 where B is the flux density in gausses per square 
centimeter 


and B 0 is the slope of the magnetization curve at the origin. The 
quantities k , a 3 , and a r > are positive constants. More terms may be 
added to Eq. (101) if necessary. 

The differential equation for the current in the circuit shown in 
Fig. 311 is 

L(i) - — |- Ri -f - f i dr = — E cos «(r — to), [102] 
dr C J 

uhich, by means of Eq. (101) and the substitution 0 « wr, becomes 


M ~ + R(x — + o&x 6 ) + x e J* (x - a z x? + a&^dd 

* —Ek cos (0 — 6 0 ), [103] 


where M = kwNAB 10“®, 
x c - 1/wC, 
o) = 377, 

r = time in seconds, 


C * capacitance in micro-farads, 
R = resistance in ohms, 

A ® area of cross-section of coil in 
square centimeters, 

N * number of turns. 



276 H YPERELLI PTIC FUNCTIONS 

Differentiating Eq. (103) we obtain 


M + R( 1 — 3a 3 x 2 + Sfl^ 4 ) ^ + x e (x - a 3 x? + a s x 5 ) 
do do 

- Ek sin (i 9 - 6 0 ). [104] 


To investigate the resonance between the applied voltage and the cir- 
cuit it is necessary to determine the natural period of the circuit, i.e., 
it is necessary to integrate Eq. (104) for E = 0. This integration is ac- 
complished in two steps. First Eq. (104) is integrated for E = R = 0 
and then the solution is modified to take care of the resistance. Accord- 
ingly, the first equation to be integrated is 

d 2 x 

+ x c (x — a 3 x 3 + a 5 x 5 ) = 0. [105] 

do 


Performing a first integration of (105) we have 


where 



^(- c 2 --* 2 + ^** 

3 M \a 3 a 5 2 a 6 


(dxV _ x t 
\dd) ~M 


-7 C 2 0 for x = 0. 
M 



[106] 


The integral of Eq. (106) is hyperelliptic and we obtain first the period 
of the solution. The period of the solution is dependent, as in the 
elliptic case, on the amplitude of the flux. 

The right side of Eq. (106) vanishes for only one real value of #, 
i.e., at the maximum value of c of the flux density. Accordingly, let 
(106) be written 

(|) 2 = (C 2 - * 2 )[* 4 + 2(6 2 - a 2 )* 2 + (a 2 + 6 2 ) 2 ] = 0, [107] 

where (a 2 + 6 2 ) 2 = — \ , (a 2 + ft 2 ) 2 - 2(6 2 - a 2 )* 2 = - 

c && 
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If x <= cy, a/c = 0, and b/c = y, Eq. (107) becomes 

(§Y - A ° **<* - + y 2 ) 2 + 2(7 2 - 0V + y<], [109] 

\(W / 


where A* = a & x c /SM. 

The solution of Eq. (109) possesses but one real period T e which is 
*+i 

T c 


<?A 0 J-i 


dy 


{ (1 - y 2 )L(0 2 + 7 2 ) 2 + 2(7 2 - P 2 )y 2 + y 4 ]}* 


where 


= (r ‘ + Tz + Ts) > 


Ti 

T 2 


-/ 


*{ l(y - g) 2 + 7 2 ][(y + 0) 2 + 7 2 ]}~ h 


V(i - y 2 ) 

,g {[(y-^) 2 + 7 2 3[(y + i3) 2 + 7 2 ]} ' H 
0 V(1 - y 2 ) 


dy, 


dy, 


_ r {[(y - <3) 2 + 7 2 3[(y + ft 2 + 7 2 ]}- h 


r 3 = / 


dy. 


Vd-y 2 ) 

Evidently, Ti = T 2 . By the substitution 

1-0 1+0 

. 

7*1 is reduced to 

r = /* +1 4(1— 0)^{ [l — 2a:ife 1 +fe 2 ][l — 23:2^2+^21(1— a 0 r?)} 

1 Xt {(3+0)[(l+30) 2 +4 7 2 ][(l-0) 2 +4 7 2 ](l+,)}* 

[ 110 ] 


where 
hi = 


(i - gk 


[(l + 30) 2 + 4 7 2 J 


55 = ai»j, *i = 


1+30 


[(l + 30) 2 + 4 7 2 ]*’ 


, (1 - fiv 1-/3 

* " Ed - 0) 2 + 4 7 2 ] h " a2V> * 2 ~ [(1 - 0) 2 + 4 7 2 ]« ’ 

7 1 - 
^ 3+0 

Since 0 < A< < 1, 0 < #,• < 1 

(1 - 2*A- + *5)"« = 1 + WM**) + ^P 2 (*,) + • • • 

+ tfP„(*,) (* = 1, 2), 
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where Pi, P2, • • •» P» are Legendre polynomials. The expression 
(1 — aori)~** is expansible in a rapidly convergent series. Substitution 
of these expressions in Eq. (110) and the carrying out of the integra- 
tions yield T\ + P 3 = 2tt(?oSo, where 

n 8^ 

V0 ir{ [ (1 + 3t )) 2 + 4 7 2 ] [( 1 - 0) 2 + 4y 2 ] } « 

■So - 1 - £(.4o + gOo) + iVCiH) + 2 a o^o + ^ 2 ) + • • •* 

A'q = <L\X\ + 02^2 » 

■^2 = + Ol^-P l(jCl)Plfe) + 0 2 P 2 (* 2)1 

A = cMo- 

By means of the substitution y = 0ij and the method employed in 
evaluating 7" 1 and T 3 , the value of T 2 is 7' 2 = ir(?iSi where 

q W 

Vl ttOS 2 + 7 2 ) ’ 

- 1 + £(2o$ -al + £f» 2 ) + */3 2 (2 a* 3 - a& + • • •, 

P 


03 — 


(ft 2 + 7 2 ) H 


The series 5 0 and S\ are so rapidly convergent that two terms are suf- 
ficient in all computations. Finally, 

T c = j (QoS 0 + Q 1 S 1 ) = j Q(fi\ 7 2 ) = jQ. 

The equation is now integrated for zero resistance. Differentiating 

Eq. (109) with respect to 6 , canceling out changing the independent 

ad 

variable from 6 to / by means of the substitution 0 = ~ = — "7 --— 

i4 

d?y 

and writing -7-5- = y", we have 
at 

y" + (1 + «)*{ [(0* + 7 2 ) 2 - 2(7 2 - (3 2 )]y 

+ 2[2(y 2 - 0 2 ) - l]y® + 3y 8 } = 0. [Ill] 

Equation (111) by the aid of the identities (108) can be written 

y" + (l + i) 2 {[l+ o 12M 2 + fl U M 4 ]y 

+ [032M 2 + o a 4 n*tf + (ImmV} - 0 [ 112 ] 
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where 

012 — —2£o» 014 = ^1 — fe 4 , 052 — 0, 

032 = 034 = ~ §05 ”2 ^ 4 » 054 = ~~2 — » [H3] 

^0 c 0 

kl - 7 2 - 0 2 , * 2 - P 2 + 7 2 , 

and n is a parameter to guide the integration. The parameter /z is 
subsequently set equal to unity. If the core of the reactor is any kind of 
magnetic material with a moderately sharp B- 1 I curve the ranges of the 
constants employed either directly or indirectly turn out to be 

2 < c < 5, 2000 <B 0 < 5000, 0.4 < 0 < 0.7, 

0.4 < y < 0.8, 0.3 < a 3 < 3, 0.01 < a 5 < 0.5, 

0 < & 0 < 1 , 0 < k < 1 , -1 < 6 < + 1 . 

Now the solution of Eq. (112) is periodic of period T in 0 and of period 
2 ir in /. This solution is now obtained. By § 3 • 2 there exists a solution 
of (112) of the form 

7 = 70 + 72M 2 + 74/ + • • [114] 

which converges for /z 2 sufficiently small, or which converges for /x 2 = 1 , 
provided both k'o and k 2 are sufficiently small. Write 

6 = 52H 2 + 64/z 4 + ■ * ‘ • [US] 

Substituting Eqs. (114-115) in Eq. (112) and equating like powers of 
H 2 we obtain 

7o + yo = 0, 

72 + y 2 + 25 2 7o + 012^0 + 032>’o = 0, 
yl + 74 + (62 + 264)70 + 01470 + 03470 + 064>5 ^ ^ 

+ #1272 + 3a,327o + 262(01272 + 0327o) = 0, 


for the determination of 70, 72, 74 * * * • 

(1 + «)/ . 

To determine the initial conditions in /, substitute 0 — in 

A 

Eq. (109) and let 7 = 0. Then 

7'(0) = (1 + 6) (fi 2 + 7 2 ) = (1 + hn 2 + $4M 4 + ■ • ’Mu [H7] 
from which 7o(0) = An . The solution of the first of Eqs. (116) is 

7o = An sin t. 
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When this value of y 0 is substituted in the second of Eqs. (116) it 
follows that the solution for y 2 cannot be periodic unless S 2 is so chosen 
that the linear terms in yo vanish. From this condition 

5 2 = (1 — %Aix)k%. 

The initial condition for y 2 is y 2 (0) = b 2 A n. Thus the solution for y 2 is 
y 2 = A 2 i sin t + A 23 sin 3/, 

where 

A 2 \ == A\\k*(\ — A 23 =|feo^ii* 

When y 0 and y 2 are substituted in the third equation of (116) the coef- 
ficient of the linear terms in y 0 must vanish in order that y\ be periodic 
in t. Thus the 5 s and y's may be found sequentially as far as desired. 

Owing to the arrangement of the problem the maximum value of y 
is unity and the maximum value of the instantaneous flux is B 0 c. The 
flux B is given by the relation B = B 0 cy. Substitution in Eq. (101) 
gives the instantaneous value of i. 

The solution can now be extended so as to include resistance. The 
solution of Eq. (104) for K = 0 is, of course, not periodic. The solution 
decays; its periodjnereasing and its amplitude decreasing as c dimin- 
ishes until the circuit has become linear. The solution after the circuit 
has become linear is, of course, a damped sinusoid of fixed period. But 
we are interested eventually in those cases where the applied voltage 
E sin (0 — 0 O ) maintains in the steady-state the maximum value of B 
at B 0 c. From physical considerations it is obvious that the time of 
oscillation is increased by resistance. From Eq. (104) it is evident that 
the effect of resistance on the flux is a non-linear one. 

It is now desired to obtain the natural period of the circuit with 
resistance when the circuit is operated at maximum flux B 0 c. By means 

of Eqs. (108) and the relation 0 = -j (1 + 5)/, Eq. (104) can be trans- 
it 

formed to 

y"+ r(l + 3b 3 y 2 + Sb s y*)?+ (1 + S) 2 (b\y + b 3 y 3 + btf) = 0, [118] 
where 

r - -XQ(t + o I 2M 2 + a U M 4 ) = 

X 

b\ = k* - 2 k 2 0 , b' 3 = 2(2*g - 1), ^ - 3, 
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[119] 


Equation (1 18), written in the normal form, is 
Vi = ya, 

y'i = - r(l + $hy 2 + Sb s y*)y 2 - (1 + &) 2 (.b\yi + b' 3 y\ + b^y]). 

The solution of system (119) for r = 0 is 

y = ( A\\ + A 21 ) sin / 4* A 23 sin 3t + • • •• 

On passing to numerical results y is observed to be practically sinusoi- 
dal. Thus let the solution of Eqs. (119) for r = 0 be 


yi * u sin (/ + v), 
y 2 = u cos (/ + v). 


[ 120 ] 


In completing the solution of Eq. (119) we shall employ the method of 
differential variation of parameters. (See Sec. 2, this chapter.) Evi- 
dently, 


dyi du dyi dv dyi _ 

9 u dt + 0 v dt + 0/ y2 ’ 

9 y^du ,dy2dv ,dy2 _ > 
0m dt + 0o dt + dt y2 ' 


[ 121 ] 


[ 122 ] 


Equations (121) yield 

u' = - r(l + 3b 3 yi + 5 b 3 y\)u cos 2 {t + v ), 

v' = + r( 1 + 3b 3 y\ + Sb 3 y\) sin (/ + v) cos (/ + v). 

By substituting Eqs. (120) in (122) and carrying out the expansions we 
obtain 

u' = —r[e 0 + e 2 cos (/ + v) + e 4 cos 4 (/ + v) + e Q cos 6(/ + v)], 
ft = +r[/ 2 sin 2 (t + v) + / 4 sin 4 (t + v) + /o sin 6(/ + »)], 
where 

^0 = $ « + + W&Sfc 5 * /2 ® § + 4 b 3 ll 3 + 

e 2 = \u - /4 * - iM 2 - 

^4 ~ f^3W 3 — -fobtfi 5 , /e = ^fab 3 u A , 

By §3*8 there exists a solution of Eqs. (123) as a power series in r. 

It is clear that w = (i4n+i4 2 i)=^ and p = 0 for r = 0. Accordingly, 

write , , o , 

u = e 0 + wjr + w 2 r + • • • 

v ** vi r + v 2 r* + • • • . 


[ 124 ] 
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Now r, for control circuits, is very small. Consequently, v is small. 
Expanding cos n(t + v)(n = 2, 4, 6) in Eqs. (123) as a power series in 
v , substituting Eqs. (124) in (123), and equating, in the resulting equa- 
tions, the coefficients of like powers of r we obtain 

n 0 = 0 , 

v\ = f 2 sin It + fa sin 4/ + / 6 sin 6/, 

u\ = — (e 0 + e 2 cos It + et cos 4t + e G cos 6/), [125] 

v 2 = (# 2 sin 2/ + ^4 sin 4/ + £g sin 6/)?/ 

+ 2v\ (/ 2 cos 2/ + 2/ 4 cos 4/ + 4/ 6 cos 6/), 


where 

£2 = (0*3 + ~*l>5e 2 )e, 

Hi — ~ ( 4 ^3 + l>r,e 2 )e, 

Jio = 8 b se 3 . 

Equations (125) are solved sequentially subject to the initial conditions 
11 0 * c, u % = v t *» 0 for / = 0, i = 1,2, • - - . The solutions are 

«o = e, 

t»i = Sr/«0 - cos 2/) + 2 / 4(1 - cos 4/) + 3 / 0(1 - cos 6 /)], 

«i = — (ro* + J r 2 sin 2 < + 4C4 sin 4 < + \e a sin 61 ), 

t i i [126] 

v 2 - 2 e a ((a* COS 21 + 2^4 cos 4/ + J/Jo cos 6i) — 

4^Q>2*2 + 2.?4<’4 + 3/?«Co) + lift +/I + /!)*. 

whore the f s, r’s, and g’s of Eqs. (126) are the same symbols previously 
defined, except u is replaced by e. 

Substituting Eqs. (126) in (124) and (124) in turn in (120) the solu- 
tion of Ei is. (118) as far as the terms in r 2 is obtained. The immediate 
objective is to find the period of a half-cycle when the applied voltage 
maintains the circuit in operation with maximum flux B 0 c. It is then 
necessary to solve y\(t) = 0 for /. Evidently yj vanishes for / + V\{t)r 
+ v 2 (t)r 2 + • • • = 7r. A solution of this equation by Newton's method 
(an approximate root is ir) is 

/ = *(1 + £ fi 0 )i [127] 

where 

do = 1 + 2.24 b 3 e 2 + (2.086 5 + 1.46§)e 4 + 0.36 b 3 b 3 e* + 1.4$? 8 . [128] 
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Finally, by means of the transformation 0 = ^ t and equations 

A 

2ir 

T c = — Q and (127) the period, taking into account resistance, is 

Tcr = j Q ( l + r » &i )‘ [,29 i 


The period in 0 of the applied voltage, Eq. (104), is 2tt. The condition 
for the circuit to be in resonance with the applied voltage is T = 2i r. 
Substituting this value in Eq. (129), neglecting the term containing r 4 , 
and solving for x c we obtain 

*c = —4- 0 + vTT •- ;<*). [130] 

zc 

‘ The final results are: (a) proof of the physical principle that the 
sudden increase in current in the region be (Eig. 3-12) is due to the 
circuit being in resonance with the applied voltage*, {/>) formula (1,10) 
giving the amount of capacitative reactance required to produce reso- 
nance at a prescribed voltage. The theory checks accurately experi- 
mental results. 23 


EXERCISES XX 

1. Prove that the equation 

$ = - (1 + + kl)x + 2(* 2 + kl + k’kl Ir* - 3***5*», 

dl 

has two fundamental real periods and one imaginary period Taking the initial con- 
ditions to he x(0) = 0, jc'( 0) = 1, and 0 < k 1 < k* < 

2. If a hemisphere rocks so that its motion re- 
mains in a plane, the diflerential equation of 
motion is 

(r 2 -f- n 2 — 2r» cos 0)0 + gn sin 0 = 0, 

where g is the acceleration of gravity, and the re- 
maining quantities are shown on Pig. 3 13. Inte 
grate the differential equation subject to the initial 
conditions 0(0) = 0o, 0'(O) = 0. 

3. Solve the non-linear spring problem of §3-31, 
taking as the expression for the force F 

F = bix + bjx? + bvfi. 

Let bz and 1$ be large compared with b\. 

** E. G. Keller, “Resonance Theory of Series Non-linear Control Circuits/ 
J. Franklin Institute , 225, 561-577 (1938;. 


1, obtain these |>eriods. 



Fig. 3- 13. Rocking llcmi 
sphere. 
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4. Let the non-linear spring of §3*31 be subject to a periodic force a cos <*t such 
that the differential equation of motion of m is 

w -^2 + (b\x -f fo* 3 ) — a cos <at. 

Deduce the condition for resonance between the applied force and the natural period. 

PROBLEMS XXI 

1. In Ex. 4 above let w have a value such that neither resonance nor beats occur 
in the motion of m. Under these conditions obtain a solution of the differential equa- 
tion of Ex. 4 which will give the amplitude of the motion. There is an electrical 
analogue. 24 

2. Set up the differential equations for the primary and secondary currents of a 
transformer where the saturation curve is ki = x — ag* 3 -f a&x 6 and x = B/Bq. 
The primary impressed voltage is E sin t and there is a condenser in lx)th the primary 
and secondary circuits. 

3. The differential equation of a simple series circuit with sinusoidal impressed 
voltage, constant inductance, and thyrite resistance is 

M + R(i) i - E sin 0, 
dO 

where R(i) = K i~ 71/101 and K is a constant. .Solve this equation. 

4. Read 26 the paper listed lielow and then by means of a non-linear inductive 
circuit with thyrite resistance, design a lightning arrester such that when the current 
reaches its peak in the inductance the resistance of the thyrite element is near zero. 

3*36. Advanced Schwarzian Transformations. The theory of 
elliptic functions is employed in the study of two-dimensional field 
problems 28 by means of the Schwarzian transformation. More ad- 
vanced Schwarzian transformations become hyperelliptic. Even these 
can be carried out if the hyperelliptic functions are expressed in the 
form of those of §3-32. 


(7) 

Method of Collocation 

The method of collocation is primarily one of solving systems of 
linear differential equations. However, it is extensible by means of 

u E. C. Keller, "Beat Theory of Non-Linear Circuits," J. Franklin Institute , 
228 (September, 1939). 

u K. B. McEachron, "Th>rite: A New Material for Lightning Arresters,” 
General Electric Review, February, 1930, p. 92. 

*• I. A. Terry and E. (». Keller, "Field-Pole Leakage Flux in Salient-Pole Dynamo- 
Electric Machines," Journal of the Institution of Electrical Engineers , 83, 845-854 
(1938). 
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implicit function theory (§3 12) to non-linear systems. Essentially, 
the method consists in setting up a sequence of functions which satisfy 
precisely the boundary conditions of a system of differential equations 
and which satisfy the differential equations to a prescribed degree of 
approximation. The prescribed degree of approximation is specified in 
the next article. The success of the application of the method is deter- 
mined largely by the skillful choice of the functions which form the 
sequence. The guide in the choice of the functions is a thorough 
knowledge of the physical problem. 

3-37. Theory of Method of Collocation. In §3 1 it waj indicated 
that any system of differential equations can be reduced to the normal 
form of Eqs. (1). It is evident also that any system of differential 
equations may be reduced, by repeated differentiations and elimina- 
tion of variables, to a single differential equation of the same order as 
the order of the system. Accordingly, in the method of collocation, we 
shall take as the normal form of a system of linear differential equations 
the single wth order differential equation 

fo(x) 2 + /»(*) '£„-•! + • • • + fn(x)y - *>(*) = 0. [131] 

or 

f(P)y - v>(x) = o, 

where 

KP)y m [/„(*)/>" +/,(*)/>" “‘ + ••• + /«(*)]* 

Let the interval of the solution, i.e., the range of the independent 
variable be a ^ x £ b. The boundary conditions are expressed in a 
form different from that used in the classical solution of §§3-2, 3*9, 
and 3*14. In the present method the boundary conditions consist of 
the n equations 

fo( x o)P n y |x«x„ + * * * + fn( x o)y(x o) = B% (i — 1» 2, • • •, w), [132] 

where fj(xo) and B{ are constants and not all B t are zero. The n values 
of xo satisfy the relation a ^ Xo ^ b. The n values of Xq are not neces- 
sarily identical for the w equations (132). 

The first part of the construction of the solution consists in setting 
up 5 + 1 linearly independent functions Fo> Fj, • • • , F # of x such that 
y = Fo(tf) satisfies Eqs. (132) where the B{ have definite values not all 
of which are zero and each of the functions Y\ t F 2 , • • • , F, satisfies 
(132) with every Bi replaced by zero. Evidently then the function 

5 

Y = Yo + J^cjY,, 


[133] 
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where the Cj arc arbitrary constants, will satisfy the boundary condi- 
tions (132). In a physical problem the Yj(j = 0, 1, 2, • • *, s) are deter- 
mined by principles of physics and engineering. The functions must 
be such that a linear combination of them will permit the behavior of 
the dependent variable anticipated. Experience with the system, or 
oscillographic or differential analyzer solutions of the equations may 
serve as a guide in the choice of the Yj. 

The second part of the construction of the solution consists in deter- 
mining the cj such that Eq. (133) will satisfy (131) at least approxi- 
mately. Denote by e(jc) the result of substituting Y of (133) for y in 
(131). The result of the substitution is 


where 


«(*) = f(P)Y(x) - <p(x) 

S 

= ^2 CjZj + Z 0 - <p(x), 

J ” 1 

Zj = /(/>) Yj (j = 1,2, •••, 5 ). 


[134] 


In the method of collocation the condition is imposed that the 
Cj shall be such that c(.r) shall be zero at s different values of x. [That 
is, the exact solution of (132) and the approximate solution (133) shall 
have identical locations at 5 points.] From this condition Eq. (134) 
becomes the s equations 

s 

YMxte ~ *(**) ~ z oM, (k - 1, 2, • • •, s). [135] 


Since Eqs. (135) are linear in c } the .9 equations are readily solvable for 
Cj. When the values of Cj so determined are substituted in Eq. (133) 
the value of Y there defined is the approximate solution desired. It 
is frequently convenient to solve for Cj by matrices. 

Example. The method of collocation is illustrated by the solu- 

ily 

tion of -7 — y = 0 subject to the initial conditions y = 1 for x = 0. 
ax 

Let the interval of the solution be 0 x g 1. If the choices are made 
that 

Yo = 1, Yj = x* O' =1.2, 3, 4) 
then 4 

Y = Y 0 + ^2 CjYj = \ + Cix + c 2 x 2 + c z x 3 + c 4 x\ 


and 
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Since there are four unknown c's it is necessary to use four values of 
x k • Let these be x% = 0 , x% = 3s* *3 = ^ 3 , and x 4 = 1 . Equations (135) 
now become, in matrix notation, 


"1 

0 

0 

0 “ 


"V 


T 

2 

3 


* 

1 1 

dr 


C 2 


1 

1 

3 


.2.8 

27 

8 0 

8 1 


<3 


1 

_0 

1 

2 

3 






The solution of these equations is C\ = l,r 2 = 0.5078, — 0.1406, 

C 4 = 0.0703. The approximate solution of the* differential equation is 

Y = 1 + x + 0.5078** + 0. 1406.v :1 + 0.0703.V 4 . 

EXERCISES XXII 

1. Solve by the method of collocation ( p 2 -f- l)y -- 0 subject to the initial condi- 
tions y(0) » 0, y'(0) = 1. Let the interval, in which the notation is desired, be 
— 7T £ x £ it. The functions To and T ; are suggested by 

Y = Yo + dYi + c 2 Y 2 = x(r 2 - «*)(!/,* + c,x 2 + f 2 x*). 

2. Solve exercise 1 by employing To = sin x, Y\ = cos x so that Y ■■ sin x + 
Cl cos JC. 

3. Solve, by the method of collocation, Legendre's equation 

(Py 2x dy mini -f l)y _ 
dx l ~ 1 dx + ” l’~ x- 2 

subject to the initial conditions y(0) =• — 1 /(0) ~ 0. Let tn « 2 and let the inter- 

val for the solution l>e 0 x £ 0.5 Compare the accuracy and the total labor done 
in obtaining the solution with that done for the matrix solution of §3*23. 

3*38. Method of Collocation for a Non-linear Problem. The 

method of collocation is applicable to non-linear problems. Let it be 
required to solve dy/dx = y 2 /2 subject to the initial condition y(0) =* 1. 
[The exact solution is y — (1 — */2)~ 1 .J Let 

s 

Y = Y 0 + ^ c,Y, - 1 + ci* + c 2 x 2 + ■ • • + c,x\ 

>-> 

Substituting Y in the differential equation we have 

ci + 2 c 2 Xk + • • • + s c,x ' k ~ 1 = 2(1 + CiXk + • • • + c,x’ k ) 2 , 
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where k = 1,2, • • •, s. If s = 3 and x\ = 0, * 2 = 0.5, x$ = 1, the last 
equations become 

ci = 0.5, 


1 

2 


1 , 3c 3 

2 + Ca + 


■f" 2c2 “j" 3C; 


(£3 = i/5 
4 2 \4 

a 2 \2 




+ c 2 + C3 


C3V 
8 / ’ 

»)■ 


One solution of the above equations is £1 = 0.5, c 2 = — 0.0207, £3 = 
0.5004. A closely approximate solution of the differential equation is 

y - 1 + 0.5* - 0.0207* 2 + 0.5004* 3 . 


EXERCISES XXIII 


A 


1. Solve, by the method of collocation, the differential equation — = y 2 , subject 

ax * 

to the initial conditions y(0) * y'(0) *= y"( 0) = 1. 


( 8 ) 

Galerkin’s Method 

Galcrkin’s method is of special value in the solution of problems in 
dynamics and elasticity. The method differs from the method of 
collocation only in the conditions imposed on c(*). [See Eq. (134) 
for definition of €(*).] 

3*39. The Galerkin Equations. Galerkin’s theory is identical to 
the theory explained in §3-37 as far as Eq. (134). The interval for 
which the solution of the differential equation is sought is a g ft. 
Either or both a and ft can be infinite. The condition imposed on c(*) is 
that 



shall be a minimum. A necessary condition for J to be a minimum is 

?-=°, (* = 1,2, •••.*). 

We shall show that the s equations above reduce to s equations of 
the form 

<(x)Y t (x)dx « 0, (*- 1,2 V --.a). 



[136] 



Evidently, 

where 


THE GALERKIN EQUATIONS 
dt 
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r- 2 f 

9 ct Jo 


a OCk 




or 


dx n 


~ = 2 t(x)Z k (x) dx, 


where 


dc k 


Zk(x) + 


+ fn(x)Yk, 


and 


in y 

Zo(x) = Mx) dxn °+ +fn(x)Yo 


5 

«(.v) = Z n (x) - v(x) + c r Z r (x). 


Since Z*(x) are expansible in the form 


r-I 


5 

Z k (x) = ^ Ktj F, + 7) fcl 


where the are constants and rjk are remainders in the expansions, 

-2 / «(*)[«« K,+ •••+». F.+«]<te-0, (*— 1.2.-- -,*) [137] 

Jo 

f b 

Since the / eq* are negligible for properly chosen F* for the 
Jo 

physical problem in question and since the F* are linearly independent 
the last equations yield 


J't(x)Y l dx = 0, •••, J' t(x) Y, dx = 0. 


[138] 


Equations (138) are the required Galerkin equations. 

Example. Solve, by Galerkins method, the differential equation 
dy/dx — y = 0 subject to the initial condition y(0) =* 1. Let the 
interval for the solution be 0 ^ x g 1. 

If F 0 - 1, Vt = x, F 2 - x 2 , F 3 - x 3 then 

F = 1 + C\X + C2* 2 + Ctf? 
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and 

d Y 

«(*) = Y * (ci — 1) + (2 c 2 — Ci)x + (3c 3 — c 2 )x? — c 3 x?. 

ax 

The Galerkin equations, for the present problem, are 

/ 

The substitution of the value of t(x) and the carrying out of the in- 
dicated integrations yield 

10ci + 25^2 + 33 c 3 = 30, 

5^i -f - 18c 2 4- 26 c 3 = 20, 

21f! + 98 c 2 + lS0c 3 = 105. 

The values of c\, c 2f and are respectively 1.03,0.388,0.301 and the 
approximate solution is 

y - Y - 1 + 1.034.r + 0.388.t 2 + 0.301* 3 . 

3 • 40. Torsional Oscillations of a Uniform Cantilever by Galerkin’s 
Method. The partial differential equation governing the torsional mo- 
tion of a uniform cantilever is 


txdx 


= f ex 2 dx = f tx A dx = 0. 
Jo Jo 


7 ) (Cd0\ _ ld 2 0 
dx \ dx ) ~ dt 2 ’ 

where 0 = angle of twist per unit length, 

C = torsional stiffness per unit length. 
/ = moment of inertia per unit length, 
/ = time. 


[139] 


Suppose C and / are constant throughout the length of the shaft. 
If 0 is set equal to X T, where X is a function of .v alone and T is a 
function of / alone, and d = A r • T is substituted in Eq. (139) then 

CTd 2 X _ &T 

1 dx 2 " ~dt 2 

or 

C l d 2 X \ d 2 T 
IX dx 2 ~ T dl 2 ' 


The left-hand member of the last equation is a function of x alone and 
the right-hand member is a function of / alone. This equality holds for 
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infinitely many values of .v and /. Consequently, each member of the 
equation is equal to a constant and we have 

C 1 d 2 X = 1 d 2 T - 
I X dx 2 T dt 2 k ~ 

or 


d 2 T . 

+ k 2 T - 0, 
dt 

[140] 

, ("7 „ 

• c - "■ 

[141] 


where — k 2 is a constant yet to be determined. 

The partial differential equation (139) has thus been reduced to the 
two ordinary differential equations (140) and (141). The general 
solution of (140) is 

T = A sin kt + B cos kt , 

where A and B are arbitrary constants. Likewise the general solution 
of Eq. (141) can be written down at once. However, we shall solve it 

Ik 2 l 2 

by Galerkin’s method. By the substitution x = /£ and = m 2 

V/ 

Eq. (141) and the boundary conditions become respectively 

d 2 X d X 

“"2 + w 2 -Y = 0, A'(0) = 0, . = 0 forf = L 

First it is necessary to choose functions which satisfy the boundary 
conditions. A binomial in t seems a reasonable approximation to the 
possible displacement in ,Y. Accordingly, set 

A’r = (r+ 1)C- rC M . 

Evidently, X r satisfies the boundary conditions for all r. For r = 1, 2, 

X - c t X t + c 2 X 2 = c,(2{ - £ 2 ) + c 2 (3* 2 - 2{ 3 ). 

The Galerkin equations (Eqs. 138) for the problem under consider- 
ation are 

Cl I X ' (~d?' + m2Xl ) dii + C2 l X ' (~d? + m2X2 ) d * “ °’ 
Cl I Xi ( d df l + m2x ) d s + c *i X2 {~$ + m2 * 8 ) d£ * °' 
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which, on substitution of the binomials above and subsequent integra- 
tion, become 


ci(~i + + c 2 (- 1 + ffitn 2 ) = 0, 


ci(-l + H>» 2 ) + c 2 (-f + $fm 2 ) = 0. 


The necessary and sufficient condition that the above homogeneous 
system possess a non-trivial solution is that the determinant 


-I + -1 

-t+Um 2 -% + Vtm 2 


shall vanish. The roots of A = 0 are m 2 = 2.4680 and 23.5625. From 
the homogeneous linear system we have 


(+1.33 - Am 2 ) 

C2_ -i+M ”* 2 Cl ‘ 

From this relation c 2 = 0.0281ci for m 2 = 2.4680 and c 2 = — 0.77ci 
for m 2 = 23.5625. 

Two particular solutions or natural modes of vibration satisfying 
the partial differential equation are 

0 = T X = ^[4 sin kt][( 2£ - £ 2 ) + 0.0281 (3£ 2 - 2{ 3 )], 

e = r-Z = Cl [i4 sin &][(2£ - £ 2 ) - 0.77Q0(3£ 2 - 2£ 3 )], 


Cm 2 

where k 2 = —xr and in the first solution m 2 = 
It 2 


2.4680 and in the second 


solution m 2 = 23.5625. 

If more than two X functions are employed, additional natural 
modes of vibration can be obtained. (Compare Rayleigh’s method 
Sec. 7, Chap. I.) 

EXERCISES XXIV 


1. In the application of Galerkin’s method it is sometimes possible to add addi- 
tional boundary conditions in addition to the necessary and sufficient conditions of 
the problem. These additional boundary conditions are called secondary boundary 
conditions, whereas the necessary and sufficient boundary conditions are then called 
primary boundary conditions. The aid of the secondary conditions is that they 
insure a more accurate solution with the choice of fewer X functions and thus reduce 
the labor required to solve the problem in question. To illustrate the principle let 
it be required to solve the illustrative example in §3*39. Obviously, there must be 
iio contradiction between the primary and secondary conditions. 
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dy 

Solve, by Galer kin's method, ~ y — 0 subject to the primary condition y * 1 

dx 

dy 

for x = 0 and subject to the secondary condition — 1 for x = 0. Then 

dx 

5 

Y “ Yo + ^2 c, Yj — 1 + x + cix 2 + + C 3 X 4 -f- c^, 

J - 1 

The numerical work in carrying out this solution consists in solving four linear equa- 
tions in ci, C 2 , ca, C\. This is the same work involved in the solution of the illustrative 
example, but in the present problem greater accuracy is possible since a term in x 5 is 
available in the approximate solution. 

dy 

2. Solve, by Galerkin’s method, ~ — y — 0 subject to the conditions y(0) — 0 

dx 

dy 

and ~- = 1 for x = 0. 
dx 

3. Solve, by Galerkin's method, the uniform cantilever problem of §3*40 employ- 
ing three functions X\, X 2 , and X 3 . 

4. The partial differential equation governing the flexural oscillations of a uni- 
form cantilever is 

3 4 y 0 2 y 

+ =°, 

dx 4 dr 

where E = Young’s modulus, 

I = moment of inertia of normal cross-section, 
m = mass per unit length, 

y = lateral displacement of point whose distance from the end of the beam is x, 
x — distance from the fixed end, which is taken as the origin of coordinates, 
t = time. 

Take the boundary conditions to be 

y = = ° for * = °- S = S = 0 forx = / - 


By Galerkin’s method, obtain the periods of the two lowest modes of vibration. 
Hint: Set x = and take for the appropriate functions 

Y r - i (r + 2) (r + 3) {' +1 - \r (r + 3) £ f+!! + \r (r + 1) (' = 1, 2). 


3*41. Galerkin's Method Extended to Non-linear Problems. The 
method of Galerkin is extensible to at least simple non-linear prob- 
lems. Let it be required to solve ~ = ry 2 subject to the initial condi- 

dx 


tion y{ 0) = 1. Suppose r S 1/2 and let the interval of the solution be 
0 £ x £ 1. 


If Y 0 = 1, Yi - x, and Y 2 = x 2 then 


7 = 



= 1 + CiX + C 2 * 2 . 
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The result of substituting y - Y in the differential equation is «. 
The conditions 

e 2 d* = 0, (* = 1,2) 

yield 
i 

[(ci+ 2c 2 x) — r(l -\-CiX-\-c 2 x 2 ) 2 ] [1 — 2r(l ■\-CiX-\-c 2 x 2 )x'\dx=(}, 
l 

[(ci+2c 2 x)—r(‘l+cix+c 2 x?) 2 ][2x—2r{l+cix+c 2 x?)x?]dx=0. 

When the indicated integrations are performed the last equations are 
evidently of the form of Eqs. (47) with Xi and x 2 replaced by c x and e 2 . 
They may be solved for ci and c 2 as a power series in r by the method 
of §3-12. 

EXERCISE XXV 

1. Carry out in detail the solution indicated in §3*41. 
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Method of Lalesco’s Non-linear Integral Equations 


The solution of non-linear problems by means of non-linear differ- 
ential equations requires a knowledge of the theory of linear differen- 
tial equations. On the other hand the use of the non-linear integral 
equations of Lalesco does not require any knowledge of linear integral 
equations. 

3*42. Lalesco’s Equation. Lalesco’s non-linear integral equation is 


<p(x) = 





[142] 


where <p(x) is the unknown function or solution which is to be found 
and f(x) and K(x , £ #>) are explicit known functions of their arguments. 
The functions and quantities involved are subject to the following 
restrictions: 

(a) The variables x and £ and the function ip are real. 

( b ) K[x, $;*>({)] is a function of the real variables x, £, and the 
unknown real function ip. 

(c) \K(x,lw)\<M [143] 

and | K [*, {;#>,] — /£[*, £;$>,] | < N | — <pj | for 0 < £ < x < a and 

A — b < <p < A + b, where M, N, a, and b are positive constants. 
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It can be shown 27 that the limit of the infinite sequence of functions 


<Po(x) 

= fix), 



<p l(*) 

= /(*) 

+ 

• 

/ k[ X , s-jitm, 

Jo 

<p 2 (x) 

= fix) 

+ 

• 

f £;^>i(£)]d£, 

/o 

<P3(X) 

- fix 0 

+ 

• 

f K[x, £ ;^ 2 ({)]^f» 

/o 

<f>n(x) 

= /(*) 

+ 

« 

/K[x, 

Jo 


[144] 


is the solution of Eq. (142). 

Example 1 . The equation 

di o 

-- + r(i + b i 3 ) = E cos at 

dt 

is the equation of an inductive series circuit possessing a non-linear 
resistance. Let the initial condition be z(0) = 0. 

Integrating, with respect to /, both sides of the differential equation 
we have 

t 


E /** 

i = — sin at— r I (i + b i 3 )dt , 
a Jq 


which is an integral equation of the form of Eq. (142). Consequently, 
there exists a solution given by the limit of the sequence defined by 
Eqs. (144). Identifying the quantities of the illustrative example with 
those of Eqs. (144) we have 


<Po = — sin at , K = — r(i + b i 3 ), 
a 


E . 

<Pi = — sin at 
a 


- r J ^ sin at + b {^) sin 3 dt, 


E . rE . rb(E\ z 

= — sin at t (1 — cos at) — —l — J 

a a 2 A \ ~ J 


4 \a 


[!«- 


cos at) — — (1 — cos 3al) 

3a 


9 


17 V. Volterra, Legons sur les Equations Integrates, p. 90; E. Picard, Traitk 
& Analyse, n, p. 340. 
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If b is small in the problem in question <pi above is an approximate 
solution for a finite interval of time /. 

It should be noted that, by conditions (143), the interval of the 
independent variable t (or x) is finite. It should be pointed out that it 
is the limit of the sequence that is the solution. Hence <p n for n suffi- 
ciently large is an approximation to the solution desired. If b is very 
small in the present problem then <pi above is an approximate solution. 

Example 2. A different approach, which is extensible to other 
circuit problems, is possible in example 1. Write the differential 
equation in the form 

~ + ri = E cos at — rbi 3 . 
at 

The indicial admittance A(f) for the linear circuit whose differential 
equation is ( p + r)i = 1 is 

A(t) = j(l -e~ rt ). 


By Duhamel’s superposition theorem the total current is 

i = — (1 — e~ rt ) -- f (1 — e“ r(< “ x) ) (aE sin aX + 3rbi 2 ~ I ^ d\. 

t T JO \ (it 

This equation is of the form of Eq. (142). Identifying the quantities 
involved with those of Eqs. (144), we have 

Vo = — (1 — e~ rt ), K = — - (1 — e~ r(t ~ x) ) (aE sin a\ + 3rbi 2 ~\ ) , 

r r \ dt\ tm .\/ 

<Pi = ~ (1 — e~ rt ) — — f sin a\ d\ + — e~ rt f e rX sin a\ d\ — 

f f i/o t i/O 

S b (fff (1 - e~ rX ) 2 e~ rX dX + 3b ^ £ C 1 ~ e~ rX ) 2 d\ 

E . 

= — o ( r cos at + a sin at — re r ) 

a 2 + r v J 

“ r(f) 3[1 + 3(i “ rt)c_r< “ 3c " 2r ' + I 6 '™!' 


Obviously, the values for <p\ as given in examples 1 and 2 are differ- 
ent. Neither is a solution of the differential equation since only the 
limit of the sequence is the solution. Both <p\ are merely approxima- 
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tions. The weakness of the method is due to the rapidly increasing 
complexity of the <Pi as i increases. In certain problems the conver- 
gence of the sequence to a very approximate solution is greatly hastened 
by the following fact. It can be shown that the sequence (144) will 
converge in the limit to the same value if <Po(x) = f(x) in the problem is 
replaced by a function which is known from physical considerations to 
resemble the final solution of the problem. (See §3*15, this chapter.) 


EXERCISE XXVI 


d?x 


1. Solve, by the method of this article, the differential equation + r (x -f ft* 8 ) 
**J2 cos 0, subject to the initial conditions *(0) = C, x'(0) — 0. 

3 -43. Systems of Non-linear Integral Equations. If a problem is 
reducible to the system of non-linear integral equations 


ui(x) = <pi(x) + j^* Ki[ x > w i(£)» 

Uz(x) = <p 2 (x) + jT K 2 [x, t; Ui ((), •••,«„ 


Un0i)]dfi, 


(&W. 


[145] 


Unix) = <Pn(x) + f K n [x, £; Ui(t), • • •, U n (()]d(, 

Jo 

then there exists a solution which is the limit of the infinite sequences 

«i 0> (*) = <Pi(x), 

= <Pi(x) + J' 1 Ki[x, f ; <pi(£), •••, <Pn(£)]d£, 
u?\x) = Mx) + jf. K^x, (; «<”(?)]#, 

uji 0) (x) = itoix), 


u£\x) = tpoix) + K 2 [x, t; 


uH\x) 


f 

Jo 

= <P2(x) + f 

Jo 


*.[*.*; nFtt). (£)]#, 


a), 


U ( n\x) = <p n (x), 
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u™{x) = <fi n (x) + J^K n [x, , <Pn(£)]dt, 

u%\x) = <p n (x) + jf K n [x, £; «i u (5)]d{, 


In general, the carrying out of the sequences (146) leads to too great 
a complexity. However, if sufficient physical insight into a problem 
has been attained by means of engineering principles, oscillograms, 
speed curves, etc., then devices may be employed which insure suffi- 
ciently rapid convergence of the sequences (146) that two or three 
members of each sequence are ample for the accuracy required. Fre- 
quently, mathematical expressions of the dependent variables as func- 
tions of independent variables are not required in an engineering 
problem, but instead only an upper or lower limit to the range of certain 
quantities must be known. The present method is of value in such 
cases. To illustrate the principles and facts set forth in this paragraph 
we shall apply Eqs. (145) to the problem of dynamic braking of a 
synchronous machine. 

Example. The differential equations of dynamic braking (see 
problem 2, set III, this chapter) 

dl (E - IR)[(rs 0 /s) 2 + sax,] 
dt L[(rs 0 /s ) 2 + x d <x q \ 

_ 2KPr 3 x q So(x d - *d<)[>g + (rsp/s) 2 ]! 3 

J/oS 4 [(w 0 /s) 2 + Xd'Xq] i{rs 0 /s) 2 +XdX q ] 3 ' 


d± KPrI 2 x 2 + (rsg/s) 2 1 

dt Jsll L [x d x q + (rs 0 /s) 2 ] 2 J ’ 

E 

under change of dependent variables 5 = $ 0 e~ z , = — + he (sug- 

A 

gested by an oscillogram of the field current and by a speed curve) are 
reducible to the non-linear integral equations 

H Rdt 


r , r 

~L ,+ i 


L[A\ + («■)“] 


21**, /-«+(**•«[! 

JsllJl Jo l A 2 + (re*mA 2 0 + ' 


_ KPr r 

o-Sq Jo 


| + + (re*) 2 ] 

e~ 2 *[A 2 + (re*) 2 ] 2 


dt 


[149] 


[ISO] 
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The integral equations (149) and (150) are of the form of Eqs. (145). 

The problem in dynamic braking is to find an accurate expression 
for the number of revolutions before the rotor, running at full speed 
when the braking is applied, comes to rest. It will suffice if we find an 
upper limit to the number of revolutions provided this upper limit is 
within a few per cent by test of the actual stopping time. This upper 
limit is obtained with little labor by the method of this section although 
the complete integration of the differential equations by the method of 
§3-5 is indeed laborious. By this reduced method we shall also illus- 
trate the principles stated in the paragraph immediately preceding the 
illustrative example. 

It is necessary in that which follows to keep in mind that it is 
known from an oscillogram of the field current and from the speed curve 
of that rotor that both I and 5 arc decreasing functions of the time. 
Consequently, both y and z are increasing functions of the time. 

Identifying the notation of Eqs. (149-150) with Eqs. (146) we have 


«iW = <Pi(x) = -t, 
u 2 (x) = <p 2 (x) — 0. 


Write Eq. (150) 
n . f l KPr \E ] 2 f x q (x d - x,) ] e 2 * dt 

Z + Jo Jllsl U + “ J L A 2 + (re 1 ) \ A 2 + (n 

The value of z satisfying 

•— /SH 


(ref 


dt 

a*T? 


[151] 


[152] 


is smaller than the value of z satisfying (151) because the two values in 
question are identical at / = 0 and z from (152) is smaller than the 
exact value from (151) for all values of t greater than zero. This is 
satisfactory since an upper limit of the solution is desired. The silbsti- 
Rt 

tution of u\(x) = — for y in (152) yields 
L 


KPr(x\ + r 2 ) 

JTIsKA 2 + r 2 ) 2 

KPr(*? q + r 2 ) 
JlfcfcA 2 + r 2 ) 2 


jf[ | 


n} R 2 1} 2 R 




( e -2»/L 


-4 


[ 153 ] 
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For R/L large this value of z is approximately z = A x t where 

KPrjtf + r 2 ) . /EY 
1 Jllsl(Al + r 2 ) 2 \R/ ‘ 


Preparatory for a similar treatment of Eq. (149) it is noted that 


<4o + r 2 ) e 2 ’ * [Al + (re 1 ) 2 ], 


(A 2 + r 2 ) e 2 * k [A 2 + (re 1 ) 2 ], [154] 

(A 2 + r 2 ) 3 e 6z ^ [.4 2 + (re 1 ) 2 ] 2 

for all z > 0. 

If the values z = A\t and those from Eqs. (154) are substituted in 
Eq. (149) an approximate value for y is obtained which is less than the 
true value in the differential equation. This approximate value for y is 


y = 



Rp 

L(Al + r 2 ) 



dt 


2KPr 3 E 3 

hJlZfiR 3 ^ + r 2 )(^4 a + r 2 ) 3 



= |«+ai(l-c- 2A “)+«2(l-e ^ , 't>)+« 3 (l-e (2Xl [155] 


where 




a 2 


«3 


2A x L(Al + r 2 ) 1 

2KPr 3 E 3 x 2 Q 

n 2 l s 2 I 0 R 3 (Al+r 3 )(A 2 +r 2 ) 3 ( 4 A l - 0 

2KPt*E 3 r 2 

JllslhR 3 (Al + r*)(A 2 + r 2 ) 3 (2^ - 0 


The integral in Eq. (150) is rewritten as 
«r 2 ’04 2 + (re*) 2 ] 2 


£ 


x 2 + (re*) 2 


dz 
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The integral in Eq. (156) is 

r 2 * + j (1 - e -2 *) - A s log [1 - A,( 1 - e~ 2 ’)] 

«« 

where 

2 o 

^ 2 " ^ (*3 + *« - 2/l2) * = 

The integral of the right member of Eq. (157) is evaluated by 
numerical integration for any particular machine giving z as a function 
of t. The quantity y is determined from Eq. (155) for use in (157). 
The answer is 

/ CD 

e z dt. 

The integration in the last equation is performed numerically. The 
test results indicate that the value of N is sufficiently accurate. 

In the above example all parameters are carried nearly to the end 
of the solution. Thus the expressions carry information for improve- 
ment of design. 

The process just completed is frequently representative of a certain 
type of engineering solutions. The solution of a system defining an en- 
gineering problem may fail because (a) its mathematical processes 
cannot be carried out, ( b ) if carried out they may be so complicated for 
computational purposes as to be practically worthless. The above 
method may, as in the present problem, furnish a simple answer suffi- 
ciently accurate and greatly superior to a completely accurate and 
complicated solution. 

EXERCISE XXVII 

1. Rework the illustrative example of §3-43 obtaining greater accuracy by 
choosing less liberal inequalities than those employed in Eqs. (154). 


( 10 ) 

Solutions by the Differential Analyzer 

Only very fragmentary ideas of the nature of the differential 
analyzer and its solutions can be given in a page. References to the 
literature are given in §3*44. 
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3*44. Differential Analyzer. The relations expressed between the 
independent and dependent variables in a system of ordinary differen- 
tial equations may be viewed as merely constraints imposed upon the 
behavior of the variables. A machine possessing parts whose motions 
or electrical variations represent the behavior of the variables and 
whose interconnections (mechanical or electrical) represent mathemat- 
ical operations and relations is a differential analyzer. 

The invention and design of such a machine calls forth the highest 
ingenuity and inventive skill. 

One of the very first, if not the first, differential analyzer was in- 
vented and built at the Massachusetts Institute of Technology by V. 
Bush and H. Hazen. Since 1927 new and ever improved machines have 
been continually under development by the staff 28 of the Institute and 
others. 29 The latest differential analyzer of the Massachusetts Insti- 
tute of Technology is nearing completion. This machine will integrate 
eighteenth order systems of differential equations. The integrator 
units are mechanical but most of the interconnections are electrical. 
Even the system of differential equations and their initial conditions 
are impressed electrically upon the machine. Although earlier ma- 
chines were approximately one hundred times more rapid than analyti- 
cal processes the new machine is still much more rapid. Complete de- 
scriptions of the new machine will appear presently in the literature. 30 

3-45. Solutions. A differential analyzer solution of a system of 
ordinary differential equations is a graph of the solution. The graph 
(or graphs) may actually be drawn by the machine or it may print a 
table of values from which the graphs may be drawn. Before the 
equation or system can be set up on the machine all parameters (letters) 
are replaced by numerical quantities. Initial conditions are introduced 
by the initial settings of the entities which represent the variables. 

28 V. Bush, F. D. Gage, and H. R. Stewart, “A Continuous Integraph,” J. Frank- 
lin Institute , 203, 63 (1927); V. Bush and H. L. Hazen, “Integraph Solution of Differ- 
ential Equations/’ /. Franklin Institute , 204, 575 (1927); K. E. Gould, “A New 
Machine for Integrating a Functional Product,” J. Math . Phys., 17, 305 (1929); 
H. L. Hazen, O. R. Schurig, and M. F. Gardner, “The Massachusetts Institute of 
Technology Network Analyzer Design and Application to Power System Problems” 
(not the differential analyzer), Trans. A.I.E.E. t 49, 872 (1930); V. Bush, “The Differ- 
ential Analyzer. A New Machine for Solving Differential Equations,” J. Franklin 
Institute , 212, 447 (1931); T. S. Gray, “A Photo-Electric Integraph,” J. Franklin 
Institute , 212, 77 (1931). 

29 D. R. Hartree, “Differential Analyzer,” Nature , 135, 940 (1935); I. Travis, 
“Differential Analyzer Eliminates Brain Fag,” Machine Design , 7, 15 (July, 1935). 

80 S. H. Caldwell and Staff, forthcoming articles in J. Applied Physics and J. 
Franklin Institute . 
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Additional Methods and References 

Descriptions of additional methods and a list of references follow. 
3 • 46. Systems of Differential Equations with Periodic Coefficients. 
Systems of ordinary linear differential equations with periodic coeffi- 
cients frequently arise in engineering problems. An example is the 
system of differential equations of the armature and field currents of a 
synchronous machine under short circuit when all resistances are taken 
into account. Reference to an approximate solution is given in §3-3. 
Other examples are the equation of Ex. 4, problem set XII and the 
equation of problem 2, set VII. The last two equations have analogues 
in electrical engineering. Often such equations are solvable by the 
methods of Sec. 1. However, this is not always the case. Equations 
with periodic coefficients have long been of astronomical importance 
and consequently a large body of theory has been developed for the 
integration of such systems. See Ref. 14 of this article. 

3 • 47. Non-linearity in Continuous Systems. Non-linear problems 
in continuous fields usually lead to non-linear partial differential equa- 
tions. The methods of Poritsky and Ritz attack such problems. See 
Ref. 13. 

3*48. References. The titles of papers are not always given in the following list 
when the topic heading amply identifies the subject matter. 

1. Systems of Differential Equations Solved as Power Series in Parameters. 
F. F. Tisserand, Mecanique Celeste, Vol. Ill, Chap. 6, Gauthier-Villars et fils, Paris, 
1889. E. Picard, Traite d' Analyse, Vol. II, pp. 255-260, Gauthier-Villars, Paris, 1883. 
F. R. Moulton, Introduction to Celestial Mechanics, pp. 264-265, Macmillan Com- 
pany, New York, 1923. 

2. Variation of Parameters. J. Lagrange, Nouv. Mem. Acad. Berlin, 5 (1774), 
6 (1775), p. 190. John Bernoulli, Acta Erud . (1697), p. 113. 

3. Differential Variations. H. Poincare, Les Methodes Nouvelles de la Mecanique 
Celeste, Vol. I, Chap. 4, E. Flammarion, Paris, 1908. F. R. Moulton, New Methods in 
Exterior Ballistics , Chap. IV, University of Chicago Press, 1926. 

4. Hyperelliptic Functions. F. R. Moulton, Am. J. Math., 34, pp. 177-202. The 
hyperelliptic functions in this publication are in a form suitable for applications in 
engineering. 

5. Method of Successive Approximations. E. Picard, TraitS d* Analyse, Vol. II, 
p. 340, Gauthier-Villars (1905). E. Picard, Journal de Mathimatiques [4], 6, 197- 
210 (1890). 
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Acceleration, machines under, 190 
Accelerometer, equation of motion, 22 
Action, principle of least, 18 
Affine connection, component parts of, 
193 

definition of, 195 

Approximations, method of successive, 
232 

Arcs, admissible, 2 

Automobile, equations of motion of, 21, 
57 

resonance in, 57, 71 
spring and tire, 56 
Axes, reference, 129 
rotating, 180, 185 
stationary, 174 
Axis quantities, direct, 157 
current, 158, 162 
flux, 158, 162, 163, 164 
voltage, 158, 162 
quadrature, 157 
current, 158, 162 
flux, 158, 162 
voltage, 158, 162, 163, 164 

Braking, dynamic, 215, 298 
Brushes, fictitious or real, 161, 162 

Calculus, of variations, 1 

n dependent variables, 13 
n independent variables, 12 
simplest general case, 4 
operational, 171 
Christoffel object, 183 
Circuits, derived, definition of, 138 
kinds of, 145, 146, 150 
electric, 136, 137, 145, 149 
elements of, 134, 135 
non-linear, 274, 304 
Class C prime, 2 
Cofactor, 105 
Coil, generalization of, 134 


Collocation, method of, 285 
for linear systems, 286 
for non-linear systems, 287 
Conditions, initial, 238, 246, 247, 267 
Connections, series aiding, 137 
series opposing, 137 

Constants, arbitrary, 61, 63, 67, 269, 276 
Constraints, 26, 79, 82, 84, 86, 145 
linear, 145 

Convergence, of scries, 216, 219, 227, 229, 
230, 233, 274 
true radius of, 219 
Coordinates, generalization of, 25 
normal, 71 

Cosine-amplitude function, 248 
C-tensor, definition of, 125 
for various systems, 143, 146, 152, 169, 
173, 174, 177, 178, 179, 186 
rules for deriving, 141, 169, 174, 175 
Creepage, coefficient of, 73 
forces of, 73 

Current, generalization of, 139 
Current vector, 127, 132, 139, 141 
Currents, branch, 118, 128 

Damping, coefficient of, 32 

proportional to «th power of velocity, 
281 

proportional to relative velocities, 35 
proportional to velocity, 32 
Derivative, of determinant, 110 
of matrix, 109 
of vector, 41 

Differential analyzer, 301 
Differential equations, see Equations 
Dissipation function, 32 

Electric motors, 169, 173, 177, 178, 179, 
186 

Energy, kinetic, 27, 31, 42, 84, 181 
method of, 83 
of rigid body, 42 
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Energy, potential, 19, 45, 49, 59 
Equations, ballistic, 201 
characteristic, 60, 234 
differential, analytic, 201 
approximate solutions of systems, 
233, 301 

for minimum surface, 15 
homogeneous, 60 
linear, 60 

non>homogcncous, 68 
normal form of, 202 
of type I, 219 
of type II, 206 
ordinary, 60, 68, 201 
solution of, numerical, 242 
Euler's, definition of, 5, 11 
for n dependent variables, 15 
for n independent variables, 13 
for simplest general case, 5 
holonomic systems, 26, 79, 126 
Hunting, 223 

invariant, of rotating machines, 190 
Lagrange's, proved by Hamilton’s 
principle, 26, 32 
Lalesco's non-linear, 294 
Legendre's, 243 
linear, 60 
Mathieu's, 246 
Maxwell’s, 181 
non-linear, quasi-, 304 
of motion, accelerometers, 22 
automobiles, 21, 57 
compound and simple pendulums, 
16, 25 

dynamical systems, 26 
electric locomotives, 77 
generalization, 28, 196 
gyroscopes, 50 
particle in free space, 31 
projectiles, 201 
refrigerator units, 45 
rigid body in free space, 52 
seismographs, 23, 56 
uniform circular motion, 34 
vibration absorbers, 35 
vibrating shafts, 92 
wheels and shafts, 34 
of performance of electric motors, 
commutator, 179 
compound, direct current, 1 74 


Equations, of performance of electric 
motors, salient-pole synchronous, 
177 

shaded pole, 179 
single-phase induction, 173 
single-phase repulsion, 169 
squirrel-cage induction, 178 
of performance of electric networks, 
all-mesh, 142 
interconnected, 149 
mesh, 145 

multiple transmission, 131 
stationary, 124 

Existence proofs, 216, 220, 229 
Extremals, definition of, 6 

Factors, decrement, 193 
Flange forces, 75 
Flux, 164, 165 
Flux density, rotor, 165 
Flux linkages, 160, 163, 165 
Forces, generalization of, 29 
Forms, linear, 106 
Frequency, constrained, 86 
definition of, 63, 84 
fundamental, 84 
of shafts, 92 
critical, 92 
torsional, 34 

Functions, analytic, 202, 209 
cosine-amplitude, 248 
dissipation, 32, 33 
dominant, 216, 220, 229 
elliptic, 246 
addition of, 258 
definitions, 248 
differentiation of, 249 
integration of, 261 
Jacobi’s, 248 
of complex variable, 258 
of real variable, 249 
expansion of, in matrices, 235 
in power series, 207, 228 
generating, 203, 205, 221 
hyperelliptic, 264 
construction of, 273 
periods of, 271 
implicit, 227, 228 
of a matrix, 235, 236, 237 
power series of, 203 
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Galerkin's method, description of, 288 
for linear systems, 289 
for non-linear systems, 293 
for primary and secondary boundary 
conditions, 292 

Geometric objects, definition of, 128 
Gyroscope, description of, 50 
equation of motion of, 52 

Hamilton's principle, for dynamical 
systems, 18 

proof of Lagrange’s equations by, 26, 
32 

statement of, 16 
Hooke's law, 46 

Induction motor, 173, 178 
Induction-reluctance motor, 210 
Inertia, curve of least moment of, 6 
moments of, 44 
variable moment of, 231 
Instability, criterion for, 78 
Integrals, elliptic, 252 
hyperelliptic, 272 
line, 39 

Integrations, successive, method of, 232 
Interpolation formula, of Lagrange, 237 

Jacobi’s elliptic functions, 248 
Junction-pair, 135 
Junction-pair theorem, 135 

Koenig’s theorem, proof of, 44 
statement of, 31 
Kronecker deltas, 123 

Lagrange’s equations, 25, 26, 32, 33, 181 
Lagrange’s interpolation formula, 237 
Lalesco’s non-linear integral equation, 
294 

Legendre’s equation, 243 
Locomotives, creepage forces for, 73 
differential equations of motion of, 77 
electric, 72 
oscillations of, 72 
potential energy of, 49 
stability of, 78 

Machines, balancing, 94 
derived, 168, 169, 173, 174, 177, 179 
definition of, 155 


Machines, primitive, 156, 180 
rotating, electric, 153 
generalization of, 157 
invariant equation of, 190 
synchronous, dynamic braking of, 215, 
298 

under acceleration. 190 
waves in, 165 

Maclaurin’s expansion, 207 
Magnets, permanent, 196 
Mathieu’s equation, 246 
Matrices, addition of, 105, 112, 151 
division of, 109 
three, 110 

Matrix, adjoint of, 104 
derivative of, 236 
diagonal, 106 

functions of, 235, 236, 237 
high power of, 237 
integral of, 236 
inverse of, 105 
rank of, 104 
scalar, 104 
skew-symmetric, 106 
transpose of, 105 
zero, 104 

Matrix determinant, 109 
Matrix unit, 104 
Matrizant, 238 

Maxwell’s equations for voltage and 
torque, 181 
Modulus, Young’s, 92 
Modulus transformation, reciprocal, 257 
Motor, compound direct-current, 174 
electric, 169, 173, 177, 178, 179, 186 
equations, see Equations, for electric 
motors 

induction, 173, 178 
induction-reluctance, 210 
squirrel-cage, 178 

synchronous, below synchronous speed, 
210 

Muffler, equation for pressure in, 225 

Networks, all-mesh, 137 

equation of performance, 142 
rules for C-tensor of, 139 
component parts of, 134 
definition of, 99 
derived, 138 
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Networks, interconnection of, 149 
junction, 101 
mesh, 145 
primitive, 100 
stationary, 99, 124 
sub-, 134 

Nosing of electric locomotives, 72 

Orthogonality condition, 89 
Oscillation, torsional, 25, 34 

Parameters, method of variation of, 221 
of dynamical systems, 131 
of networks, 139 
of rotating machines, 163 
power series in, 206, 229 
Postulates, generalization of, 130, 132 
of Kron, 130, 132 
Power, equation of, 149, 161 
Product, inner, 122 
Products, of inertia, 44 
of matrices, 107 
of tensors, 122 
of vectors, 37, 38, 39 
scalar, 37, 38 

Projectiles, equations of motion, 201 
Pulling-into-step, 223 
Pulsatance, 84 

Quotient rule, 123 

Rayleigh’s dissipation function, 33 
Rayleigh's principle, critical speeds, 92 
orthogonality condition, 89 
statement of, 85 
Resistance tensor, 163 
Resonance, definition of, 71 
in linear systems, 71 
in non-linear systems, 274 
Reversion of series, 227 
Revolution, minimum surface of, 7 
Roots, latent, 234 
Rotor, generalization of, 157 
Rotor flux density, 165 

Seismograph, 23, 56 
Sequences, 232 

Series, dominant functions for, 216, 220, 
229, 

reversion of, 227 


Shafts, critical speeds of, 92, 93 
frequencies of, critical, 92 
rotating, 34 
torsional, 34 

Solutions, estimates to, 233, 301 
generating, 203, 205, 221 
Spring constant, 46 
Spring-mounted systems, 46 
Spring stiffness, variable, 246 
Stator, generalization of, 157 
Springs, linear, 45 
non-linear, 268 

with shock-absorber and tire, 56 
Summation convention, 114 
Superposition theorem, 296 
Systems, conservative, 19 
holonomic, 26 
equations of, 26, 79, 126 
non-holonomic, 82 
non-linear, 200 
of equations, 61 
oscillating, 58 

primitive, 138, 154, 156, 180 
transmission, 131 

Taylor’s expansion, 207 
Tensor unit, 123 

Tensors, addition of, 122, 151, 166 
admittance, 117, 121, 132 
associated, 193 
C , see C-tensor 
contraction of, 122 
contra variant, 115 
covariant, 115 
historical note on, 96 
impedance, 166 • 
inductance, 163 
in mechanical engineering, 198 
metric, 191, 192 
mixed, 120 
of resistance, 163 
torque, 165 

Transformation formulas, for i, e, z, 149 
for interconnected networks, 152 
for rotating machines, 168, 172, 183, 185 
Transmission systems, equation of, 131 

Unit, matrix, 104 
tensor, 123 
vector, 157 



Valence, definition of, 115 
Vector unit, 157 
Vectors, addition of, 36, 151 
definitions of, 36, 115 
differentiation of, 41 
line integral of, 39 
of current, 127, 132, 139, 141 
of displacement, 45 
products of, 37, 38, 39 
Vibration absorber, dynamic, 35, 36 
Vibrations, by means of matrices, 239 
free, damped, 60 
definition of, 59 
general theory of, 58 
non-linear, 268, 275 
forced, damped, 68 
definition of, 68 
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Vibrations, forced, general theory of, 68 
non-linear, 275 
linear, 58 

normal modes of, 83 
resonance in, 70 
Voltage, generalization of, 139 
generated, 160, 164, 176 
induced, 160 

Waves in machines, 165 
Winding, moving, 159 
Winding diagrams, 169, 174 

Young's modulus, 92 

Zero matrix, 104 

Zero-phase-sequence quantities, 167 
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